
15. ESTIMATING ITEM CALIBRATIONSAND PERSON MEASURES

INTRODUCTION

In this chapterwe will work through amathematical approach to the estimation ofRaschmodel
item and person parameters (Rasch, 1960). This approach is especially suited to computer implem-
entation and most ofthe computer programs in useemploy versions of the algorithms to be described .
The procedure is called UCON, for unconditional maximum likelihood estimation (MLE) (Wright &
Panchapakasan, 1969; Wright & Douglas, 1977a; Wright & Stone, 1979 ; Wright, 1980) . The term
"unconditional" is used because there is another fully conditional maximum likelihood estimation
(FCON) which uses conditional probabilities to estimate item difficulties directly without involving
anysimultaneous estimation ofperson abilities (Wright, 1968,1980; Wright&Douglas, 1977b). FCON
hasdesirable theoretical properties, but it is difficultto implementwhen there aremore than afew items .
UCON, on the otherhand, approximates the results of FCON closely-and UCON seldom has any
trouble giving useful results.

Although calibration ofitem difficulties is the first stage in the implementation ofthe model, and,
in principle, precedes the measurement of persons, it is convenient to estimate item difficulties and
person abilities simultaneously. The analysis of fit is expedited by the computation of expected
responses of persons to items so that these expected responses can be compared with the observed
responses . These expected responses can be determined most easily when we have simultaneous
estimates of item difficulties and person abilities .

The estimation of statistical model parameters is the fundamental step of applied statistics .
When we view calibration as a problem in statistical estimation, the question arises as to which
estimation procedure to use. There are many estimation procedures: least squares, mean value,
minimumchi-square, maximumlikelihood. The last procedure, MLE, developed by Ronald Fisher in
the 1920's, has a number of useful properties. The Rasch model lends itself to MLE and the useful
properties of MLE translate into substantive fundamentals ofmeasurement.

RASCHMLEPROCEDURES

Once a statistical model is specified, an equation for the probability of occurrence of any
observationfollows. From this equation, thejoint probability of any data setmay also be specified and
thisequation used to answer the question: What is the probability that this particular setofdata occurred
when this set of items was given to this group of persons? This joint probability is known as the
likelihood of the data . It is a function of the observed data and also of the initially unknownbut soon
to be estimated parameters ofthemodel (the item difficulties andperson abilities) . TheMLEprinciple
is to select for the estimates of the parameters that particular set of values whichmakes the likelihood
of the data in hand as large as possible - a maximum.

The likelihood ofthe data is viewed as afunction ofknown data andunknown parameters . The
parameters become the variables . Calculus is employed to find the particular values of theseunknown
parameters that make the likelihood ofthese data a maximum. This is done by taking the derivative of
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the likelihood with respect to each unknown variable and setting this derivative equal to zero. This
produces equations which may be solved for the unknown values, which, when obtained, make the
likelihood of these data as large as it can get.

To review, we:

1) derive an expression for the likelihood of the data,

2) differentiate this expression with respect to each of the unknown parameters,

3)

	

set each result equal to zero and

4) solve the resulting set of equations for the ML item difficulty and person ability
estimates .

When theRasch model is applied to test data there are alargenumber ofunknown parameters
to be estimated, many more than the one or two involved in the usual maximization problem.
Nevertheless, the principles are the same and when the procedure is applied step-by-step to one item
and then one person at a time no complications arise .

Usually when we solve equations for an unknown value in algebra, arithmetic operations like
addition anddivision are sufficient to obtain an explicit solution. Theequation 5X+6=20, for example,
requires one subtraction and one division to reach the exact solution of X = 2.8 . Since this kind of
equation can be solved by afinite number of simple arithmetical steps, it is called explicit .

In contrast, an equation like X + 2 * sin X =.73 does notlend itselfto simple arithmetic . To solve
this "implicit" equation we must resort to anothermethod. A good way to solve this kind of implicit
equation was invented by Isaac Newton in the 1680's .

Newton's method:

1) areasonable guess is provided for the unknown value of X,

2) the "closeness" of this guess to the best solution is determined by noting how much

	

re-
mains when this value forX is substituted in the equation,

3) the difference between the initial value forXandthe remainder is then used to determine a
next "better" value for X,

4) this process for improving the estimate ofXcontinues until the remaindergets small. How
small is left to the discretion of the person solving the equation .

Each step in this process is called an iteration. The iterative process will converge to a solution
for a largeclass of implicit equations, amongwhichareequations incorporatingthe exponentialfunction
exp(X) . All that are needed to implement Newton's method are the derivatives of the equations to be
solved andgood initial guesses. Forthe Raschmodelequations, there are very sensible initial guesses
for the unknown item difficulties and person abilities.
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If we let f(x) = 0 be the equation to be solved for theunknownX, and, if f'(X) is its derivative
with respect to X and, if Xo is the initial guess for the value ofX, then Newton's method specifies the
next better value forX as

MAXIMUMLIKELIHOOD ESTIMATION

Xi
=X - AXO)

f'(XO )

where f(x,) and f'(x,,) are values ofthese functions when we substitute the initial value x� forXand

xt is the new, improved value for X at the end of the first iteration.

We can write a general expression for this relation which shows the value of xt at the end of t
iterations in terms of what it was on the previous iteration :

X = X_ - AX1-1)
t

	

t 1

	

f'(Xt-,

Sincewemaycontinue iterating until ourresult is as accurate as we wish, when should we stop
when estimating parameters for aRasch model? Experience has shown that when reporting values for
item difficulties and person abilities we neverneed accuracy greater than twodecimal places . Enough
accuracy is obtained when we settle for an x t whichmakesthe absolute difference between that x t and
its previous value xt_, in the vicinity of 0.005, that is, "correct" to the second decimal place.

The Rasch probability of any observation x�; for person n on item i is

P(Xn;B., D;)=P�, =[exp Xn,(Bn - D;)]/fl+exp(Bn -D;)

	

15.3

where xn; is the observed data, and may be either 0 or 1,

Bn is the unknown person ability measure and

D; is the unknown item difficulty calibration.

For a test ofL items given to N persons for whom it is reasonable to think of the persons and
items as functioning independently i .e . as specified by Equation 15.3, the joint probability (the
likelihood) of all the datais foundby multiplying together allN byL probabilities ofthe type inEquation
15.3 .

The expression (A * *m) * (A * *n) * (A * *q) may be written with the single base A and an
exponent which is the sum of the three exponents, A * *(m +n + q) . When this notation is applied to
theN x L exponents of the likelihood function, we have
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