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2. OBJECTIVITY

This chapter introduces the essentials of objectivity (also known as monotonicity, composite
transitivity, conjoint additivity and fundamental measurement), and to deduce the measurement model
that objectivity requires.

The progress of science depends on the invention, construction and maintenance of useful
measures. Science lives on measurement. Measurement exists on objectivity. Aneveryday term for
objectivity is generality. Objectivity is the expectation and, hence, requirement that the amount and
meaning of ameasure has been well enough separated from the measuring instrument and the occasion
of measurement so that the measure can be used as a quantity without qualification as to which was the
particular instrument or what was the specific occasion.

Although a measuring occasion is necessary for a measure to result, the utility of the measure,
depends on the specifics of the occasion disappearing from consideration. It must be possible to take
the occasion for granted and, for a time being, to forget about it. Were such a separation of meaning
from the circumstances of its occasion not possible, not only science but also commerce, and even
communication, would become impossible.

The essentials of measurement can be brought out by reviewing the characteristics of the
archetypical variable, length. When you ask a person’s height and it is reported 70 inches. you do not
demand the yardstick or to know who made the measure, when or where. Youexpect, and hence require
as a precondition for continuing communication concerning height, that 70 inches was obtained in the
usual way. Even though you know what the circumstances necessary to produce the measure were
necessarily fraught with unique particulars, you use the 70 inch quantification of length as though it were
entirely independent of those circumstances of its construction. In other words, you take 70 inches to
be objective. Were you unable to do that, the quantity 70 inches would become meaningless not only
to you but also to anyone, for nobody would know to what, if any, enduring state it referred.

Measuring length is so familiar and commonplace that the way we do it seems obvious. We are
tempted to think of length as an explicit, manifest variable that can be seen directly. But there are
essential details which the measurement of length requires. Although these details are taken for granted,
they cannot be neglected, if length is actually to be measured. Infact, thatthey can be taken for granted
signifies that we have made a solid habit of not neglecting them.

In spite of its "looks," length is not, by itself, manifest. Nor, in fact, is there any variable at all
which is manifest on its own. Variables are inventions and measurements are constructions. Anagent
of measurement, a ruler of some kind, is necessary to make length "visible." Length cannot be “seen”
on its own, let alone measured, without the deployment of some kind of ruler. This requires the
measurement of length to be a conjoint operation. The calibrated ruler and the thing to be measured must
be broughtintoadisciplined conjunction. The ruler, throughits calibration, recapitulates the founding
definition of the variable "length."” The ruler’s calibrations are the criterion definition of this variable.
The ruler, while necessarily concrete in its realization of "length," depends for its utility on the extent
to whichitimplements an abstractfiction. It must not matter at all which particular concrete realization



of a“ruler”isactually used to make the abstract measurement. It must only need be any “ruler” in good
standing.

All measurements made by all calibrated rulers must be quantitatively comparable without any
reference to the physical details or work histories of the particular rulers used or who used them.

SOCIAL SCIENCE MEASUREMENT

These ideas are not new to social science. Tobe generally useful, the individual measure must
not depend on which particular test items are used.

It should be possible to omit several test questions at differentlevels of the scale without
affecting the individual score.

It should not be required to submit every subject to the whole range of the scale. The
starting point and the terminal point. being selected by the examiner, should not directly
affect the individual score (Thurstone. 1926. p. 446).

Nor should the measuring function of a test. thatis. the calibrations of the test items, depend on
which particular persons are being measured.

The scale must transcend the group measured. One crucial experimental test must be applied
to our method of measuring attitudes before it can be accepted as valid. A measuring instrument must
not be seriously affected in its measuring function by the object of measurement. To the extent that its
measuring function is so affected, the validity of the instrument is impaired or limited.

If a yardstick measured differently because of the fact that it was arug, a picture, or a piece of
paper that was being measured, then to that extent the trustworthiness of that yardstick as a measuring
device would be impaired.

Within the range of objects for which the measuring instrument is intended, its function
must be independent of the objects of measurement (Thurstone, 1928, p. 547).

Indeed, Thurstone’s eloquent and detailed 1931 specification of the essentials of measurement
meets and resolves most of the “big” measurement misgivings that social scientists continue to fret about.

Measurement is Necessarily One-Dimensional:
One of the most frequent questions (concerning the possibility of social measurement)
is that a score on an attitude scale, let us say the scale of attitude toward God, does not
truly describe the person’s attitude.
There are so many complex factors involved in a person’s attitude on any social issue
that it cannot be adequately described by a simple number such as a score on some sort

of test or scale. This is quite true, but it is also equally true of all measurement.

The measurement of any object or entity describes only one attribute of the object



measured. This is a universal characteristic of all measurement. When the height of a
table is measured, the whole table has not been described but only that attribute which
has been measured.

Similarly, in the measurement of attitudes, only one characteristic of the attitude is
described by a measurement of it.

Measurement is Necessarily Linear:

Only those characteristics can be described by measurement which can be thoughtof as
linear magnitudes. In this context, linear magnitudes are weight, length, volume,
temperature, amount of education, intelligence, and strength of feeling favorable to an
object. Another way of saying the same thing is to note that the measurement of an object
is, in effect, to allocate the object to a point on an abstract continuum. If the continuum
is weight, then individuals may be allocated to an abstract continuum of weight, one
direction represents small weight while the opposite direction represents large weight.

Measurement is Necessarily Abstract:

The linear continuum which is implied in all measurement is always an abstraction. For
example, when several people are described as to their weight, each person is in effect
allocated to a point on an abstract continuum of weight. All measurement implies the
reduction or restatement of the attribute measured to an abstract linear form. There is
apopular fallacy that a unit of measurementis a thing such as a piece of yardstick. This
isnotso. Aunit of measurement is always a process of some kind which can be repeated
without modification in the different parts of the measurement continuum (Thurstone.
1931, p.257).

But no ruler in its concrete embodiment of the abstract idea of length does its job without further
specification. There are rules concerning how rulers must be employed to produce acceptable measures.
The ruler and the object to be measured must be carefully aligned so that they lie parallel to one another.
A starting point, or origin, and units to count must be installed. The line of sight along which the viewer
reads the object against the ruler must be determined and maintained. The procedure by which coincidence
is identified and interpolation accomplished must be specified. Without care for these rules, the results
of ruler measurements become too disorderly to be useful.

AXIOMATIC MEASUREMENT THEORY

The axiomatic theory of measurement has made great strides in the past 30 years. There are
detailed and scholarly discussions of these accomplishments in print. Unfortunately these discussions
are too esoteric for most social scientists. It is hard for practitioners to see how to put axiomatic
measurement theory to work.

The heart of axiomatic measurement theory, however, can be simply put. The crucial axiom
which all measurement theorists agree is necessary for the construction of measurement is the one they
call "monotonicity” or "conjoint additivity."



This axiom can be useful to social scientists because it marks out exactly the condition which both
scientist and layman expect of numbers which are intended to serve as measures, namely generality or
objectivity.

The joint ordering of conjoint additivity is also not new to social science. Monotonicity under
the name of “conformity” and later “objectivity” appears in the practical work of Georg Raschin 1953
and is defined. developed and implemented in detail in his seminal book of 1960 (Rasch, 1960/1980)
and article of 1961 (Rasch. 1961).

A person having a greater abilitv than another should have the greater probability of
solving any item of the tvpe in question. and similarly, one item being more difficult than
another one means that for anv person the probability of solving the second item correctly
is the greater one (Rasch. 1960. p. 117).

Rasch “objectivity” is a stochastic conjoint additivity. Even earlier in 1944, Louis Guttman
1944, 19501 formulated what must be the bestknown. but least followed, requirement for social science
measurement. Guttman deduced that a score could not be unequivocally on a "scale,” unless the
particular data from which the score was accumulated were completely specified by the value of the
score.

If a person endorses a more extreme statement. he should endorse all less extreme
statements if the statements are to be considered a scale.

We shall call a set of items of common content a scale if a person with a higher rank
than another person is justas high or higher onevery itemthan the other person (Guttman,
1950, p. 62).

Guttman "scalability," a deterministic conjoint additivity, is impractical when applied deter-
ministically. But its stochastic version is identical to Rasch’s objectivity and entirely practical. as
Rasch demonstrated in the 1950°s and as has been shown so many times since for hundreds of tests and
questionnaires (Wright and Bell, 1984).

What may not be quite as obvious is that the stochastic version of Guttman’s requirement is
equivalent to Ronald Fisher’s seminal definition of a sufficient statistic (1958/1922). Fisher’s
“sufficient” statistic is the one and only statistic that exhausts the information modeled in the data with
respect to the parameter to be estimated.

What this definition means is that a Fisher “sufficient” statistic is the statistic that provides the
best stochastic reconstruction of the data. This is exactly Guttman’s scalability criteria, expressed
stochastically. The realization that Fisher “sufficiency” is a necessary concomitant of stochastic
monotonicity may prove, in the end, to be the decisive reason for preferring sufficient statistics over
all others.

The common sense of this, so often reiterated, foundation for measurement is plain enough.
It would seem that no sane researcher could argue or act otherwise. Yet, and strangely, few social
scientists require or even hope for conjoint additivity in the numbers they use as "measures."
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The consequence of this innocent carelessness is a plethora of i1l-defined and unstable pseudo-
quantifications and a great deal of confusion and disappointment over ambiguous and irreproducible
results.

This unhappy situation is completely unnecessary. A derivation of a practical stochastic
measurement model from the requirement of monotonicity, conjointadditivity or objectivity is easy to
follow and the resulting model for measurement is easy to apply.

Here is a simple derivation of the model necessary to meet Thurston’s 1928 requirement that
a scale be independent of the objects of measurement.

THURSTONEINVARIANCE

The construction of a scale depends on the relative calibrations of the items used to define the
scale. These calibrations must be established in 2 way that can be made independent of which persons
happen to provide the calibration data. We begin by asking what is required so that the comparison of
any two items i and j will be independent of whatever persons are used to elicitevidence of the relative
scale standing of these two items?

Items 7 and j can be observed to differ only when they are answered differently. Realizing a
comparison of i and j, then. requires counting how often i is answered ‘yes’ by persons when j is
simultaneously answered ‘no’ and comparing this i > j”” count with the reciprocal “j > i count of how
often the reverse occurs among other persons.

The estimation of a quantitative comparison of items i and j from this pair of reciprocal counts
requires a probability model for the occurrence of the counts which can implement an objective, i.e.
sample-free, person-invariant, comparison of their probabilities.

The pair of probabilities can be represented by

Pr[(i = yes), (j = no)]
and
Pr[(i = no), (j = yes))
and their comparison specified by the ratio,

Pr((i = yes), (j =no)]
Pr[(i = no), (j = yes)]

2.1

Let P, = f(n,i) be the, as yet undefined, probability that person n succeeds on item i.

What we seek is the particular function f(r, ) which maintains Thurstone (1928) invariance and
hence Rasch (1960/1980) objectivity.
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To obtain invariance the comparison of probabilities in Equation I must stay the same regardless
of which persons are involved. That is, Equation I must hold for any suitable persons n or
#1as in.

Pr[(l = )65),(] = 720)] _ Pn(l —Pr:/) — Pmi(l—ij)
Prl(i = no).(j = ves)] (1-P)B, (1-PB,)P,

i

3]
S

for all n and m

where n is some person, m is any other person and the symbol = specifies that the comparison of item
i with j is "defined" to remain the same whoever the persons, n or m.

To simplify our appreciation of the implications of Equation 2 for B, = f(n,i) , we can choose
j =o0andm = o as origins for the item and person scales so that the calibration of item 7 becomes its
comparison with a reference item 7 = ¢ and the measure of person n becomes their comparison with a
reference person n1 = o.

We can also align these scale origins so that the reference person has a fifty-fifty chance to
succeed on the reference item. This makes

P =P =1/2and(1-P,)/ P, =1

mj

When we insert j = 0 and m = o into Equation 2-2 and solve the middle and right side for the
odds of person n succeeding on item ; we get

P P P
nt — He) [N — ’1 *hi
G-P) (-P)1-P) g(n)=h(i) 2.3

ne

(P

no

has a value between O and infinity depending only on item 7.

)/ (1— P,) hasavalue between 0 and infinity depending only onpersonn,and [F, /(1 - F,)]

The measurement scale defined by Equation 2-3 is aratio scale. Zero corresponds to the measure
for a person having no chance of success on any item and also to the calibration of an item on which
there is no chance of success by any person.

The ratio scale defined by P,/ (1—P,) can be transformed into an equal-interval linear
difference scale by taking logorithms.

log[F, /(1= F)]=log[F,, /(1= F )]+1loglF, /(1-F,)] 24

0

= G(n)+ H(i) for an interval scale

=B, — D, for convenience
or
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P, =exp(B,~ D)/ [1+exp(B, - D))

where the item calibration D, depends only on the attributes of item 1, which we can call its difficult: .
and the measure B, depends only on the attribute of person r, which we can call his ability.

This model relating the ability of person n and the difficulty of item i to the performance of person
n on item  is the objective model of measurement known as the Rasch model.

This deduction arrives at the only f{n, i) which can support the construction of Thurstone
invariant or Rasch objective scales.

Equation 2-2 can be rewritten to address Thurstone’s concomitant 1926 requirement that the
individual measure not depend on which particular items are used so that it becomes “possible to omit
several test questions at different levels of the scale without affecting the individual score.” This
requires that the comparison of any pair of persons n and m be invariant with respect to the particular
items employed as in

Pr((i = yes), (j=no)] _ P.(1-F,) — Pru(l—sz') 2.6
Pr{(i=no), (j=yes)] (1-P)E, (I-P)P,

for all i and j

which is equivalent to Equation 2-2 and so leads to Equation 2-5.
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5. TURNING SCORES INTO MEASURES

MEASURES ARE ALWAYS ANALYZED AS THOUGH THEY WERE INTERVAL

What every scientist and layman means by a “measure” is anumber with which arithmetic can
be done, a number which can be added and subtracted and differences from which can be multiplied
and divided with results that maintain their numerical meaning. The original observations in any
science are never measures in this sense. They cannot be measures because a measure implies and
requires the previous construction and maintenance of an abstract quantitative system which has been
shown in practice to be useful for measuring.

BUT ORIGINAL DATA IS ALWAYS ORDINAL

All data originate as ordinal, if not nominal, observations. All we can observe directly is the
presence or absence of a well-defined quality. All we can count directly are numbers of classified
occurrences.

All classifications are qualitative. Some classifications can be ordered and so become more
than nominal. Other classifications, like sex, are usually not ordered, although there may be
perspectives from which an ordering becomes useful such as more “male” or more “female.” This
does not mean that nominal data cannot have explanatory power. It does mean that nominal data are
not measurement in the accepted sense of the word.

Quantitative science begins with identifying conditions and events, qualities, which, when
observed, are deemed worth counting. The resulting counts are sometimes called “raw scores” to
distinguish them from “weighted” or “scaled” scores. But usually they are just called “scores.” As
such, they are no more than counts of particular concrete events that have been observed. They are
essential for the construction of measures. But they are not yet measures because they do not have
the numerical properties necessary to support arithmetic.'

Counting is the beginning of quantification. Measurement is constructed from well-defined
sets of counts. The most elementary level is to count the occurrence of a defined event. But more
information can be obtained if the conditions that identify countable events can be organized into
ordered categories which increase in status along an intended underlying variable. It then becomes
possible to count, not just the occurrence of an event, but the number of steps up the ordered set of
successive categories which is implied by the particular category observed.

When the three response categories of a rating scale are labeled: “none,” “plenty,” “all,” the
inarguable order of these labels enables their use as steps from less to more. The observation of a
“none” can be counted as O steps up this scale. The observation of a “plenty” can be counted as 1 step
up the scale.

! Since “scores” are so often mistaken for “measures” and then misused statistically as though they were measures, we will take the
trouble to refer to “scores” as “counts” so that their empirical basis and consequent failure to be “measures” will remain explicit.
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up the scale and of an “all” as 2. But this counting has nothing to do with any measures or numerical
weights which might be “assigned” to the categories. “Plenty” might have been labeled “20” or “40™
by the test author. But an “assertion” of such a numerical category label would not alter the fact that
on this rating scale “plenty” is only observable as 1 step up from “none.”

But counting steps up a set of successive categories, up arating scale, says nothing as yet about
the distances between the ordered categories. Nor is it a requirement that all items on a test employ
the same category labels. It would make no difference to the step counting if, for some other item,
the categories were labeled, “none,” “almost none” and “all.” Even though the relative meanings and
implied amounts corresponding to the alternative labels are obviously different, their order is the same
and so the observable step counts can only be the same. Whenever category labels share the same
ordering, no matter how the labels themselves may differ in implied amounts, progress through them
can only be observed as a series of single steps. The possible quantitative differences in the qualitative
labels can only be discovered later by modeling the differently labeled categories separately and then
using relevant data to estimate their relative difficulties.

CONFUSING COUNTS WITH MEASURES

Counts of events are on a primitive ratio scale. They have an origin at “none” and the raw unit
of “one more of these kinds of things.” Butthe events actually counted are unique rather than idealized
replicates, specific rather than general, concrete rather than abstract and thus varying rather than
uniform in the way they represent whatever latent variables they may be intended to imply. Sometimes
the next “one more thing” implies a small increment as in the seemingly short step from “none” to
“almost none.” Sometimes the next “one more thing” implies a big increment as in the seemingly long
step from “none” to “plenty.” The relative sizes of these steps cannot be obtained directly, but must
be constructed from analyses of relevant data produced by observing how these steps are used in
practice.

Since all we can do in practice is to count one more step, any particular raw count is insensitive
to the possibly differing implications of the steps counted. To get at reproducible empirical
magnitudes for the step sizes, we must construct an abstract measuring system based on relevant
parameterizations of coordinated sets of observed counts.

This construction requires a measurement analysis of the ordinal observations which comprise
the initial data in every science. Even counts of time-honored units like grams, centimeters and
seconds, so useful as measures in many contexts, may not function as measures in others (Thurstone,
1927). Counting the “milliseconds” it takes a student to react to a stimulus does not necessarily
provide a linear measure of “student responsiveness.” To construct a linear measure of “student
responsiveness’ based on time elapsed we must count the milliseconds taken by a relevant sample of
students of varying responsiveness to react to arange of relevant stimuli. Then we must analyze these
counting data to discover whether a linear measure of “student responsiveness” can be constructed
from them and, if so, what its relation to “milliseconds” may be. This relationship will probably be
monotonic. But it need not be linear.

FROM OBSERVATION TO MEASUREMENT

Thorndike (1926) stressed the necessity of a step from counting to measuring in 1904.
Thurstone (1928) spent the 1920’s developing partial solutions. Then in 1953 Rasch (1980) invented
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a model which, upon investigation, has turned out to be necessary as well as sufficient for the
construction of measures in any science. Rasch realized that a measure must retain its abstract
quantitative status regardless of the qualitative context in which it occurs. This means an item is only
useful for measuring persons among whom it approximates a single fixed difficulty, and a person is
only useful for calibrating items among which the person approximates a single fixed ability.

Rasch also realized that the outcomes of interactions between persons and items could never
be fully pre-determined but must always involve an unpredictable element. This lead him to a
probabilistic form of Guttman’s (1944) requirement that the more able the person, the more likely a
success on any item. The more difficult the item, the less likely a success for any person. The unique
measurement model necessary for converting counts into measures follows by deduction from this
requirement.

CHOOSING AN ORIGIN

“Measurement” implies a count of “standard” (hence necessarily abstract) units from a
“standard” starting point. The most familiar picture of this is a distance between points on 4 line.
There is, however, no measurement requirement to find “the” point of minimum intensity or to
extrapolate a “zeromobility.” Itis only necessary to anchor the scale by choosing aconvenient starting
point or origin. Usually there are useful frames of reference for which particular choices are
particularly convenient.

The seemingly non-arbitrary origin of a ratio scale is theoretical rather than practical -
conceptual rather than empirical. Logarithms convert any ratio scale into an interval scale and
exponentiation converts any interval scale into a ratio scale. The interval scale’s origin becomes the
unit of the ratio scale and the interval scale’s minus infinity becomes the ratio scale’s origin. The main
difference between the two is arithmetical preference. Do you prefer to calculate comparisons as
ratios or differences? Most of the usual statistical techniques are focused on differences rather than
ratios.

The practical convenience of measuring length from an arbitrary origin, like the end of a
yardstick, far outweighs the abstract benefit of measuring from some “absolute” origin, such as the
center of the earth or sun. Once an interval scale is constructed from relevant counts, we can always
answer ratio questions such as “Is the amount learned in first grade twice the amount learned in second
grade?”.

WHY RAW SCORES SEEM TO WORK AS MEASURES

In view of the fundamental quantitative differences between counts and measures, why do
statistical analyses of raw score counts and Likert rating scale labels mistaken for measures sometimes
"seem to work?"

When data is complete and all data are used, then the relationship between concrete raw scores
and the abstract measures they may imply becomes monotonic. This makes covariation analyses of
raw scores and the measures they may imply appear similar.

Even for complete data, however, the relationship between raw scores and measures is ogival
because the finite interval between the minimum observable score and the maximum observable score
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must extend to an infinite interval of implied measures (See Figure 5.1). Toward the center of this
ogive, however, the relationship between raw score and measure, for complete data, is approximately
linear. When statistical analysis of raw scores obtained from complete data is focused on this central
region, conclusions will be similar to those based on genuine measures.

Figure 5.1
The relationship between scores and measures.

a Maximum Count E
Finite
——————————— 100% ——————— — — ——
Raw
Score
—o0a < ____________ > “+co
Minimum Minimum Count Maximum

Measure Finite Measure
Infinite Infinite

LINEAR MEASURE

The monotonic curve (function) transforming observable counts (raw scores) into implied measures is approxi-
mately linear near 50% but must curve at the extremes to bring the finite boundaries of the observable counts into
coincidence with the infinite extremes of the implied measures.

2

But the monotonicity between score and measure holds: only when data are complete, only
when every subject responds to every item, only when no responses are disqualified. This means no
missing data and no tailoring item difficulties to person abilities. Further, the approximate linearity
between central scores and their corresponding measures deteriorates increasingly as the scores
approach their observable extremes.

UNIDIMENSIONALITY

An occasional apprehension raised against the Rasch measurement model is that it “requires”
unidimensionality. This objection is puzzling because “unidimensionality” is an intrinsic meaning
of the term “measurement.” The necessity of Rasch’s model as the only method for constructing
measures from observations is due to its deduction from the measurement requirement of unidimen-
sionality. It is the undimensionability of “measurement” which requires Rasch, not the other way
around.

In practice, unidimensionality is conceptual rather than factual, qualitative rather than

quantitative, an idea and intuition rather than an experience. No actual test can be perfectly
unidimensional. Indeed no empirical situation can completely satisfy the requirements for measure-
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ment which imply the Rasch model. But this essential “reality” is encountered and managed by every
science. Physicists’ corrections for the unavoidable multidimensionality they must encounter are an
integral and essential part of their experimental technique.

If an educational test containing a mixture of arithmetic and reading items is used to make a
single admission or graduation decision, then the examination board, however inadvertently, has
decided to use the test as though it were unidimensional. This is quite beside any qualitative or
quantitative arguments which might claim or demonstrate multidimensionality. The board’s practice
does not make arithmetic and reading identical or exchangeable anywhere but in their pass/fail
decisions. Their “unidimensional” behavior, however, does prove that they have decided to make
arithmetic and reading exchangeable in their decisions and hence unidimensional in their tests.

Unless each item is treated as a test in itself, every test score for which right answers are
counted is a compromise between the essential ideal of unidimensionality and the inescapable
qualitative “reality” uniqueness of the items used. These “multidimensionalities™ are the unavoidable
exigencies of practice.

Before observations can be used to support quantitative research, they must be examined to
see how well they fit together and cooperate to define the intended underlying variable. Rasch
measurement provides theory and technique to accomplish this. But the extent to which any particular
set of observations can serve measurement is empirical. No total score can be accepted before
verifying that its meaning is enough in accord with the meanings of the individual scores of its item
components to lead to a measure useful for the purpose at hand. Assistance in doing this is provided
by fit statistics which report the degree to which any actual observations approximate the assumptions
necessary for constructing measurement, and hence quantify the numerical validity of the data.

The process of test evaluation can never be finished. Every time items are used to collect new
information from new persons to estimate new measures, we must verify again that the unidimension-
ality requirements of the measuring system have been well enough approximated by these new data
tomaintain the intended quantitative utility of the measures produced. Whether a particular set of data
can be used to initiate or to continue a measuring system is always empirical and must always be
verified.

This empirical question can be addressed by:

1) analyzing the relevant data according to a relevantly parameterized unidimensional
measurement model—a model implementing the essential requirements of measure-
ment—a Rasch model.

2) discovering how well and in what parts these data conform to the intention to measure and,

3) examining carefully those parts of the data which do not conform and hence cannot be used
for measuring to learn from them how to improve our observations, how to obtain better
data, and so, how to better achieve our intention to measure.

Only after interval (linear) measures have been successfully constructed, does it become
reasonable to proceed with statistical analysis in order to determine the predictive validity of measures
or to compare measures produced by different tests to see if they are measures of the same thing, like
inches and centimeters, or different things, like inches and ounces.
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6. HOW VARIABLES ARE CONSTRUCTED

The definition of measurement found in textbooks is "the assignment of numbers to objects."
Having settled that, authors retreat to other matters. Instead, we will investigate this pregnant
proposition.

FOCUSING INTENTION

To make a measure it is necessary to focus attention on a single matter of interest. If we want to
measure audience attendance, we focus upon "persons in the auditorium.” We do not focus on other
matters which might be important in other contexts. Focusing requires avoiding distraction. Other
matters, important as they may be, are nevertheless, determined to be unimportant at this time. To count
attendance is to give no attention to anything else. We act as if nothing else existed.

Measurement requires a singular intent which, once selected, immediately requires a withdrawal
of attention from all other matters. Naturally, the choice of this singular attention is critical. In our
simple example it is easy to determine our focus of attention. In the pursuit of science, however, it is
seldom simple to determine what we should attend to. But "what to attend” is the decision that must be
made in order not to be overwhelmed by voluminous, unsorted perceptions.

COUNTING AND MEASURING

To make measurement beyond counting the persons in the auditorium, we need a model. Mea-
surement is reached by way of analogy. Some analog is required to enable our task. We measure time by
moving clock hands. We measure length by concatenating unit lengths into rulers. All measurement
utilizes analogy. The natural numbers (positive integers) are always the starting point for the model we
apply to our problem. We assign each "person" a number as we note their presence one-by-one. We
"count" by reciting the arithmetic counting model as we focus upon each next person. Having observed
the last person, we note the numeral associated with that last individual and designate the count of
attendees by that numeral. If someone else enters the auditorium, we count one more and use that next
successive numeral to signify the new total. The persons in the auditorium are the objects manifest in our
experience. The numerals taken from the natural number system are the unit values from the model we
applied to accomplish the counting.

Counting is so familiar that we take for granted how it is done. Counting objects is so universal
that it is frequently assumed that the "count” is automatically a "measure." This assumption is so
common that it usually goes unquestioned. But counts are not necessarily measures. Measurement
depends upon whether the mathematical model on which it must be based can provide the desired
outcome. We saw that the natural numbers served to count. But are they necessarily measures?

Using the natural numbers in our example brings with it the observation that distances between
adjacent natural numbers are taken to be equivalent, and whole, not fractionated. The number "space"
between any two adjacent numbers 2 and 3, 19 and 20 or 164 and 165 is equal in our counting to a same
"one more person."
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When measuring length with a ruler, we also use the equal steps of the real numbers as our
model. But fractional parts are permitted. Any unit or fractional part of a unit along the real number line
is equal in magnitude to any other like unit or fractional part anywhere along the line.

The natural numbers used in counting are logically consistent. But does the application of these
numbers to every experience automatically endow the objects of that experience with similar numerical
properties? This question often goes unanswered because it is unrecognized. Since numbers are logi-
cally coherent, the objects to which they are applied are often assumed to possess similar logical coher-
ent numerical characteristics. But this association can not be assumed. It must be constructed, demon-
strated and maintained. Unfortunately, this demonstration is rarely done and objects are usually naively
assumed to possess the same numerical characteristics as those of the number system that is used to count
them.

Since measurement is made by analogy, the model chosen for measurement cannot itself substan-
tiate the numerical qualities assigned to the objects. We have to demonstrate that the relationship of the
objects to the model is consistent with our use and understanding of the numerical result and demonstrate
this connection by means of the analogy.

While counting is the model for measurement it is seldom measurement itself. We begin by
assigning numerals to objects. But we must proceed in a manner which is systematic and reproducible
and which allows us to validate continually the correspondence between the objects addressed and their
counts and between the counts obtained and the measures they may imply.

The count of attendees can be represented directly on the number line.

1 2 3 4 5 6 1 8 9 . : N
N

/

The number line gives us a model which appears to solve our attendance problem. The model of
the number line (our variable of interest) specifies an equal unit distance between the numerals. The
successive count of persons parallels movement along the line by equal counts. An additional person
adds another equal count to the line. The number line made from our counts is associated with the
"length" registered on a "number of persons" variable.

1. Successful measurement requires focus upon an attribute of intent to the exclusion of all other
(often equally interesting, but not at this moment relevant) attributes. We cannot progress
until we have made such a choice. The choice is both intent to attend and also intent to
disregard.

2. A coherent measurement analog is necessary to accomplish the measurement task. The one
we used in our example was the natural number model of arithmetic progression. Applica-
tion of this model to our problem gave us a useful answer. We needed an analog to solve our
measurement problem: establishing a one-to-one correspondence between counting indi-
viduals, seated in the auditorium and numerals on a number line. The idea of a number line
gives us a picture of the variable of intent in a way that facilitates understanding, application
and interpretation.
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3. Determining the count of people in the auditorium answered our question, "How many are

here?" Was it a measure? Yes, but only when demonstrated by analogy to be associated in a
meaningful way to our number line - the variable. Use of the number line as the model leads
this time to using the count to measure the "amount" of persons expressed in a linear form.
Consequently, the variable of attendance can be visualized as a line with our total attendance
indicated by a position or "amount" on the line. Carrying around such "lines" of amount is
quite unnecessary to say nothing of inconvenient. We revert back to counts to express this
length in a more compact form. But our understanding of the variable form is the line. The
natural number line is the full expression of the measure of persons, not the count. We use the
count as shorthand for the measure.

Our use of the number line and its associated unit characteristics provides, by analogy, a
clear correspondence between the count and measure. This relationship can be seen as:

COUNT

1 2 3 4 5 6

MEASURE

where a straight line at 45 degrees with slope of "one" associates counts to measures. But
even though the observed counts end up as the same as the measures in this example, the
counts are not in themselves measures even in this case. They became so here through their
analogy with the number line.

Validity of this approach can be demonstrated by replication. The individuals counted can
be seen as alternate equal instances of a single individual - the experiential unit of interest.
‘We make our count and measure by enumeration. The measurement process is unaffected by
where the count begins i.e. from the back, front or side of the auditorium. Precision depends
only on accuracy in counting and not on any other aspect of the process. The count and the
resulting measure are unaffected by the other matters of gender, race, height, weight.
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We now proceed to more sophisticated problems, keeping in mind the steps encountered in our
simple example. Although our example was simple, the tasks were sophisticated. We count with such
ease and so routinely that we are no longer aware of the steps we take nor of the confusion that can result
between determining how to make counts and how to make measures. The most difficult task to recog-
nize is how to determine measures from counts. This is because counts are what we always begin with
to determine amounts. Counts can be associated with measures only by establishing a useful relation-
ship. We need to generalize this by deliberating upon the measurement process, specifically upon
constructing a variable.

CONSTRUCTING A VARIABLE

A "variable" is a line with direction - an arrow. The direction implies "more" of the variable.
An "amount" is a distance along the line. More is "more" distance along the line. Length is the example
that comes most easily to mind and eye. More inches, feet, yards, is easily visualized as more distance
along the ruler being applied to the object. Interpretation of such a variable is straightforward and easily
demonstrated visually. This keeps the process forthright and observable. There is no mystery, no
algebra. Calculations may be complex but the outcome can be seen. The line conceptualizing the
variable makes the measurement task visible.

The "variable" must establish and maintain a single line of inquiry. That line of inquiry has to be
operationally determined and reproducible at will. To be useful its determination must also be insightful
and rich. Conceptualization as a one unidimensional line is necessary, if our thinking is to progress
usefully. When this is not done, confusion and frustration result. Then there is no simple way to
determine what the variable should be.

Our intent specifies what we will address and not address. Our choice not to address matters is
selective and not unalterable. We can change our mind. What we cannot do is to pursue two things at
once and remain clear about what we are accomplishing.

A measure of "attendance" need not be a measure of speaker "attraction." It may be an interesting
problem to discover whether attendance is a measure of "agreement" with the speaker. But attendance
itself, does not directly answer that question. We confuse ourselves when we pose unclear questions.
The task is to separate these different issues: attendance, attraction, agreement into clear dimensions
and to do the best we can to measure each of them, not confuse our thinking by allowing simultaneous
consideration of contrasting matters.

UNIDIMENSIONALITY

Human behavior is clearly complicated and so might be thought of as multidimensional. But its
scientific investigation and understanding cannot begin multidimensionally. The investigation must be
systematically built up in successive stages. Each measurement stage requires that a single unidimen-
sional variable be established. When several dimensions have been successfully developed, the study
of their association by statistical analysis such as multiple regression, may bring out relationships.
When unclear, inadequately identified "dimensions" are subjected to statistical analysis before estab-
lishing their measures, however, then interpretation is obscure.

40



The variable is an idea, an intention, something we want to realize, a construction made from
collecting and selecting observations. While human experience is complex, when making measures we
decide to isolate one major ingredient and not to become overwhelmed by the endless and enumerable
possibilities that are impractical to examine simultaneously. Successful measurement, like good sci-
ence, is always practical. The well-defined measures are the useful ones. Indeed, they often become so
useful that their origins are forgotten and, because of their familiar utility, we take them for granted.

If we did not have the natural number model for counting, we could not enumerate and so mea-
sure the audience. We could only get lost in the problem of how to enumerate. A well formulated
variable will demonstrate its utility time and again and its recurrent utility will be the demonstration of
its validity.

Variables are constructed out of similarities noticed, the "replications” we infer in experience.
Although nothing actually recurs exactly, we take it that a "thing" of our defining does reappear again and
again although in different guises. It is our discernment of what to specify and what to ignore that
distinguishes a useful variable from a useless one.

DIALOGUE OF INVENTION AND DISCOVERY

Variable construction is a dialogue between invention and discovery. We observe out of experi-
ence. We abstract an aspect to capture an essence and invent a dimension for this essence, wording it
carefully to avoid becoming overwhelmed by the multiplicity of the provoking experience. We construct
this singular idealization knowing that it is only a model representation and not a real thing. Good
variable construction is a mix of discerning observation, creative intention and careful disregard.

The idea of hot/cold is useful in enumerable applications. We measure temperature by analogy
using lengths of liquids in uniform tubes.

We experience wind directly. We make a vane to "experience” wind for us and to show its
direction. We attach cups to rotor arms to capture air, connect the rotating arms to a dial and make, by
analogy, a measure of wind velocity along the arc of the dial.

We can combine temperature and wind speed with the heat loss of evaporation to produce a new
dimension - windchill. This construction we find is immediately experienced. Low temperature days
without wind are experienced as warmer than windy days recording a higher temperature.

Useful variable definition is clear thinking. But it also requires intuitive leaps. We must go
beyond previous experience to capture the possibility of new experiences of which we have awareness,
but cannot "see" with clarity. Variable definition combines intuition and reason into a constructive
fiction that embodies an essence of experience liberated from the infinite complexity of total experience.

BUILDING A VARIABLE

Imagine a person and a collection of sticks of varying lengths. Our problem is to measure the
height of the person from the lengths of the sticks. The logical way to proceed is to stand each stick next
to the person and keep track of which sticks exceed the person's "height" and which do not. We aim to
"capture"” the person in the midst of the available sticks. Should no stick exceed the person's height (or
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all exceed his height), we will need more sticks longer (or shorter) and, cannot capture this person
among the available sticks.

When we have sticks above and below the person, we can locate the person between two of the
sticks. When sticks themselves are compared one to another just as we compared them to the person and
we arrange the sticks in their order of length we can locate the person between a particular pair of
adjacent sticks. One stick of the pair is shorter than the person (as are all the successively shorter sticks)
and one stick is taller than the person (as are all the successively taller sticks). We have positioned the
person among the available sticks and ordered the sticks with, in this case, our person exceeding four
shorter sticks but exceeded by five longer ones. The length of this person can be abstracted as some-
where between sticks A and B. That is, the "measure" of this person's "height" is defined by these two
sticks.

We have constructed a variable of sticks by arranging them according to length and then applying
the sticks to the measurement of a person. Given more persons we can compare them to one another or
more easily to each of the sticks and so arrange all the persons among the sticks, above those sticks they
exceed and below those sticks they fail to reach.

To simplify the machinery and keep the arrangement of sticks and persons orderly, we can dis-
pense with actually placing all persons next to all sticks and instead designate each stick by an ordinal
number and locate each person halfway between the numbers of the pair of sticks that bracket that
person.

By keeping a record of the persons who exceed (or fail to exceed) each stick number we can
produce a picture of the relation between persons and sticks. This strategy of "sticks exceeded" is the
basis for our variable "height." Each person "tested" is compared to each stick with a tabulation made
for each stick according to the number of persons exceeding it. In this manner we "calibrate" our sticks
and use them to measure persons according to the criteria of which sticks a person exceeds.

The development of any variable proceeds from the strategy illustrated in this example. No

matter what the intent of our variable, the procedure for calibrating the agents (sticks) and measuring the
objects (persons) always begins this way.
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RECORD OF PERSON X STICK COMPARISONS

STICKS
SHORTEST LONGEST
1 2 3 4 5 6 7 8 9 10
TALLEST
JOHN 1 1 1 1 1 1 1 0 0 0
p BEV 1
E JANE 1 1'S
g MIKE 1
g' JAN 1
..... 1 0'S
T
SHORTEST

GUTTMAN AND RASCH RESPONSE PATTERNS

The above matrix of 1's and 0's when it contains no 0's in the pattern of 1's nor any 1's in the
pattern of O's is a "Guttman Scale." Such a pattern is what Guttman called the necessity for a score to
have meaning. The pattern is of perfect order. The difficulty is in constructing real tests such that a
perfect order is achieved. Rather than seeking a perfect "deterministic" pattern in the data and failing to
construct it, Rasch measurement expects an imperfect "stochastic" order and proceeds to evaluate it in
terms of perfectly ordered probabilities. In Rasch's model it is the probabilities that form the perfect
Guttman pattern and not the responses.

Thus when persons n=1,N are ordered by the magnitudes of their measures B, and items
i =1, L are ordered by the magnitudes of their calibrations D,, the conjoint order of the Rasch probabili-
ties that person Pni will succeed against item i.

__exp(B,—D)
" 1+exp(B,—D)

forms a perfect Guttman pattern.
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SCORES AND MEASURES
Why is it that scores are counts, but not necessarily measures?

When counts are accumulated they are made up of concrete, tangible objects. The objects counted
are interpreted to be exchangeable, as though they were identical for the purpose of counting. But in
their concreteness they are manifestly not identical nor in any exact way exchangeable. Indeed, upon
close examination the objects counted can always be seen to be different, unique.

Counting is a daring fiction. Counting is also a necessary fiction. It is the essential fiction of
"againness," of deciding to pretend we are encountering a "same thing" again and again, even though we
know that no two encounters are ever the same. It is the fiction of "recognition," of being able to
interpret a future in terms of past experience. Without the fiction of "againness," "time" is meaningless,
indeed thought is impossible. Since counts build on fiction, the choice and nature of the fiction is a
critical step on the way to the counts becoming useful. The invention and governance of what to count is
the Observation Model.

Once we acknowledge that any concrete objects counted have been fictitious in their counting,
we can see that their actual concrete differences are clumsy and thus think it better to count perfect ideas
rather than imperfect objects, that is to count ideally equal, exchangeable units, since we are making it up
in any case. Counting "exchangeable things" is scoring. Counting "ideal units" is measuring.

DIFFERENCES AND RATIOS

If real counts are on the way to ideal measures, how do we go the rest of the way? For that we
must ask what kind of comparisons we intend to construct and why. The comparisons suited to visual
analysis are distances, differences, linear comparisons. This suggests that any comparison we wish to
visualize for comprehension must be made in terms of differences and not, for example, ratios. Plots of
ratios confuse our visual ability to analyze distances, and so deny access to those pictures worth a
thousand numbers.

When considering counts, however, we realize that the comparisons which have meaning depend
on the size of the counts. When we are concerned with small differences between large counts we
find ourselves interested in balancing their differences. We equate these large counts by small
additions and subtractions to reach equity, to enable fair trade, to do business. Then we are interested
in differences of counts.

But when we encounter large differences between counts, it is not differences which emerge as
the usefully invariant comparisons. Now it is the ratio of the counts that matters. What does it take to
double our yield, triple our gain? Comparisons of wide ranging counts, like income, are more useful as
ratios than as differences.

The next step, then, is to turn ratios of counts into differences of measures. This is where "logs"

and their inverse "exponents" enter and why loglog (and semilog) plots became (and still are) important
in the visual analysis of numbers.
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Counts are concrete, history. But our use of counts is seldom to reconstruct the past. We are most
interested in counts to make inferences about the future. Analysis of data is seldom just for historical
description. It is usually for prediction. To predict we must accept scores as crude indicators of what
might become and so manage them accordingly, in terms of what they probably mean.

The utility of counting brings to our attention the convenience of equal units. Why not construct
measures of magnitude in equal units? To do so accepts the sampling status of the counts and brings us to
the next step of finding an estimate from the sample of what the counts might usefully imply.

Since we are estimating an abstract idea of a magnitude from a count of concrete experiences, we
encounter a need for a concomitant second estimate, this time of the expected uncertainty or error of the
estimated magnitude, of the improbability of our inferences. This brings up "standard errors."

We also must figure out an answer to the question as to whether the collection of experiences or
observations which have been counted on to imply estimates of magnitude and error are in their own
details consistent with the two estimates they have led to? This brings up a third statistic, "fit."

When we use the estimates of magnitude to go back and predict the counts from which they arose,
to calculate what observations would be expected were they entirely caused by the magnitudes we have
estimated, we can discover for each observation how well it fits into the measures for which we intend
to use these data.

The study of "fit", particularly the identification of outstanding misfit, is our chief source of new
information about the world of possible experience, our chief opportunity for discovery. The observa-
tion model by which we define what to count and the measurement model by which we construct esti-
mates of ideal magnitudes from the crude concrete counting are the inventions of measurement. The
misfits that then appear are the discoveries of measuring.

The growth of science, indeed of mind, arises out of an evolving dialogue between invention and
discovery - between the reassurance that we know what we are doing because our inventions work and
the provocation that we must not know everything about what we are looking for because we are sur-
prised by what we find. Constructing variables engenders an interaction of experience and idea, a
dialogue between invention and discovery, that is the life force of science and mind.
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7. FIT ANALYSIS

The Rasch model specifies the relation that must dominate what happens when a person takes
an item for the resulting responses to be useful for measurement. A complete analysis mustinclude an
evaluation of how well the data fit this essential specification. If a person answers the hard items on
a test correctly but misses several easy items, we are surprised by the resulting implausible pattern of
incorrect responses. While we could examine individual records item-by-item to determine this kind
of invalidity, in practice we want to put such evaluations on a systematic and manageable basis. We
want to be specific but also objective in our reaction to implausible and hence invalid observations.

Even when a particular application tends to fit the measurement model, we cannot predict in
advance how well new items or old ones will continue to work in every new situation to which they
might be applied. We cannot know in advance how all persons will always respond. Therefore, if we
are serious in our intention to measure, we must examine every application to see how well each new
set of responses corresponds to our measurement intentions. We must evaluate not only the plausibility
of the sample of persons’ responses, but also the plausibility of each persons’ responses to their set of
items. To do this we must examine the response of each person to each item to determine whether that
response is consistent with the general pattern of responses observed.

We begin fit analysis by examining the dataresulting from the administration of atest of L items
to a sample of N persons producing an N x L matrix of responses with every row consisting of the
responses of each person n to the Litems and every column consisting of the responses of the Npersons

toeach itemi. When the responses are dichotomous, the resulting matrix will consistof correct (X, =1)

and incorrect (X,; = 0) responses.

The construction of useful measures and calibrations does not require that these data be
complete. The particularitems addressed by each person can vary as long as there is a sufficient network
of overlaps to connect the entire matrix. For simplicity here, however, we will carry out the explanation
as though data were complete.

Fromthe N x L datamatrix of X,; = 0 or 1 we count the item scores S, and person scores R used

to estimate the abilities of persons B, and the difficulties of items D, . Procedures for this are explained
in Best Test Design (Wright and Stone, 1979, pp. 28-65).

This chapter explains the analysis of fit (Wright and Stone, 1979, pp. 66-82 and 165-181).

RESIDUALFROMEXPECTATION

To evaluate fit we compare the observed person and item responses X, to the expected values
P, that are determined for them by the measurement model. The expected value of the dichotomous
observation X, is P, =exp(B,—D,)/[1+exp(B,—-D))] .

47



RESPONSE MATRIX

1 Item i I

X, =01

n

Observation

Person
n

where i=1 toL are the item columns and
L n=1to N are the person rows

7

A consequence of the Rasch model is that the person right answer count, a total score for an
individual; contains all of the information needed to measure that person and the item right answer count,
a total score for an item, contains all the information needed to estimate the difficulty of that item. That
is to say; that right answer counts are sufficient statistics for estimating person measures and item
calibrations. !

RASCH MODEL EXPECTATIONS

The Rasch model is derived from the requirement that person measures and item calibrations
be separately estimable. This requires that (1) a more able person always have a greater probability
of success on any item than a less able person, and (2) any person always be more likely to do better
on an easier item than on a harder one. Fit analysis evaluates the extent to which particular data serve
this fundamental requirement for measurement. Fitanalysis shows us the extentto which any data can
be used to construct measures. Each data analysis must include an evaluation of how well those
particular data fit the expectations which measurement requires.

When an observed pattern of responses shows significant deviation from measurement
expectations, we can use the particulars of the measurement model together with the person and item
estimates to calculate a statistical index of unexpectedness for any particular response or any subset
of responses including all of the responses to a particular item or all of the responses made by a particular
person.

DETERMINING FIT
The procedure for analysis of fit involves the three steps:

1. Responses 2. Model 3. Residuals
i i i

n Y,=X,—PF,

R X,;=0,1 Pl O0< B <l

What we observe What we expect The difference
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To observe response plausibility, validity or fit we calculate the difference (B, — D,) between

When the difference is negative, however, the item should be difficult for the person. The more
negative the difference (B, — D,) becomes, the more difficult the item should be for the person and hence
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L
R, is the sum X of the person responses X,; overitemi=1,L .
B, is the person measure estimated from R, .
N
S, is the sum z of the item responses X, over persons n=1,N.
D, is the item difficulty estimated from S, .
EXPECTATIONS

the estimates of person ability B, and item difficulty D, foreach person nanditemi. When this difference

is positive it means that the item should be easy for the person. The more positive this difference, the
easier the item is expected to be and hence the greater our expectation that the person will succeed on

thatitemand X, =1.

the greater our expectation that the person will fail on that item and X, =0.




<
( PREDICTION
i Item i I
1
F, P B Person
S ) " Measure
£ = Expectation
o
il [
| Item
D. Calibration
P.=exp(B,—D,)/[1+exp(B,—D,)] and B, and
D, are the person measure and item calibration for
person n and item L.
N s .

Chi-square and mean square goodness-of-fit statistics can be constructed from the residual
difference ¥, = X, — P, between the observed X,; and its expectation F,,. This residual quantifies the fit
between each person n and each item i.

The model estimates the expected value or probability of dichotomous response X, =1 as:
P, exp(B, — D)/ [1+exp(B, - D,)]
where B, = the estimated ability measure of person n
D. = the estimated difficulty calibration of item i

and P = the probability that X, =1.
RESIDUALS

The probability P, is an estimate of the expected value of instances of the response X,, =0, 1.
The expected binomial variance of these instances of X, around P, is estimated by Q,, = P,(1-PF,,).
These expectations P,, and variances Q,; can be combined to form a standardized residual Z, for each
X 2= =R)IR(-R)=(X.~F)IQ.".

We estimate this standardized residual Z ; by subtracting from the observed X,, its estimated

expected value P,, and dividing the difference by its expected standard deviation
0, =[P, (1- B)I".

50

o



This standardized residual Z, has a logistic distribution with an expected mean of 0 and a
variance of 1. The reference values of 0 and 1 help us to evaluate the extent to which the standardized
residuals deviate from their model expectations.

Examination of residuals shows us whether we can proceed to use the items to make valid
measures or whether further work on the items are required in order to bring the testing elements into
line with the intended plan. Examination of personresiduals indicates the extent to which persons have

responded to the test in the expected manner. Since X, takes only the two values of “0” and “1”, the
two values for the standardized residuals can be expressed in terms of the estimates B, and D, and the

observed response X, .

Thus, Z, =[exp(B, — D,)] can be used to indicate the unexpectedness of an incorrect response
X,, Otoarelatively easy item, while Z? = [exp(D, — B,)] can be used to indicate the unexpectedness
of a correct response X,; =1 to arelatively hard item. These two expressions can be combined into

one as Z’ = exp[(2X,, —1)(D, - B,)] .

The values of this Z can be ascertained foreach X, of O or 1 and then accumulated over items

to evaluate the plausibility of any person measure, or over persons to evaluate thé plausibility of any
item calibration.

To evaluate any unexpected response X,; we quantify its unexpectedness from the difference
between the ability measure of that person B, and the difficulty calibration for thatitem D,. Forexample,
an unexpected incorrect response of X,, =0 associated with a person ability B, =—1.2 and an item
difficulty of D, =-3.9 produces a difference (B, —D,) of [(=1.2)—(=3.9)]=+2.7 and a squared

standard residual of Z> = exp(2.7)=14.9.

We associate unexpected incorrect answers X,; =0 with (B, — D,) and unexpected correct
answers X,, =1 with (D, — B,) because when the response is incorrect, and X, = 0, then the index of

unexpectedness is Z> = exp(B, — D,), but when the response is correct, X, =1, then the index is

w=exp(D; - B,) .

Unexpectedness is always marked by a positive difference, either (B, — D,) or (D, — B,). The
values for Z? can be looked up in Table 7.1 which gives either values of Z2 =exp(B, — D,) for
unexpected incorrect answers X, = 0 or values of Z? = exp(D, - B,) for unexpected correct answers
X;=1

Thus, theentry C, inColumn 1 of Table 7.1 iseither C; = (B, — D,) when X, = 0 and the response
is incorrect or C; =(D, — B,) when X,, =1 and the response is correct.

Column 3 of Table 7.1 gives the improbability of the observed response P, =1/(1+ Z>) .
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Table 7.1

Evaluating Unexpectedness

1. 2; 3.
Difference Between Squared Improbability
Person Ability and Standardized of the
Item Difficulty Residual Response
¢, Z'=exp C, P=1/(1+2%
-0.6,04 1 .50
0.5,0.9 2 33
1.0, 1.2 3 25
1.3; 1.5 4 .20
1.6, 1.7 5 A7
1.8, 1.8 6 14
1.9,2.0 7 12
2.1 8 A1
2 9 .10
2.3 10 .09
24 11 .08
25 12 .08
2.6 13 .07
2.7 15 .06
2.8 16 .06
2.9 18 .05
3.0 20 05
3.1 22 04
3.2 25 04
33 27 04
34 30 .03
3.5 33 .03
3.6 37 .03
3.7 40 .02
3.8 45 02
3.9 49 .02
4.0 55 02
4.1 60 .02
4.2 67 .02
4.3 74 01
4.4 81 .01
4.5 90 .01
4.6 99 .01

52



This improbability P, provides a significance level for the null hypothesis of fit for any

particularresponse. With ourexample of (B, — D,) = 2.7 we have asignificance level of P, =.06 against
the null hypothesis that the response of the person to this item is consistent with the model.

When the Z are accumulated over items for a person or over persons for an item, simulations

have shown that the resulting sums can be usefully evaluated by chi-square distributions with L - 1
degrees of freedom for a person and N - 1 degrees of freedom for an item.

These fit statistics are called “outfits” because they are heavily influenced by outlying, off-target,
unexpected responses. A useful alternative isto weigh residuals by the information they contain so that
the fit statistics are information weighted or “infits” and hence focus oninlying, on-target, unexpected
responses. The calculations for each type of fit statistic are outlined in the summary section.

SUMMARY

The following formulas summarize the calculations for the analysis of dichotomous fit.

Observed Response: X,=01

Expected Response: P, =exp(b,—d,)/ [1 +exp(b, —d, )]
Response Variance: 0, =P,(1-P,)

Score Residual: Y.=X,-P,

Standardized Residual: Zy =% L

Fit Mean Square:

Qutfit: U,=

L
Infit: V=210,
N N
V.= Z Y,/ z O,
Fit Standard Errors:
Outfit: SE, =[x(1/0-4)]" /31
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Infit: SE,=(30-430%)" /130

Fit Standardization: T,=(U"-1)(3/ SE,)+(SE, / 3)
T, =(V"* -1)(3/ SE,)+(SE, / 3)

Fit analysis can also be done for subsets of person-item responses taken from the total matrix of
responses. In this manner we can evaluate the responses of any person or subset of persons to any item
or subset of items or evaluate any item or subset of items by any person or subset of persons:

I ™\
Itemi

Itemsin G

Person
n

- J

For the analysis of any subset (G) of the data matrix of X,; use the following formulas:

Logit Bias: G= E,Y,.,- / )G:Qm.

G -12 G 12
Standard Error: SE; = ZQ,;) =1/ (Z Qm)
Mean Score Residual in G:  y,_ = iym / E]

Infit Noise in G: V,

G 2 G
Z(KE_YG) fZQni

G G . 112 G
Standard Error: SEV; = (Z 0,—-4% Q;.-] 120
G
where Z means summed over n and i in G.

The analysis of fit evaluates how well our data cooperate with the construction of measurement.
Analysis of fit gives us a tool to monitor the responses of persons and items. We can evaluate any set
of items or persons to determine where misfit occurs. Fitanalysis provides the quality control technique
required to supervise and validate test items and person responses. When fit is within our guidelines,
we have the control required to feel confident about item calibration and person measurement. When
misfitis discovered we can locate its occasions and begin further study of the items or persons involved.
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The analysis of fit is never completed because continued use of the instrument requires that we
constantly monitor item and person responses to maintain quality control.
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