THE UNIVERSITY OF CHICAGO
CHICAGO 37 - ILLINOIS

THE DEPARTMENT OF EDUCATION

November 2, 1964

Dr. George Rasch

Statistical Institute of University
of Copenhagen

19, 1. Sankt Pedersstraede

Copenhagen k., Demmark

Dear George:

I am\really having fun teaching your mathematical psychology to my
students. I was just now rereading Chapter 10 of your book, particularly
the section on the separation of the parameters and even though by

now I am somewhat familar with the ideas, I cannot suppress a spontaneous
sense of delight as I think over what you are saying, particularly v
on Page 175, and what it means for the analysis of educatiomal research
data.

In considering how to deal with the case of many categories, I am

still turning over in my mind the generalization of what you discuss

on Page 171 where you compare items 2 at a time. I wonder if that
would not be a good way to proceed now that we have high speed computing
machinery to do all the dirty work. My problem here has to do with

the best way to combine the separate estimates while at the same time
using their discrepancies as tests of the applicability of the model.

Another idea I have is probably simpleminded. But I cannot help
wondering if one approach to the many=-category problem might be

to estimate parameters for the categories one at a time as though

you had as many tests as categories. I cannot see at the moment

what assumption of the model this violates and so find myself wondering
if I did it that way how I would then bring together and organize

the many estimates; that is, the separate sets of estimates for each
category.

The aboverremarks; of course, apply to the situation where the
categories can be lined up so we know which are comparable categories
for a set of items. When this cannot be done, I cannot see how
conformability can be achieved for a set of items. What this may
mean is that the simple 2-category or dichotomous model is the more
general one from which all subsets should be derived smoothly and
naturally. This raises the problem of how to view the case of more
than two categories and where the categories are comparable from item
to item as a special case of the dichotomous model rather than the
other way around.
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Dear Ben,

Thanks for several letters., Of course it is hard to squeeze
an answer out of me, you knew that!

Take the last letter first. I am delighted to learn of the
fidwest symposium on my work, and in varticular that Jane Ioevin-
ger - my hardest case of convertion - is going to vreside over
it,

Is this the materialigzation of the small gathering mentioned
in your letter of February 3rd? I hope that Walther Stellwagen
- for a while not in Michigan, but in Iogistics Devartment in
wasrtington, D.C. - will attend. In 1860 he zot a very good grasp
of the .athematics of my models, as far as then developed, includ-
ing the 3Zerkeley Symposium paper. Do you think you could persuade
one of the people from Zducational Testing Jervice, e.g. Fred Lord,
to come, TFinally I may mention Rosedith 3itgreaves of Teachers
College, Columbia University, N.Y., who has given a most intelligent
and critical review of my book, in particular feeling - guite
correctly - the weakness of the soft v»art (chapters V and VI) of
my presentation of the Item Analysis model. I met her in Washing-
ton or Philadelphia 1963 and got a very favorable impression of
her understanding of my ideas.

Fecently I have completed a paper for a UNESCO-Reader on -
Mathematical Methods in Social Sciences. The title is: '"An
Individual-centred Approach to Item Analysis with two Categories
of Answers" and in this paper I give a rather detailed discussion
of various points that have cropped up in my numerous conversations
with psychologists. 48 the manuscript has been mimeographed I
could send a few copies for your meeting. How many? f. 2t

If, during your discussions, you feel that a number of
questions have been left unanswered you might »ut them on paper
and if - for some reason -~ I am not able to react on them immediate-
ly we might discuss them carefully when you come over and, possibly
with Panos as a secretary, “produce as much of an answer as we are
able to,

This brings me to my next reason for dropping you a line
just now, namely your own visit and, the application of your
student Robert Panos, which I of course supported strongly, telling
the USEC, Danish branch, that naturally I did not know Panos person-
ally, but that his idea was splendid and his background was good.,
Purther that I know two of the sponsors personally, one of them
very well! I added that the applicant's versatility in Fortran
programming would even be a great help in my own work. - I hope
it works. e

!

2y the way, do you have any notion of when he may wish to
arrive? In this connection I may just mention that the fall term
a+ +hia Triveratty atarta Sent. lat. hwr o trhks ~w 22
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The idea of sending a good man over here for a full year
is really splendid; that ,I think,is the right way of spreading
"the message." I do hope that others will follow your example.

And of course, you are welcome in Copenhagen in August -
September., Certainly I shall spare you what time I can and it
would be nice to have Panos with us,.

and now to the more serious guestions.

The estimation procedures have as yet xux¥ heen very
tentative and everyvody is crying for good and easy methods for
estimating, in particular the €'s, and for control on the model.
I am too! Wwhile you were here we went over what I knew by then
and what I could suggest. At present I am again struggling
with the problem, but I cannot say that I have yet made any
decisive progress.

The pairwise analysis of items, as suggested by Leunbach
(efe X,3), 1s easy to apply and in case you have plenty of data
it yields go0lid estimates of the e-ratios. And since for each
pair it is based upon a binomial distribution, say, confidence
limits are of easy access for each €i/gi, The check on the model
comes from comparing. these estimates and should also lead to
sevarate estimates of the ei's (apart from a chosen unit). 3ut

as regards the SE of suCh an estimate and an exgct evaluation
of the validity of the model the theory still leaves us in th
dark,

FProm another point of view the pairwise analysis has a certain
weakness in bveing rather wasteful, utilizing the data only partial- -
ly. With all your material from l4oo0o individuals this may be
guite accevntable, although I feel a bit suspicious about the solldi-
ty of the estimation of the extreme £'s, a voint that may gain
in importance if they are used as substitutes for the "true" £'s
in a ¢-estimation,

The generalization of the pairwise analysis to m>2 we did
discuss at some length last summer, It seemed hard to get through,
out the possibility may be reconsidered.

As regards the utilization of

a .
' a ) (aVO) -TT;?l x)

o _ 1 =
g{ei,.oaek;(aV677 X (5.22)

-

;(aoi)f

a maximum-likelihood approach will of course eliminate the

brachet-coefficients, but not their eguivalent, the denominator.
However, counting the number of a, 's equal to any r, Say Ciso00,Cpy
we have ro . k

k c
gKel,oooek;(ayo)) = ;ﬂ;(rr(elgooosk) T X, (6.6)

where

T
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Dear George°

Erlinggjust npent two days thh us here in Chicago and. we - did some good work
together. Our topic was the case where a number of categories for an answer
are more than two. After seeing the general maximmum likelihood solution
to this problem and realizing the difficulty in computing the more complicated
symetric functions involved, we concentrated on the more typical case, where
the researcher expects of the catagories to be ordered and is really only in
doubt about whether the hypothesis of ordering fits the data and second what
the weights opositions in order are. Solving this problem seems the simpler
and we came to a possible solution requiring more less computing than the
general case. That is where we are at now.

Our plan is to ge together again in a few monkits to try to create a computer
program for doing the work and to test it out on some data. We hope to complete
all this byrnext summer, and anticipate a third con;ference with Erling perha.ps
in July.

I am thinking now about your possible visit to this country next fall. I hope
very much that will come to pass, and I would like to extend to you now a
definite invitation to visit us here at the University of Chicago, whenever it
is convenient for you .

The fall quarter begins about October 1st. Any time after that is o. k. with me.

I will commit myself right now to provide you with room and board and whatever
salary you think appropriate for you.{xlvanwnot exactly sure how much money

is available for this project, but at least $1, 000, perhaps more. I am thinking
that you might stay between two and four weeks, depending on your conviénience
and interest. My idea to use your presence here in two ways, first to give a
condensed course for all those interested in your approach to mathematical
psychology, and second to have your help on the particular project that I am
wwrking on right now.

As you react to my invitation, ifopou want to make a more substantial proposal
involving more time and money, do not hesitate to do so. My proposal is based
on what I imagine is the approximate amouht of time yourmmay want to spend in
Chicago and the money I have immaediatly in hand for the project. If you feel like
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Dear Ben,

I am sorrykhaving delayed my answering you quite a bit, my
excuse being that once more my health hascheated me., The idea in
the operation was that of removing the focus of my recurring renal
infections. In other respects the operation has done me a lot of
good - that I am still getting easily tired is, I take it, tempora-
rily only - but the infection has showed up twice during the fall,
the second time even in a particularly painful form so Paul turned
me into the hospital once more. After another convalescence period
in Lese I now feel better again, but I think you will understand that
as long as my health is as unstable as all that I do not feel like
leaving my base for an extended period. Now my doctors have started
a medical treatment, possibly to be continued indefinitely, and for
the outcome I am considering the winter term as experimental. Under
these circumstances I have abolished my Australia plan, but I hope
to be fit for a separate trip to the states som time in 1968.Plans
for that we may talk over when you come over here,

The item analysis for more than two categories does seem to
present considerable technical difficulties in spite of Erlings
optimism when he was leaving. If I interpret your remarks on it
correctly you are going to try an a priori assumption of one-dimen-
sionality of the parameters. In some cases it may be a way out and
in principle it could be generalized to assuming r=2,etc.

I am very anxious to know how it works, not least whether and
how you get cheated when actually r=2, while working on the assump-
tion that r=1. Simulations may be illustrative.

Did you ever catch a hold on the Birnbaum estimation that was
"floating all over"? The symmetric generalization of Birnbaums logistic
I thought of is the following:
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Dear George

~\

What a wonderiul warm oxperience to see your letter on my desk today
When I didn't haar £ram you I feared that perhaps your health was still
molesting you. I am wvery sorry to hear that that has been the case,

but 1 have to confess that it is a relief to'me that you are at least feeling
as well as you seem- to be now, and could get off a letter.

Since you are definitely going to be in Denmark this summer, I shall plan
to come and visit you, bringing as much of our progress as I can along.

I am not juat sure at the moment what organization my material will take,

but I think I shall try to bring you examples: of each thing we have done, and
where a problem comes up try to bring together enough of a work out with

- it to. give you something to think about. But I hasten to assure you right

now that my main object in coming will be not to burden you with the details

of the problems I encounter in applying your tdeas, any more than you want

to deal with them, but primarily to see you and take up whatever {deas you
want to talk about. . _

As Ilook back over the last three or four years, whne I realize that'I have
been a slow student, I must tell you that [ have a growing, very real sense -

of progress in understanding what you have tried to teach me, - and in develapmg
a well founded pomt of view on meuurement. : :
What have we been doing? Our main effort has still been on a very simple
case of one parameter per person, one per item, one category of respnse.
We have convinced ourselves that the very slementary item-wise iteration
is the fastest method when thers are more than 15 items. However, in order

to get an.agymptotic estimate of the matrix of: covariinces among item estimates,

for the very last iteration we do the multivariate Newton'method that Erling
leada in.. We have found that the standard errors of item estimates are very
well approximated;in addition,by simulating replications on persons of fixed
ability parameter, we have shown that our estimate of the standard error of
ability eatimates is also very close. At the mommént we aré troubled by a
very slight bias in the ability estimate itself. - This iy where we take the
personidmcore and irom it, on the basis of the item estimates, make an
estimate of his ability. We think the bias is due to the way we simulated
cases, however, we want to go into that again in about a month and see if
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we can clarify the situation. Overall, however, things look very good. By
enlarge the estimates are unbiased and the standard errors are well
a.pproximated.

- . i
XS W el e LEITR

e

In &pplying the method to some empirical data we were able ta identify very
clearly some items chh had no place in the test. In this connection we are
trying to work up some illustrative data showing that Ra;ch item estimates
are more stable than the classical item estimatel. when the standardizing
sample is ahifted ..

-

%

We have also done some work on how you decide whether an item is conformable
or not. At present we have three criteria we consider. One is the kind of

chi square based on how well the observed data on that item and the easiness
estimate for that item fit together. The second approach is to look at the

slope of the graph of that item against the marginal over all items. The

third method, which we are just getting into is to look at the stability of
estimates for that item over score groups. The idea being that the more

stable the estimates are the more the item fits in the set. To this end,

any comments or suggestions you may have about dscriminating bad items
from good ones would be welcome.

We abandoned the effort to get the second item parameter for the time being
but now, with the good idea in your letter, we may take it up again and see
if we can get somewheres. All our efforts to deal with it the way Birnbaum
proposed were fruitless.

Our second preoccupation continues to be how to deal with the case of more
than two categories. We too decided that it was unrealistic to work on the
hypothesis of one dimension underlying the various categories. Erling's full
treatment of the problem is unmanageable even on a giant computer when
there are more than five or six items. It is fantastic how the number of
calculations and storage apace necessary mount, as the number of items goes
up to say, twenty, and the number of categories goes up to say, six. A

little elementary arithmetic convinced us that we would never be able to
gsolve any problems of that size with the algorithm Erling proposed.

As an alternative, we are sampling terms from the symmetric functions
involved, and estimating the symmetric functions in this way. In principle,
some of those symmetric functions have billions of terms in them, asking

us to sample several thousands terms at randmm approximate the symmetric
function in this way and make another round in the iteration of the item
parameters. Of course we do not know yet whether this will work, but we
like the idea and would henefit very much from your opinion of it.

About when to come to Denmark. If I am willing to come to Laeso to see
you, do you care when I come? Or to put it another way, if you would tell
me which times are mest convenient for you, I would try to fit in with them.
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May I Suggest.ybur coming to Lzse fof 2)6fh3 Qéeké‘ﬂegin-
ning with say August 13. Alternatively any time duriﬁg September,
but then in Copenhagen. As regards the L&se~plan it is essentlal
for laying hands on a suitable livingplace that I guite soon get
informed if and, if so, in what number you may come, :

I am looking forward to having a look at what you‘have been
doing; I dare say I am much concerned about the technical froubles. .
The computation of the Xg}s and their generalizations to m>2 is
really a nasty bit. Off-hand I have no notion as to how: youf —=*
sampling may work. Recently Bentzon (at the Serum Institute) sug-
gested a mathematical investigation of them under various assump-
is. He actually suggested a normal distribu~
tion of them or a [ -distribution of the £!s themselves., I feel

i
somewhat inclined to utilize the fact that the Xi!s for logarith-

tions about the log €

mically equidistant €:'89, loe.

(1) ey =g, +al, im0, .00 ko1,

can be expressed in a rather elementary way, but I have not yet
studied the corresponding situation for md>2.

Another way out may be to work with items in small groups,
to be suppleménted with a direct method for chaining tests which
would seem rather simple for m = 2, Leunbach is in the process
of Algolizing it and hope to try it out in near future. For m > 2
I also think it works, but the details still have to be worked
out. Anyhow it seems quite obvious that direct estimation of
the €.'s becomes untractable yith increasing number of items

i
so we have to look for something else.

A couple of years ago we considered the possibility of B
utilizing the analogue to Chapt. X,3 for m > 2. At that time we //

apandoned-the idea as impractical.. Recently I have reconsidered /
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it and I think there is"a point we missed by then. Of course
the number of cases where category g€ in item i meets category
h 4 g in item j may not be large, even with many observations
at disposal, but for a fixed pair of'items there is a way of
pooling all of the pairs (g,h) leading to a fairly simple esti-
mation of the distance between the item parameteré. The method
is equivalent to using for k = 2 the conditional distribution
of the‘a;i vectors given row-marginals, having broken the data
up into groups according to those, i.e. according to the

ayy *+ ayj - vectors, l.e. according to combinations of categories
g and h., Each sueh distribution is binomial and the distributions
are independent, the latter fact giving the possibility of pool-

ing. The result is as follows:

Write g '

(2) B, = (0, coo 1y 4ue 0), -
(3) ay; = observed B, |

(4) playsi ) = X:i G R

(5) n,, = 8O- of persons

with (6) 8yj * 8,5 = E% + ££ ,
(1) my, = mo. of those of them with ay; = By .
Then théféfere

(8) :E::: (f%"gi)mgh

1§g<h§m

is for given'ngh's a sufficient estima#or for\¥1“§ﬁ° Equating

its mean value
- oo (Wi~ ¥5) (B~E0)*

n,pn°e J/ g

(9) e BEE (E~%,)

1¢g<h¢m 1+

*tA +ha aoctimotamn Adivna +ha mavimim T3bAaTdhand Amtdmata AL Ll
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Dear Georg

The nawse is better than goo& It in marvelona. We are hsving aurpris!ngly
good ‘success with the M>2 model. The pair-wise algorithm that you reminded
us about is marvelously quirk and surprisingly efficient. It will certainly
serve as a- most excellent starting point for any iterations to meet the maximum
likelihood criterion. Magbe in some cases the pair-wise approach will be as
good as the maximum likelihood approach unless one is wxlhng to spend quite

a bit of computer time improving the estimates.

In order to distinguish the work we are doing from what is ordinarily done,
I am calling the easiness estimates '"Rasch easinesses' and the ability
estimates "Rasch abilities. " I hope this use of your name is agreeable to you.

It is not only that you initiated this idea more than fifteen years ago, but there
is a very important difference between the positinn that you take and that of
Allan Birnbaum. Birmbaum sees the log model as just another possibility.

He is quite willing to abandon it for other approaches. In contrast you say
quite boldly and soundly that this particular model is the way to analyze this
kind of data if the data will at all permit. In fact, sometimes you say that
when a test cannot be analyzed by this model, this may raise questions as

to its value as a test. I think your position, that this approach has
characteristics which give it first priority is a very important one and I
predict that the future will bear you out.

Summing up our current work: . -

We have coded and tested two different programs for e-timating the.parameters
in the M>2 case. We also have a program which simulates data according to

a 2 or 3 factor model, adds random noise and provides us with as many cases
as we want of natural looking data but of a known structure.

We also have a principal component routine for factoring rectdagular matrices
so that when a matrix of estimated item category parameters is obtained, we
can factor it into item and category component and evaluate its rank.

The first fastest and surprisingly accurate algorithm is the pair-wise approach.

In this algorithm we cross tabulate the category responses for each pair of

items, take the log of the ratio of symmetric cells, and average these logs over
categories and items. The resulting average when normalized so that all marginal
means are zero, forms a very good estimate of the generating parameters.
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Dear Ben,

Thank you for letters.

As regards the talk on October 28th I am afraid I can be of
no assistance, because I have been away for a while - to a criminol-
0gists seminar and afterwards to Laesce - and just returned. But the
substance of the talk we did go over in August, I think.You are trying
to popularize and that you have got to do your own way. Only the remark
about "robustness" (p.21) is not quite tasty to me and also seems
somewhat in conflict with your requirement of equal discrimination
on p.20-21.

I am glad to hear that organizing next fall is progressing well.
Your financial scheme would seem acceptable, also for bringing Nille
with me.By the way, hew is the tax situation?

As regards facts to brag with: To the list of my publications in
Znglish given in your ETS talk I can only add that "An informal report
on a theory of objectivity in comparisons'" has just appeared, though
only mimeographed, in the proceedings from the NUFFIC international
summer session in science on "Psychological measurement theory!" held
in The Hague, July 14-28th 1966; Ed. by L.J.Th.van der Kamp-and C.A.J.
Vliek, Leyden 1967.

If there is any point in mentioning the works of my cooperators
you may recall the Erlings book:of 1966 has an English summary and the
same holds for Eggert Petersens thesis which is just about to come out.
Purthermore there is Matthiessens paper on "Infant Mortality in Denmark
1931-60", Copenhagen 13965. Finally Stene has handed in a paper in
German: Einfiihrung in Raschs Theorie der psychologischen Messung,
to appear in the proceedings of a psychological seminar held in Dissel-
dorff last March,

The institutions enjoying my consultations regularly are:



Notes on Georg Rasch

My teacher, colleague and friend, Georg Rasch was born in
Denmark in 1901. .During the 1920's he studied theorgtic and
applied mathematics, publishing a number of papers .and finally
earning a doctor of phi]ésophy in mathematics at the University
of Copenhagen in 1930 with a 200-page thesis on 'Matrix algebra
and its application to differential and difference equation'.
An advance treatment of matrix calculus antic{pating by many

years what developments in this country.

Georg Rasch got into statistics quite by accident. A medical
friend asked him whetter some curves he had observed of the
resorption rate of cev=bal spinal fluid in cats could possibly
be hypobolic. Georg found them actually to be exponential and
5 medical friend in 3 a 1931 medical
journal. This began é long series of ingquiries, short course,
consultattons finally leading to a professorship in statistics
at the University of Copenhagen and thg directorshib of the

University Institute of Statistics.

Beginning in 1934 with the Danish State serum Institute,
Georg gradually became, over the years, the chief statistical
consultant to the Danish Military Psychology group (1952); the
Danish Iﬁstitute for Educational REsearch (1955); the Danish
Institute for Research in Mental Hygiene, jobs he has held until

his retirement last year.

WSty P TR R b ts e PdisnEng handpronpeRenicefedhdgr
Tt omniinradate b3t ard 133 . Because of the spontaneous interest
in statistics which his consultations in Denmark began in 1931,

Georg went to England in 1935 and 1936 on a Rockefeller Fellowship

508773
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Notes - Georg Rasch

to study with Ronald Fisher.

The discovery which brings hdim tonight, he made in February
1952 and so we are present at just past v 21st birthday. This
discovery were recounted in the first chapters of his 1960 book.
It is of the utility of the multiplicative Poisson distribution

reading
to characterize objectively thefabilities of students and the

difficulties of texts.

Georg attended the first international statistics institute in
Washington in 1947. He was a visiting professor in the statistics
department here at the University of Chicago in 1960 and a visiting

professor in the education department in 1968.
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