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. . I. leview of the Results

1. Applicetions of Models Suggested in 1960/1964,

In the publications 1) and {2] I suggested a class of
stocnastic models which were shown to be suitable for dealing
with two main prodlens in iest psychology, evaluation of indi-
viduals per se aznd population-independent comparisons of items.
In practice these models hare been tried out in several cases.
Besides those reported in [ ] R. Brooks [4] applied them to
results of testing school cilldren with the Minnesota intelli-
gence test (MMPI) and recently Erling B. Andersea [5] 2nd [6]
analyzed data on que;tionnaixua from the field of social psy-
chology. Apart from that a considerable amount of unpublished
material awaits a suitatle occtusion for puhlio;tion. Everjwhere
the models have proved to be very effective tools, alab in cases
where the data did not fit tie ndel in Question, often indicat-~

ing, however, ways for further awnlysis and for further experi-
menése.

2. Humanities end Netuwel Scinnceir.

When first suggesting tle modeia T could offer ro better
excuse for thew than thelr sspareni suitadbility, which showed
in their rather striking ma‘hematiial properiies. In the paper
[2] a more general point of view vas indiosted, according to
which the models were s{r:ngly coinected witl what seemed to be
basic demands for a much needed .eneralization of the concepi
of measurement. In continuation >f that paper my attention was
‘drewn to other fizids o! knowleige, such as economics, sosiology,
history, linguistiocs, evaluatin of arts, ete., where claims are
arising of being taken just as seriously as Natural Sciences.

At first sight th: oudbser i1tional materisl in Hurmanities is

very different from th t in p'y2ics, chemistiry and biology, not




to speak of mathematics, But it might turn out that the differ-
ence i3 less essential than it would seem. In fact, the guestion
8§53 not whether the c¢bservations are of very different types, but
whether Sciences could be firmly established on the basis of
quite different- types of observations.

« Scientific Statemcnis: Comparisons Being Objective,

Such considerationy lead to the quéstion from which I now
start my inquiry: What is Science? Which conditions must be ful-
filled when a statement can be qualified as scientifio, thus :
competing with Natural Sclences? ' . :

That science should require oﬁséryations tc be measuratle
quantitiea'is 8 mistaké,_of coursge; even in physics.observé~
tions may be qualitative® - as in last analysis they always
are®%! ' : o

Two features seew indisyensable in scientifio statements:
They deal with gcompsrigons, and the oomparisons‘must be gbiec-
tive. To ecomplete these requis sments I have to.specify the king

of comparisons and the precise meening of 6bjectivitx. When do=-
ing so I do not feel confident that all sorts of what can justi-

~fiably be calied "sciznce” are :svered, but certainly a very'
large area of science is.’

4, Specifying Comvarisons,

Consider a class of "object:” to'bé mitually compared. The
sense in which they siculd be coupar:d is specified through a
class of "agents", tc each of which €vch object may be "exposed™
On eech exposure an "observation” - quantitative or qualitative
is mede, The whole set of such otservaiions made when a finite
number éf ;bjécts 01,.,... On are exﬁosad to a finits numﬁer.df
agenta A, .00, A, forn the data irom whlch comparisons of the
0's as regards: thelr ‘reactions® %« such :gents as the A's ¢en

be inferred.

* e;g., emission of radio-cective jarticles coserved as scintil~ ’
lations on a screen,
% o,g. reading off a point s+ licated between two marks on a

neasuring r~d.



5. Specifying Objectivity.

Now, within this framework, which I have taken from psycho-
physics, the "objectivity" of a comparative statement on, say,
two objects, 0 -and 02 is taeken to mean that although being
basod upon the,waole matrix of data it should be independent of
which set of agents Ai"““ Ak-out of tge available claas were
actually used for the comparative purposes, and also of which
objects 0,,....: 0,, other than 01_and 0, were also exposed to
the set: of a*ents chozen.,

6. Specific tblectivity, Some General Prop°rtlps.

-In ordsr to distinguish this type of objectivity from other
use of the same word I shall call it "sv20ific objectivity", end
in passing 1 beg you notice the relativitx of this concept: it
refers only to the framework specified by the olass of objects,
the class ol ﬁgents and the kind of observations which define
the compar!son®*, . .

Also tae éymmetric role of "objecis” and-"agents" shéuld
be observei,.in conseguence of which I confine my further ana-
lysis to simultaneous comparisons of objects and of agen%s_cd
the basis of the samz set of datg.'

Pinally I wish tc point out that in this context only the
objects.éri/or the agents are subjeot to comparison, while the
deta thewm::lves are nct directly comparel, they only serve as
instruamenls for the ccmparisons aimed at. S _

The-:cnsaéuences of in¢roducing these two.concepta:_(spe-
c;fic} e:mgarisons ani specific objectivity, completed by the
reéuirémnnt that 2 cocparison is alwsys possible and its result
alwnvs viambiguous, are really overwhelming. N .

In yresenting an outiine of them I shall refrain from the

greatech posafﬁle vnqﬂrnlity, aiuly'because it has.not yet bpen.

“Thir is a generw¢;z~tmon of the invariance toward a specified

nroup of transform\tioas as requ1red by Hermann Weyl [7] Qor
objectivity in phys_oa and even in mathematics,




fully explored, but also becau;e certein stepwise specializa-
tions make things somewhat easier - and, even 80, they may be
difficult enough.

Z First Specialization: .grametrizatzon and the Generalitv of
It. .

The first specialization is a parametrization of both .ob-
Jects, agents and observatinns, _

As far as the comparisca in question is concernsd ecach ob-
ject in the class considereod is presumed to be fully character-
ized by a paraneter 8 which iy be a real number or a veotor
oonsisting of a ‘finite nunber, p, of elements, each being a
real number. Similarl&, each pcasibie‘égent is presumed to be
fully characterized by a parame'ar G which is also a real veg-
tor of finite dimension, q. Fina.ly, each ocontact between an
obaect and an agent is in this context fully charaoterized by
a parameter, E,. . .

The last statezent covers situitions of widely differing
types. In natursl sciences eventa arw of'ten described in de-
terministic terms, as when 2 ball recexving a blow shows an
acceleration which - bu% for errors of icasurement - could be
calculated from the mass of the ball and “he forcs of the blow.
However, in some dases, as-in radio-active wmissions, the'oﬁt—
come - viz., the number of so-called a-partic.¢s emitted in e
given time-~ varies a% random.in repé&te& exps-iments, bdut
this variation can be described }n'te?mg of e prob.vility
distribution (actually a Poisson distritution) #iat 2
governed by a certain paremeter, the intensity of the e.c,.
sion multiplied by the time interval. Thus, if we want to
compare -a numbér of radio-active substences (4he objects) by
observing the number of emitted particlea.(tha'observations):
in time intervals of different lengths (the agenta) then the
combination of dach substancp'and each time interval can be
fuily.charactefized by n one-dimensional phrameter.‘

in psychology ané :sciology observations are very often
qualitative and the outcomes in repetitions varlable. Attempts
may then he made %o descoribe the varistion in terms. of probabi-



lity distributicus, the mathematical form of which ig the sanc
in all the conmbinations of objects and agents in question, but
cach case then being fully characterized by a paramcter, E.

In economics observations are often described ns evalua=-
'tions, expressed in terms of certein preferences which are con-
nected through some sort of a "utility function". '

In more recent statisticsal theory a concept of personal or
subjective érobability has made iis appearence; it follows most
of the ordinary probability axioms, buit the probabilities ere
not confineéd to .the intervel(0,1),.

We shall consicer deterministic and non-deterministic
ph#nonena, represenited in any way, having this feature in com-
mon that to each combination of objeet and agent{ is somebow
a%ttached a parameter E that is a real vector of a certain

diprension, r,

8. Definition of Comparisons: Princigle of Eouivalent Agzents
(Objecta).

The requirement that © and @ fully characterize object and

ac:nt with respect to the comparison in question jmplies that

-

¢ nust be uniguely determined by 6 and o, i.e.,
(1) = u(e,0) * |

where p is a univalued vector function of © and o.

Thc further requirement that the comparisons of 8's eand
5's shall.be unambiguous lead to demanding that the equafion
(1) for any given O can be solved uniguely with respect to O,.
and the other way round, i.e.; -

(2) e
(J/ c

ME,0) and
k(&,8)

are-univalued functions of £ and .0, resp. £ and 8. In conse-

auence £, 8 and © must be vectors of the same dimension**, i.e.

(4) ‘o - . _p =.q = T ’

® (1) stands for » one-diméésional'equatioés.

** If p>r only r of the elements of 6 could beo determined from
(1), end if p<r the system would be overdstermined which would
require a relation tetween the elements Gf £ to hold, so that
the dimension of E could be reducod.




At this-stage the cqmpariéon concept éiﬁed at can be clar-
ly defined. . ' . T

Yor illustration wo take .the ocase r = 1, i.e., all parame-
$e>3 are real numbers. In that casa ~ adding that they may be
r;qtricted to the possitive axis - the equdtion ({) for three

fixaed objects may be reprisented by three monotonic curves:

. - E ¢ 6! e

To any ckosen ageit with parameters O corresponds a uniqu:
‘ovservation parameter 3, ror the objeot with parameter 6, For
anothar objeet with pzrapeter 8' we mey locate the égenﬁ with
perancter G' which pr:luces the same &, Then the statement that
O' corresponds to O ylelds a comparisen (on the level E) of 9
and O, wand when doirg so for wny O we obitain a whpie sorre-
spondence curve

o
§

(5} v(alB,67)

2]

vhielh yields complete description of g _comparison of 6 and &'

haged unon the vwrincirle of eaunivalent agents.
. “t (e, ¢! = v(ole,8")

- o! A

Qﬂf



9, Transitivity and Translatability cf Comparisona as ‘mpl;gg
by Snecific Dbjectivitvy,

Comparisons according to this principle are itransitive:
8 and 6" may be c'ompar'N directly or by teking comparisons of
6 and 6" with 8' as an ,ncermeaiate stop. As seen from the first
figurs the result o is the same. Thus osje part of the specifio
objectivity requirarent i3 fulfilled: %hs_ocaparison of any twa
objects is in@gnggéﬂax of viich other sbjects anter into the conm~-
parison nrojects Iz exitrezme consejuences of the other part of the
requireﬁent, v3iz, tre indsespendence of which agents are chosen for
establishing tﬁe conpariéon;'thé'compariron can actually be car-
ried out'by means o one agent only, The result being unique it
follows thei any otuer ‘cheice must lead to the sanme comparativg
statement; however, as thia statoment amounts to presenting the
whole curve, we musgt conclude that he whole function 55} is
fvlly determined by only ane _of ointes (trsnslatadbilitvy

What has beea illustreted here in the case r = 1 holds any
dimension of the paremeters, ' '

40, One-Dimensionality of Pay ameters Leading to. Add;;g LS!
. {Specific Measurement).,

In the specicl case of ome-dimensional parameters a rather
farrcaching conclusion of the :tatement adbout the function (5)
can dbe drawn; vig. thet 1t i1s jossidle to choocse the metrics
in which.ﬁ, @ and 7 are expres:ed in.such a may that (1) reduoces
o '. | | . : ) S
() E=040,

i.e. the reacticr parsmeter Je ubtained simply by addition
of the obfect perameter and the igent naraneter. In such cégeq

we have thus ottained a measureitnt of as simple type as a'psy-<
chometriczan otrld wish. But i+ 1hou1d Ye stressed that it hay
not ‘been obta1 +d through verfoxvcng "the art of assigning. num- ’
bers to observations” and see whav happens.

It is batel upen the validity of the rule (6), and whethar
that rule holls for a given kxind ¢! comparisons ig a purely
empirical quc:tion. '




Thus, the recognition of & general law _precedes the defggi-
tion of a "svecific" measurement, and this is just & situation

that is characteristic for proper measuring (excluding ordering)
in physics. | ' 4

If the peremeter dimensicn exceeds 1 the relation (6) no
longer hoids in full generility; it has to be replaced by a cer-
tain grﬁug tugoretical relatioa, for the practical management of
which adeqﬁate tools are ztili lacking.

14, S2cond Specialization: Observetions Pollwing Finiie Pr -

tity, Diztributions uf ‘the Same Form., dbut with D rgng Pa-~

TBIIZLITS ,
PRI A AP St SR

Ve now.proceed'to the next step in the specialization pro-
cess at which we shall sssute that the observations are avail-
able, taking on "values” - (nantitative or qualitative - which
form a finite set : '

1 (m)
(7) x : {-JC( ), ® @ s X ;. P
and that the variation as incicated above (p.4-5).oan be described
in terms of probability distributions of a common mathematical
form, i.0., '

@ p ™ jo0l =800, n=1,m,

where £ is8 a vector function (1) of © snd 0 and where the real
functions fh(a)'are the same functicws for all possidble combina~
tions of © and o. These fur.:tions, belng probabilities, are non-
negative and add up to unisiy for each .,

n
(92 -3 £,(E) =1,
' He

.

42, Consequence for Dir:nsion of Parnme: ers,

e —— .

‘Usuaily_;nly d ©n observation: ure available for each (6,6)~
conbination, but in s.me cases - as ln scme types of psychophysi-
cal and biological réaction curve eiperiments -~ each (6,0) is
represented by a larpe number of ierotivions, thus allowing for
a decent estimation »f each of ‘ae yrobabilities (8).




As an extremely favourable dase we nay imagine that our
data were these probabilitles thsmselves, which then would be
the only source availadle for information about 5 for any §
chosen (6,0)-conbinatica. hccordingly it is a ninimum require-
ment for .carrying ocut %tie comparisons from the data that £ for
each (6,5) can te determined from the probabilities pir(h)lﬁ o},
i.e. that the system (3} tun be solved with respeot to E. a

Due toQ (9) there are really only m-~% equations, from which,
therefore,.nﬁ mzre than n-1 unknowns can be detsrmined, Accord-
ingly the veetor E contains at most n-1 elements, i.e.,

(10) g et

en dncjuzlity tha: together vih (4)'zamatimea rastricts severely
the possible dimensionalities of ihe object and agent parameters,

If, in particular, gnlv %twc risvonse cstaeomies are available we

musi ijave

(11) ro= 1,

dee. tre perametcrs pust be cong-limensional. and in conseguencge
the (E,e,o3~sve+nn, expressed ia xopropr‘ate metrics, i3 is sddlitive.

13. Partisl Utillazation of Observati-nal Categories,

Consider now in scce detail ‘how axperimentel or oﬁservational_
situations may turn out to be, Testin:y adaptability to sertuin
exterior c&aditicn by mcans of & questisnnaire of, say, 20 ques-
tions with 4 res;onse categories, such &y "good, fair, not too
good, bad”, may :rerve an & typical exazpila. A well-chcsen set
of gues’ions shculd range from strongly pravocative in "positive
direct’on® %o stirongly srovocstive in 'aegetive direction", And
similurly, a group of teatees, well-choien with a view to trying
out che mdédel d2:ided uwgon, should comprise iniividdalé of both
exssllant, poor and medium adaptat:.on. I the sorial psycholo-
gl at has succeciied 4in this design &ll four respons: categories
911l Ye used %t¢ a consicderaeble extcnrt. But of course. large parts
of the observational mairix may be isolated vhere zoms of the
categeries, o.g., the positivé one:, ars not at all useu, This
nay'happcn if the psychclogist wisnes to wake e particula: study

of the answers %o a group of negauively wrovocative questions by




& group of persons ~ say, some school slass of children - known
or suspected to be rather unruly. We cannot expect such a trune
cated set of data to throw as nuch light upon the adequaoy of .
_the model or upon the aramete#s of individusls and items as

%he total set of data ¥ith its full variability. But it should
be poasible to conclude Something, to darry out partial compari-
sons of individuals as w:1ll as of items. And we may require such

Soupardisons, an Lfar 2e vivvy ¥o,. to Ee.s.ec'f cal obje tive!

14, Third Specinlizztion: Cuvmnlete Specific Dbjectivity, Dqggnitién.
These considerations give rise to establishing a more restrict-
edAoonoept, which may %e¢ salled ogmplete speoific objectivitv,
In order to explain th 5.3 concipt I consider a selection X' of
categories out of tho wiole se: (7), for instance x( 1) and x(z)
and in any actually observed meirux of data I keep those for
which the cbserved cstegory belongs o X"and~1eave all other
danta out of consideraiioan. Througn thitautilation some of.the
objedts as well as some of the ageuts may pe wholly trown out,
but among those left ovexr comparisons may b urriéd out, and

we may require that guech comparisons of sbiec.3 snz of pents

 as can be carricd out on the besis of ithe autilated ‘ezs_mitriz
shall be specifically ohjgctive. The compicie sﬂe_iggp.m,w,ct -
vyity is present when this nolds Por everwv pessible selectic, R
out of the whole set of categories (7).

As indiceted above we cannot expect &3 much information
about the parameters i{rom ‘a mutilated mutrix as from an undam-
nged one. Thig. cen be 3= pressed in thsg. 70lluwing terms: Tae
parameter £, © and © are related'to 2he 8et% X of categdries,
and if that is changed (re&uced) %o X' the parameters will
also change, say to &', 6' and 0'. The complete specific
Obiectiﬁitf'reﬁuires that both 6' and o' can be compared with
"specific objeqfivity for qny'choice of x'




15, Vectorial Additivity of Parameters as Impkied by Convlaote
Specific: Objectivity,

In particular, we may hoosu 1! as any pair ‘of categories
(x(x) x ua. In these cases mi = 2, therefore r' = 1, and,
gocording to (6),

(12) CEt = O &+ o',

"It tekes a bit of aigibra to show that if.(12) holds for
arfy valr then the paramvters §, © and O ocorresponding to the
‘total aet of categories can be expressed in such r-dimensional
metries that (6) ncldy as » vector addition. Spelling the vec-

tors out-in elements

. _ E = (-;’:‘:'0-:51.)
(13) C eAa !')13000,er)
g = (,01"”’01')

this meéns that

: o £.2 6 + o
(14) U
:’rie sr + or L]

Thus, fiil: the additivity orinciple only holds for » = 1
i§~casé of apec/fic objzctivity, it holds penerelly in case of
complete :yeokfic 5dditivity, in which emse, then, a wultidi-
Egggéggél;igﬁﬁgqggent hazs been established. )

4
’

16. Ge,2peljiy end Limit sations of Comolete Specific objectlv*ty.
A Outszapding Probiss ’

It zns be mentioned that the complete specifie objeotivity
aslwgoseﬂ no ordinary upecl;;c objeot vxty is by no means a :
seivialits. In the theory of relativitv and in quantum mechanios
’ae conplateness does not hold.

I Jhould be noticed that the derivation of thc above resul
requirss that a probability distribution is attached to each
object-egent combination, but stochastic independence is nct
assuned, Accprdingly, it covers éert&in cases of stochastic
processes, but this field had not yet been explored.

?t has been assumed that the set X.of categories is finite,




but it presents no difficulties to extend the concept of couplate
specific objectivity to tha case of an infinite, dut onumerable
set of ocategories and obtain the corresponding result. The coﬁ-
cept can also be defined in casea of non-numerabls sets, e.g.

all real numbers, but it has not yet been cleared up if also the
general additivity principle holds. '

-

47. Pourth Sneaialwvat~*n' q“achasttcal Independence of A1)
_ Uhservaticans (for Fixaed Set of Pnrpmetq%xl

-

Turning now to the final apecializatioh, I require that
g;;;gbsnrygtions in. A 8258 makrix are stoshapsticall ndcpendent.
| thn taking this ster we encounter & somewhat subtle problem
aa regards the exact mnanhnr of the invsariance demanded by the
epecific objectivity. “he preaeding sections dealing only with
the paraseters left us in no doudt: if one set of objects and
agents yislded & set ;¥ E£'s from which'it was concluded that
61 = 2 62, say, then z2xactly %he sanme felation‘mﬁat obtain fronm
sny other possidble se% «f agenis and objects (includine 01 and
0 ) if the atatsment be upecifically objective (of,’ the discus~
aion of mass and forcz in [1], chapt. VII).

13, The Ianvariasnce Demand:d by Specific Objleotivity, Redefined
as STotisticel nouiveicnce,

However, whan introduuing now the stochastic independencé

we are also concernzd with the observed dpta thamaelves, our
point of departure belinz the.jointiprotaﬁility of the whols set
of observations which, due o stochastic independence, is simply'
the producs ¢f %the probat il:sies of the zsingle obaervations.

ron this prooabilitv a specifically objeouive conclusion should.
be arawn about 6 and 62, sz, Primarily,‘this conclusion itself
is a p: obability statemen{t™ involving no other psasrameters than
)

ingty, even on repatition of the same confrohtqtiona of objects

1 and 62, but utilizing the whole 3¢t of obsarvations. Accord -

ar.d agents such a statenent miy - and usually'will - change.
#nd still greater chenges may he expected when - as the specific
objectivity requires - the sgents and the objects not to be com-

pared are replaced by other ounes. Therefore the invariance of’

* Inferences in terms of hypoilhesis testing, confidence limits,

etc., are asecondary, derived rom the probedbility statements, -




the statement derived from various sets of data, as demanded
by the specific odbjectivity, must not be construed as an iden-

ti&y in terms. But such statement may be statistically equiva-

lent in tne sense that the derfve d_probabilities are compatilbl g
wh;chaver values 01 azd ﬁz nay hava, Otherwise expressed, the
eatinates of the relation tatwaea 0 and 6 from vayrious seots

of -data should not difter aignifiéantly from each other. As
"gsignificanca" bagically ias a conventional cohoept this refer-
ence does not give an unamiiguous answor to our invariance pro;
blem. The main point in th.s connection is, however, that it
should be possible tec test the hypothesis that the relation
between 6; and @2 is the sawe in all cases considered, and that
this test holds whichever v:lues 0{ and 62 may have; according-
ly the test must be based ujon a prodability statoment that is
;ndependgnt of 6 .and 6 ol therefore of al arameteraz. Thus,
that such a probabllitj sgatement can be found is anyhow a neg~-
gegssary condition for ascerinining the specific objesctivity,

| The final step to utilite such probabilities of actually
testing the invariance hypotlasis I may at present leave to the

discretion of statisticiens Heloﬁging-to various schools -~ hopiag,
however, some day to return to the mattsr on a more objective
basis,

19, Nncessarv and Sufficient Sondition for Snecifi» 0b1uotiv1ty
in Casc of 4o C,,e;ov;g; an@ toggg Ch A -adeggngegcg, -

In order now to realizs she consequencea of the additional
req:irements we shall first dival with the ocase of two response

~a»ero*1es. The two probabilx.xes corresponding to a (6, o)-
coublnatlon ney be written

‘ Pfx(1)56 ci

"

(6 b o)

"

§$¥(2)je,a; “fé(é'{:b)”;'1 - ¢,(0 + o)

(c£. (8), (9), and (6)), o, iore qohveniently
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