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No discussion of scientific method is complete without an argument for the importance of
fundamental measurement- measurementof the kind characterizing length andweight . Yet, few social
scientists attempt to construct fundamental measures. This is not becausesocial scientists disapprove
of fundamental measurement. It is becausethey despair of obtaining it .

Theconviction that fundamental measurementis unattainable in social science andeducation has
such a grip that wefail to see that our despair is unnecessary. Fundamentalmeasurementis not only
obtainable in social science but, in an unawareandhenceincomplete form, is widely relied on. Social
scientists are already practicing a kind of fundamental measurementbut without knowing it andhence
without enjoying its benefits or building on its strengths .

Therealization that fundamental measurementscan be madein social science research is usuallv
traced to Luce andTukey(1964) whoshowthat fundamental measurementcan be constructed from an
axiomatization of comparisonsamongresponses to arbitrary pairs of objects of two specified kinds . But

Thurstone's 1927Lawof ComparativeJudgement(1928a,1928b, 1929) contains results whichare rough
examplesof fundamental measurement. Fundamentalmeasurementalso occurs in Bradley and Terry

(1952) andin Rasch(1958, 1960/1980, 1966a, 1966b, 1967, 1977) .

Thefundamental measurementwhich follows from Rasch's "specific objectivity" is developed in
Rasch1960/1980, 1961, 1967and1977. Rasch's "specific objectivity" andR.A . Fisher's "estimation
sufficiency" are twosides of the sameimplementation of inference . Andersen(1977) showsthat the only
measuringprocesses which support specific objectivity andhencefundamental measurementare those
which have sufficient statistics for their parameters. It follows that sufficient statistics lead to and are
necessary for fundamental measurement.

Several authors connect "additive conjoint" fundamental measurementwith Rasch's work (Keats,
1967, 1971; Fischer 1968; Brogden, 1977) . Perline, Wright andVainer (1977) provide two empirical
demonstrations of the equivalence of non-metric multidimensional scaling (Kruskal,1964,1965) andthe
Raschprocess in realizing fundamental measurement. Wright andStone (1979) showhowto obtain
fundamental measurementfrom mental tests . Wright andMasters (1982) give examplesof its successful
application to rating scales and partial credit scoring .

In spite of these publications advancing, explaining and illustrating the successful application of
fundamental measurementin social science research, mostcontemporary psychometric tests andmuch
practice are either unawareof the opportunity or mistake it for impractical .

MAINTAININGAUNIT

Thurstone says.

The linear continuum which is implied in all measurementis always an
abstraction . . . . All measurementimplies the recreation or restatement of the
attribute measuredto an abstract linear form .

and

1 . THEIDEAOFMEASUREMENT

There is a popular fallacy that a unit of measurementis a thing - such as a piece
of yardstick . This is not so . Aunit of measurementis always a process of some



kind which can be repeated without modification in the different parts of the
measurementcontinuum (Thurstone, 1931, p. 257) .

Campbell (1920) specifies an addition operation as the hallmark of fundamental measurement.
At bottom it is maintaining a unit that supports addition .

Rasch(1980, 171-172) showsthat, if

P= exp(b-d)IG

where

G= [1 + exp (b-d)]

	

1 .?

is the wayperson ability b and item difficulty d combine to 'govern the probability p of a successful
outcomeand, if EventABis person Asucceeding but person Bfailing on aparticular item, while Event
BAis person Bsucceeding but personAfailing on the sameitem, then a distance betweenpersonsAand
Bon a scale defined by a set of items of a single kind can be estimated by

bA - b, = logN, - logA'

whereNB is the numberof times Asucceedsbut Bfails andNB., is the numberof times Bsucceedsbut

Afails on any subset of these items .

This happensbecause, for any item difficulty dunder Rasch's model,

PAB=PA(I-P,)=exp(b,a-d)/GAG,

	

1.4

and

so that d, GA and G, cancel out of

	

P,.q = exp(bA -b,) leaving

P,A =P,(1-PA)=exp(b,-d)/G AG,

	

1.5

log(PAB/ PBA)=bA - bB = log(NA, / NBA)

	

1.6

a unit of distance which holds regardless of the value of d. This result is equivalent to Case 5 of
Thurstone's 1927Lawof ComparativeJudgmentandto Bradley andTerry of 1952andconforms to Luce
andTurkey of 1964.

Since d does not appear in this equation, estimates of the distance betweenAandBare modelled to
be statistically equivalent whatever the item difficulty d.

Since the unit defined by the distance betweenAandBholds over the rangeof the continuumdefined
by whatever values dmaytake but is independent of the particular value of d, it follows that Rasch's
modelfor specifying measuresis exactly the unit-maintaining process which Thurstone (1931) requires .

Whethera particular batch of data can be disciplined to follow the Raschprocess can only be
discovered by applying the process to the data andexamining the consequences. It is worth noticing,
however, that wheneverwehavedeemedit useful to count right answersor to addscale ratings, wehave
taken it for granted that the data concerneddo, in fact, follow the Raschprocess well enoughto suit our
purposes . This is so becausecounts andadditions are exactly the sufficient statistics for the Raschprocess
andfor no other . Whenweaccept the counts as useful then, howeverinnocent our adventure, wealso
accept the Rasch model as the mathematical explanation of what we are doing and also its only
mathematical justification .



If wesubscribe to Thurstone's requirement, then wewant data that wecan govern in this way. That
meansthat fitting the Raschprocess becomesmorethan aconvenience. It becomesthe essential criterion
for data goodenoughto support the construction of fundamental measures. TheRaschprocess becomes

the criterion for valid data .

VERIFYINGFIT, IDENTIFYINGBIAS

Howwell doesdata haveto fit the Raschprocess in order to obtain fundamental measurement?The
only reasonable or useful answeris : "Well enoughto serve the practical problem for which the measures

are intended, that is, well enoughto maintain an invariance sufficient to serve the needsat hand."

Howcanwedocumentthe degree of invariance the Raschprocess obtains with a particular set of

data? Onemethodis to specify subsets of items in any waythat is substantively interesting but also
independent of the particular person scores wehavealready examined(Nns , NBA)and then to seewhether

the newcounts resulting from these item subsets estimate statistically equivalent distances betweenthe

persons.

Theextent to which the distance betweenpersonsAandBis invariant over challenging partitions of

items is the extent to which the data succeeds in makinguse of the Raschprocess to maintain a unit .

Amoregeneral wayto examineanddocumentfit is to composefor each response.-= 0 or 1 the score

residual :

y=x-Ex=x-P

in which

	

P=exp(b - d) / [1 +exp(b - d)]

comesfrom the current estimates of person ability b anditem difficulty d andthe expected value Exof
observation x is

in which the summationI is over the items in the designated subset .

andthen to accumulate these score residuals over the item subsets chosento challenge fit .

If (b I -b o) is defined as the. extent to which a subset of items implied by b, fails to maintain the unit

constructed by the full set of items implied by bo, then that subset sumof score residuals 1) , estimates :

Ey=(bl -b o )y (d . l db) 1.10

Whenthe data fit the Raschprocess, then the differential of v with respect to b equals the score

variance P(1 - P) so that

dy/db=dP/db=P(1-P)=q

	

1.11

Ey = (b i - b, ,)Y, q

	

1.12

and

(bi - bo)=yY/ y, q=g .

	

1.13
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Thusthe simple statistic g =Ey/ Eqestimates the log it discrepancy in scale invariance (b, - bo ) due

to the item subset specified, with g having expectation and variance

hen the data fit this unit-maintaining Raschprocess.

Subsets need not be limited to items . Groupsof persons can be used to review the extent to which

anv item is vulnerable to bias for or against the type of persons grouped. In general, anycombination of
items andpersons thought to interact in a waythat might interfere with the unit-maintaining process can
be usedto define a subset for calculating g. Theresulting value of g estimates the direction and logit

magnitudeof the putative disturbance to scale invariance . Thestability of anyparticular value of g can

be evaluated from the root of its model variance, Vg=1/ Eq

CONSTRUCTINGADDITION

Eg=0and Vg=1/Yq

	

1.14

SE, =(Zq)-v2 .

	

1.15

Thewayto build a linear scale is to construct an addition operation which answersthe question : "If

personA has moreability bA than person Bwith ability be , then howmuch"ability" mustbe addedto

bB to makethe performance of Bappear equal to the performance of AT' To be morespecific . "What

, addition' to bB will cause PB = PA?"

To answer this question wemust realize that the only situation in which wecan observe these
probabilities of success is the one in which weexpose the persons to items of the specified kind This
changesthe question : "Whatchangein the situation through which wefind out aboutpersons by testinZ--
them with items will give B the sameprobability of success as A ?" In other words:

"What `addition' to bB will cause PBl =PA; ?"

Tobe moreexplicit, "Whatitem j of difficulty d will makethe performanceof person B appearthe
sameas the performance of person A on item i ?"

TheRaschprocess specifies that whenPBS =PA, . then

bB-d;=bA-d; .

	

1.16

The `addition' required to causeB to perform like A is then

bB+( bA - bB) =bit "

	

1 .17

Thewaythis `addition' is accomplished is to give person Ban item j with difficulty

d, - d; =bA - bB .

	

1 .18



CURRENTPRACTICE

Thewaythe success of this `addition' is evaluated is to see whetherthe performance of person Bon
items like J is observed to be statistically equivalent to the performanceof person A on items like i . This,
in fact, is the comparison actually checkedin every detailed analysis of fit .

It has long beencustomaryin social science research to construct scores by counting answers(scored
by their ordinal position in a sequenceof ordered response possibilities) andthen to use these scores and
monotonic transformations of them as measures. Whenthe questions asked have only two answer
categories . then wecount right answers. Whenthe questions havean ordered series of answercategories,
then wecount howmanycategories from `least' to `most' (`worst' to `best' . `weakest' to `strongest')
havebeensurpassed. Thereis scarcely anyquantitative data in social science research not already in this
form or easily put so.

If there hasbeenanyprogress in quantitative social science, then this kind of counting musthavebeen
useful . But this has implications . Counting in this wayimplies ameasurementprocess, not anyprocess,
but aparticular one. Counting implies aprocess which derives counting as the necessary and sufficient
scoring procedure.

Nowcounting is exactly the unique sufficient statistic for estimating measures with the Rasch
process. Since the Raschprocess constructs simultaneous conjoint measureswheneverdata are valid for
such aconstruction, wehave, in our counting, beenpracticing the first steps of fundamentalmeasurement
all along . All weneeddonowis to take this implication of our actions seriously andto complete our data
analyses by verifying the extent to which our data fit the Raschprocess andso are valid for fundamental
measuring. Whenour data canbe organized to fit well enoughto beuseful, then wecanusethe results
of counting to construct Thurstone linear scales andto makeLuceandTukeyfundamental measureson
them.

That we-in social science andeducation-have beencontent to useunweightedrawscores, just the
count of right answers, as our `good enough' statistic for ninety years, testifies to our latent conviction
that the data with which wework canbe usefully managedwith aprocess nomorecomplicated than the
Raschprocess. It is useful to keep in mindthat, amongall of the intriguing mathematical possibilities
which might seemuseful to transform right answercounts into measures, it is only the Raschprocess
which can maintain units that support addition and so produce results that qualify as fundamental
measurement.

easier than item i, namely an item j with difficulty

di - d, = bA - bB so that 1 .19

bB + (bA - bB ) =bB +(d ; - di ) = bA and 1.20

PBi
=PAi . 1.21



2. OBJECTIVITY

This chapter introduces the essentials of objectivity (also known as monotonicity, composite
transitivity, conjoint additivity andfundamental measurement), andto deduce themeasurementmodel
that objectivity requires .

The progress of science depends on the invention, construction and maintenance of useful
measures . Science lives on measurement. Measurement exists on objectivity . An everyday term for
objectivity is generality . Objectivity is the expectation and, hence, requirement that the amount and
meaning of a measure has been well enough separated from the measuring instrument and the occasion
of measurement so that the measure can be used as a quantity without qualification as to which was the
particular instrument or what was the specific occasion .

Although a measuring occasion is necessary for ameasure to result, the utility of the measure,
depends on the specifics of the occasion disappearing from consideration . It must be possible to take
the occasion for Granted and, for a time being, to forget about it . Were such a separation of meaning
from the circumstances of its occasion not possible, not only science but also commerce, and even
communication, wouldbecome impossible .

The essentials of measurement can be brought out by reviewing the characteristics of the
archetypical variable, length . When you ask aperson's height and it is reported 70 inches, you do not
demand the yardstick or to know whomade the measure, when or where . You expect, andhence require
as aprecondition for continuing communicationconcerning height, that 70 inches was obtained in the
usual way . Even though you know what the circumstances necessary to produce the measure were
necessarily fraught with unique particulars, you use the70 inch quantification oflength as though it were
entirely independent of those circumstances of its construction . In other words, you take 70 inches to
be objective . Were you unable to do that, the quantity 70 inches would become meaningless not only
to you but also to anyone, for nobody would know to what, if any, enduring state it referred .

Measuring length is so familiar andcommonplace that theway we do it seemsobvious. We are
tempted to think of length as an explicit, manifest variable that can be seen directly . But there are
essential details whichthemeasurement oflength requires . Although these details are taken for granted,
they cannot be neglected, iflength is actually to be measured . In fact, that they can be takenfor granted
signifies that we have made a solid habit of not neglecting them.

In spite of its "looks," length is not, by itself, manifest . Nor, in fact, is there any variable at all
which is manifest on its own . Variables are inventions and measurements are constructions . An agent
of measurement, aruler of some kind, is necessary to make length "visible ." Length cannot be "seen"
on its own, let alone measured, without the deployment of some kind of ruler. This requires the
measurement of length to be a conjoint operation . Thecalibrated ruler andthe thing to be measured must
be broughtinto a disciplined conjunction. The ruler, through its calibration, recapitulates the founding
definition of the variable "length ." Theruler's calibrations are the criterion definition of this variable .
The ruler, while necessarily concrete in its realization of "length," dependsfor its utility on the extent
to which it implements an abstract fiction . It must not matter at all which particular concrete realization



of a "ruler" is actually used to make the abstract measurement. It must only need be any "ruler" in good
standing .

All measurements made by all calibrated rulers mustbe quantitatively comparable without any
reference to the physical details or work histories of the particular rulers used or who used them.

SOCIALSCIENCEMEASUREMENT

These ideas are not new to social science. To be generally useful, the individual measure must
not depend on which particular test items are used .

It should be possible to omit several test questions at different levels ofthe scale without
affecting the individual score .

It should not be required to submit e\ ery subject to the whole range of the scale. The
starting point andthe terminal point . being selected by the examiner, should not directly
affect the individual score (Thurstone . 1926. p . 446) .

Nor should the measuring function of a test . that is, the calibrations of the test items, depend on
which particular persons are being measured .

The scale must transcend the group measured . One crucial experimental test must be applied
to our method of measuring attitudes before it can be accepted as valid. A measuring instrument must
not be seriously affected in its measuring function by the object of measurement . To the extent that its
measuring function is so affected, the validity of the instrument is impaired or limited .

If a yardstick measured differently because of the fact that it was arug, a picture, or a piece of
paperthat wasbeing measured, then to that extent the trustworthiness of that yardstick as a. measuring
device would be impaired .

Within the range of objects for whichthe measuringinstrument is intended, its function
must be independent of the objects of measurement (Thurstone, 1928, p. 547) .

Indeed, Thurstone's eloquent and detailed 1931 specification ofthe essentials of measurement
meetsandresolves most ofthe "big" measurementmisgivings that social scientists continue to fret about.

Measurement is Necessarily One-Dimensional :

Oneofthe most frequent questions (concerning the possibility of social measurement)
is that a score on an attitude scale, let us say the scale of attitude toward God, does not
truly describe the person's attitude .

There are so many complex factors involved in a person's attitude on any social issue
that it cannot be adequately described by a simple number such as a score on some sort
of test or scale. This is quite true, but it is also equally true of all measurement.

The measurement of any object or entity describes only one attribute of the object



measured . This is a universal characteristic of all measurement. When the height of a
table is measured, the whole table has not been described but only that attribute which
has been measured .

Similarly, in the measurement of attitudes, only one characteristic of the attitude is
described by a measurement of it .

Measurement is Necessarily Linear :

Only those characteristics canbe described by measurementwhich can be thought ofas
linear magnitudes . In this context, linear magnitudes are weight, length, volume,
temperature, amount of education, intelligence, and strength of feeling favorable to an
object . Anotherwayof saying the same thing is to note that the measurement of an object
is, in effect, to allocate the object to a point on an abstract continuum. If the continuum
is weight, then individuals may be allocated to an abstract continuum of weight, one
direction represents small weight while the opposite direction represents large weight .

Measurement is Necessarily Abstract :

Thelinear continuumwhich is implied in all measurement is always an abstraction . For
example, when several people are described as to their weight, each person is in effect
allocated to a point on an abstract continuum of weight. All measurement implies the
reduction or restatement of the attribute measured to an abstract linear form . There is
apopular fallacy that a unit ofmeasurementis a thing such as a piece of yardstick . This
is notso . Aunit ofmeasurement is always aprocess ofsome kind which canbe repeated
without modification in the different parts of the measurement continuum (Thurstone .
1931, p.257).

But no ruler in its concrete embodiment ofthe abstract idea of length does its i ob A ithout further
specification. There are rules concerning how rulers must be employed to produce acceptable measures .
The ruler and the object to be measured must be carefully aligned so that they lie parallel to one another.
Astarting point, or origin, and units to countmust be installed . The line of sight along which the viewer
reads the object againsttheruler must be determined andmaintained . Theprocedure by which coincidence
is identified and interpolation accomplished must be specified. Without care for these rules, the results
of ruler measurements become too disorderly to be useful .

AXIOMATICMEASUREMENTTHEORY

The axiomatic theory of measurement has made great strides in the past 30 years . There are
detailed andscholarly discussions of these accomplishments in print. Unfortunately these discussions
are too esoteric for most social scientists . It is hard for practitioners to see how to put axiomatic
measurement theory to work .

The heart of axiomatic measurement theory, however, can be simply put. The crucial axiom
which all measurement theorists agree is necessary for the construction of measurement is the onethey
call "monotomcity" or "conjoint additivity ."



This axiom can be useful to social scientists because it marks out exactly the condition which both
scientist and layman expect of numbers which are intended to serve as measures, namely generality or
objectivity .

Thejoint ordering of conjoint additivity is also not new to social science. Monotonicity under,
the name of "conformity" andlater "objectivity" appears in the practical work of Georg Rasch in 1953
and is defined. developed and implemented in detail in his seminal book of 1960 (Rasch, 1960/1980)
and article of 1961 (Rasch, 1961) .

A person having a greater ability than another should have the greater probability of
solving any item ofthe type in question . and similarly, oneitem being more difficult than
another onemeans that for anyperson the probability ofsolving the second item correctly
is the greater one (Rasch . 1960 . p . 117) .

Rasch "objectivity" is a Stochastic conjoint additivity . Even earlier in 1944, Louis Guttman
1944 . 19501 formulated what must be the best known, but least followed, requirement for social science
measurement . Guttman deduced that a score could not be unequivocally on a "scale," unless the
particular data from « hick the score was accumulated were completely specified by the value of the
score .

If a person endorses a more extreme statement, he should endorse all less extreme
statements if the statements are to be considered a scale.

We shall call a set of items of common content a scale if a person with a higher rank
than another person isjust as high or higher on every item than the other person (Guttman,
1950, p . 62) .

Guttman "scalability," a deterministic conjoint additivity, is impractical when applied deter-
ministically . But its stochastic version is identical to Rasch's objectivity and entirely practical, as
Raschdemonstrated in the 1950's and as has been shown so many times since for hundreds of tests and
questionnaires (Wright and Bell, 1984) .

What may not be quite as obvious is that the stochastic version of Guttman's requirement is
equivalent to Ronald Fisher's seminal definition of a sufficient statistic (1958/1922). Fisher's
"sufficient" statistic is theoneand only statistic that exhausts the information modeled in the data with
respect to the parameter to be estimated .

What this definition means is that aFisher"sufficient" statistic is the statistic that provides the
best stochastic reconstruction of the data . This is exactly Guttman's scalability criteria, expressed
stochastically . The realization that Fisher "sufficiency" is a necessary concomitant of stochastic
monotonicity may prove, in the end, to be the decisive reason for preferring sufficient statistics over
all others .

The common sense of this, so often reiterated, foundation formeasurement is plain enough.
It would seem that no sane researcher could argue or act otherwise . Yet, and strangely, few social
scientists require or even hope for conjoint additivity in the numbers they use as "measures."



The consequence ofthis innocent carelessness is a plethora of ill-defined and unstable pseudo-
quantifications and a great deal of confusion and disappointment over ambiguous and irreproducible
results .

This unhappy situation is completely unnecessary . A derivation of a practical stochastic
measurement model from the requirement of monotonicity, conjoint additivity or objectivity is easy to
follow and the resulting model for measurement is easy to apply .

Here is a simple derivation of the model necessary to meet Thurston's 1928 requirement that
a scale be independent of the objects of measurement .

THURSTONEINVARIANCE

The construction of a scale depends on the relative calibrations of the items used to define the
scale . These calibrations must be established in a way that can be made independent of which persons
happen to provide the calibration data . We begin by asking what is required so that the comparison of
any two items i andj will be independent of whatever persons are used to elicit evidence of the relative
scale standing of these two items?

Items i andj can be observed to differ only when they are answered differently . Realizing a
comparison of i and j, then, requires counting how often i is answered `yes' by persons when j is
simultaneously answered `no' and comparing this "i >j" count with the reciprocal `j > i" count of how
often the reverse occurs among other persons .

The estimation of a quantitative comparison of items i andj from this pair of reciprocal counts
requires a probability model for the occurrence of the counts which can implement an objective, i.e .
sample-free, person-invariant, comparison of their probabilities .

The pair of probabilities can be represented by

Pr[(i = yes), (j = no)]

and

Pr[(i =no), (J= yes)]

and their comparison specified by the ratio,

Pr[(i = yes), (j = no)]
Pr[(i = no), (j = yes)]

Let Pi = f(n, i) be the, as yet undefined, probability that person n succeeds on item i .

What we seek is the particular function f(n, i) which maintains Thurstone (1928) invariance and
hence Rasch (1960/1980) objectivity .



To obtain invariance the comparison ofprobabilities in Equation 1 must stay the same regardless
of which persons are involved . That is, Equation 1 must hold for any suitable persons n or
m as in,

Pr[(L= yes)jj -no)] Pni l1- P:j) - Pmi0-Pmj)

Pr[(Z = no), (j= yes)]

	

(1 - P,i )Py

	

(1 - Pmi ) Pmj

for all n and in

where n is some person, m is any other person and the symbol = specifies that the comparison of item
i with j is "defined" to remain the same w hoever the persons, n or nz .

To simplify our appreciation of the Implications of Equation 2 for P i = f(n, i) , we can choose
j = o and in = o as origins for the item and person scales so that the calibration of item i becomes its
comparison with a reference item_,. = o and the measure of person n becomes their comparison with a
reference person ni = o .

We can also align these scale D_-,.gins so that the reference person has a fifty-fifty chance to
succeed on the reference item . This makes

P,j=P,,=1/l and (1-P,)/P1

When we insert j = o and nz = o into Equation 2-2 and solve the middle and right side for the
odds of person n succeeding on item i we get

Pi

	

-	Pr �

	

= g(n)xh(i)
(1-Pni)

	

( 1- Pn) (1- PJ

(PO ) / (1-P) has a value between 0 and infinity depending only on person n, and [P; / (1 - P� i )]
has a value between 0 and infinity depending only on item i .

The measurement scale defined by Equation 2-3 is aratio scale . Zero corresponds to the measure
for a person having no chance of success on any item and also to the calibration of an item on which
there is no chance of success by any person .

The ratio scale defined by Pn ,. / (1- P,j ) can be transformed into an equal-interval linear
difference scale by taking logorithms .

log[Pni /(1-Pi)]=log[Pn, /( 1- Pn � )]+log[Poi / (1- P,i)]

= G(n) + H(i) for an interval scale

= Bn - Di for convenience
or

12
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exp(B� - Di ) / [1 + exp(Bn -

where the item calibration Di depends only on the attributes of item i, which we can call its difficult,
and the measure B� depends only on the attribute of person n, which we can call his ability .

This model relating the ability ofperson n and the difficulty ofitem i to the performance ofperson
n on item i is the objective model of measurement known as the Rasch model .

This deduction arrives at the only f(n, i) which can support the construction of Thurstone
invariant or Rasch objective scales .

Equation 2-2 can be rewritten to address Thurstone's concomitant 1926 requirement that the
individual measure not depend on which particular items are used so that it becomes "possible to omit
several test questions at different levels of the scale without affecting the individual score ." This
requires that the comparison of any pair of persons n and m be invariant with respect to the particular
items employed as in

Pr[(i=yes), (j=no)] _ Pi(1- Pmi)

	

Pnj (1 - p;)
Pr[(Z = no), (./ = yes)]

	

(1 - Pni )Pmi

	

(1 - Pnj ) Pmj

for all i and j

which is equivalent to Equation 2-2 and so leads to Equation 2-5 .

2.6



3. THEIDEAOFA VARIABLE

Whenwemakemeasures,wedo so with the intention of being accurate enoughfor our practical
purpose. Wedo not expect absolute precision . Ournotion of "accurate" does not imply "perfect ."
Instead it implies "close enoughto beuseful ." Werecord aperson's height to someuseful approximation

like the nearest half-inch . This is sufficient for mostpractical purposes. Moreprecision, such as to

the nearest eighth or sixteenth of an inch, is rarely necessary andwewouldnot ordinarily expect it to
be given .

This examplereminds us that while wewant to be accurate there is always an implied, if not

explicit, tolerance in our measures. Unlessheight measuresrequire someparticular accuracy, it is not

necessary, and without scientific instrumentation, impossible, to makemeasuresof height more

accurate . However,weare not at all frustrated by our lack of absolute precision because"to the nearest
half-inch" is practical anduseful . Wemakemeasureswhich are goodenoughfor the occasion, good

enoughto satisfy our practical requirements .

Measures are based on observations . Observations are essentially qualitative . To make

measureswedevelop rules by which to control howthese observations are best made. Theserules

include specifying the degree of accuracy that wewant. Whenmeasuringheight, for example, weask

people to removetheir shoes, stand straight andnot wiggle in order to standardize the observations . Then

weobservewhichmarkson our yardstick they exceedandwhichthey fail to exceed. Wefind the marks

closest to the top of their head. Wepick the markthat looks closest andcall their height the calibration
of that nearest mark. Theserules provide the level of accuracy weneedin order to makeuseful measures

of aperson's height . Weusethe constructed functional unidimensionality of the yardstick to bring out

andrecord the single dimensionedheight of the multidimensional person .

Measuring "ability" is analogous to measuring"height ." First webring to the fore our idea of

the variable wewant to measure. Next wedetermine what observations it will be useful to consider

as informative manifestations of that variable . Thenweconstruct agents, write items, intended to elicit

singular instances of this "made-to-be" unidimensional "ability" variable .

Theidea of avariable can be visualized as aline that has direction . Whenwethink about "length"

wethink about aline that is as long as necessary for our work. This idea is manifest in a one-foot ruler
whenweexpect measuresto be 1 to 12 inches, in ayardstick for 1 to 36 inches, on a surveyor's ,tape

for longer distances and so on. In each of these instances the agent of measurementis a focused
manifestation of our infinite linear imageof the variable "length" .

With these simple ideas of measurementin hand, let us turn to the problemof measuringanability .
Consider arithmetic ability and, morespecifically, the computation skills neededfor the wholenumber
operations of addition, subtraction, multiplication anddivision .

Weimagine aline of arithmetic items progressing from left to right with eachsuccessive item
harder than the previous one. Afew items will suffice for our example. Additional items are added
to the line bydesigning themto fit betweenanytwo items that wehavealready placed uponthe line and
then verifying their location by observing student responses.
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Theidea of a line uponwhich to position arithmetic items provides us with a picture of the

arithmetic variable and showsus howto proceed in the construction of tests to measurealong that

variable . Weuseour knowledgeof arithmetic to position items along the line . Theoretical locations

for the items can be hypothesized initially by teaching experts whohave experience with students

learning arithmetic . Later wecanaddandreposition items onthe line as weobservehowwell students

actually answerthese items .

CONSTRUCTINGTHELINEOFTHEVARIABLE

Webegin with a single item and position it on the line of the arithmetic variable :

Canan easier item be constructed? Yes, and so wewill position it somewhereto the left . A

harder item will be positioned to the right . Hence:

2

5
+7

5

Nowwehavethree items andthe process of constructing newonesonly requires hypothesizing

their expected positions amongthe existing items andthen estimating item positions empirically by

collecting responses to them. Thecritical decision to makeat this point is whereeach item belongs,

in our best judgment, relative to the items already positioned on the line . There is also noreason why

items cannot berepositioned according to better information from teachers about their difficulty relative

to other items . Item construction thus proceeds in an orderly fashion guided by the idea of aline and

the successive placement of items on the line according to our best expectations of their relative

difficulty . Theseitems nowserve as the agents designed to evoke manifestations of our arithmetic

variable .

Theline of our variable canbe madeas long as necessary to describe the variable . It can be

divided into segmentsfor ease in handling . It canbe abbreviated according to our practical needsfor

administration in exactly the samewaythat wepartition our idea of length into measuringtools - rulers,

yardsticks, tapes of various extension - all to facilitate the measurementof various lengths .

Theidea of a line helps us to determine item positions by considering eachitem relative to the
items already positioned onthe line . This determination canbe doneby comparingpairs of items with
respect to their relative difficulties along the line . Eachsuccessive item position as wemoveto the
right indicates "more" of the variable to be measured.

Theidea of the variable becomesdefined by the construction of the items which work to elicit
indications of the variable . Aswedefine the variable with moreandmoreinstances, using moreand
moreitems, our work of building the variable proceeds in a logical mannerandour conceptualization
of the variable becomesever moreclearly defined .
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Oncethe variable is constructed by the line of items, wecanproceed to position students onthis
sameline . Their probable positions can be specified initially by our best guess as to their ability to
correctly answerthe items which define the variable . Theline of our variable showsboth the positions
of items andthe positions of students . Eventually the positions of students will becomemoreexplicit
andmoreempirical as weobserve what items they correctly answer.

Consider this picture :

Sally

	

Jim

	

Carol

2

	

5

	

29
+2 ±7

	

+19

Sally's position on the variable is indicated by an expected correct response to Item 1 but an
expected incorrect responses to Items 2 and 3 . Her differing responses to Items 1 and2 locate her on
the variable betweentwo items that describe her ability in arithmetic computation . Shecan add2 and
2 but not 5 and7.

Jim's position is betweenItems 2and3 becauseweexpect himto answerItems 1 and2 correctly
but not Item 3 . In Jim's case wehavesomewhatless precision in determining his arithmetic ability
becauseof the lack of items betweenItems 2 and3 . If wehadadditional items in this region, wecould
obtain amoreaccurate indication of Jim's position on the variable as defined by his responses to these
additional items .

Carol solves all three problems. Herability is "above" Item 3 . But what her position is beyond
Item 2 remainsunknown. Wecannot position her moreprecisely onthe variable becausewedonot know
whether her true position is only slightly abovethe position of Item 3 or far beyondit . If wehadher
responses to additional items on the variable aboveItem 3, Carol's position might be indicated more
exactly .

Nowwegive a morespecific exampleof howto construct a variable for arithmetic .

First, wechoose 17 items and arrange them on a test form in what weexpect to be their
approximate order of difficulty .

Thenweadminister this test form to 270students in Gradesoneto six in order to obtain actual
data with which to calibrate these 17 items objectively .

1 7



Next wecalibrate these items anddetermine person measuresfor this sample. (See Wright &
Stone. 1979. for the details of howto do this . It is not hard to do.)

Thecalibrations of the 17 items are usedto mapthe items in Table 3.1 . Thevariable line goes
downin difficulty from hard at the top to easy at the bottom. Onthe left side of Table 3.1 is the person
count for this sampleof 270students at every rawscore position, then comesthe rawscore, the measure
implied byeachrawscore andthe associated estimation error . Items are identified by their item number

andtext andpositioned according to the difficulties calibrated from the observations gathered from our
sample.

Wehaveconstructed an arithmetic computation variable andlocated items andstudents along
it from our observations of howthese students were able to answerthese items .

Our development of this emerging variable defined by items and students provides an
operational definition . Thevariable's limits are boundedonly by the rangeof agents (items) andobjects
(students) that wecanposition along the line . Wecanmakevariables of interest as denseas weneed.

Thetests whichimplementthese variables canbe sparse for roughscreening or densefor morespecific
pinpointing .

Accuracy (i .e . reliability) of student position is given by the standard error associated with each

measure. Theunit of measurementusedin this table is the logit expressedasadecimal centered on0.0
for this set of 17 items . Observethat the standard errors are smallest (most precise) whereitems are
mostdenseandwehavethe mostinformation about the measureandlargest (least precise) at the extremes

whereitems are least denseandwehavethe least information .

Table 3.1 canbe examinedto determine wherewehavegapsbetweenitems, wherethere are
too manyitems at a particular position andwheremoreitems are neededto extend the variable above
andbelowthe items already calibrated . (For an exampleof this kind of variable building, seeWright

&Stone, 1979, pp. 83-93) . Themapof the variable is a picture of the extent to which wehave
accomplished the task of variable construction . Themapalso showsus what to do next .

Variable mapsbegin by showingitem positions along the line of the variable as shownin Table
3.1 . Wecanalso addstudents along the line of the variable andindex their positions onthe mapbyname,
grade, genderor other student characteristic . Asweaddto the mapweenrich our picture of the variable
andincrease its utility .

Theconstruction of an empirical variable mapenhancesthe value of testing . Agoodvariable
mapis self-explanatory because the visualization of the variable makesexplicit what the variable
represents . Theinterpretation of test results is facilitated becauseall items calibrated andall students
measuredare positioned together on the samevariable - along with whatever additional information
hasbeenaddedto makethe mapmoreuseful .

CRITERIONREFERENCING

Avariable mapis automatically criterion-referenced by the relative positions of item content .
Thetexts of the items in their positions along the variable describe in detail the explicit hierarchy of
content andhencethe construct implied by the variable . This item-by-item criterion referencing of the
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variable applies to anymeasuresubsequently derived from anytest composedof someitems whichhave
beencalibrated on this variable . Thus, criterion referencing is complete andthe evidence of content
andconstruct validity is explicit .

NORMREFERENCING

Personal anddemographiccharacteristics of any and all students tested can be addedto the
variable mapat the measuredpositions of these students . This provides as extensive andversatile norm
referencing as the use of tests basedon items calibrated on this variable can provide . Thus, norm
referencing is also as complete as possible with the data available .



Table 3.1

The Item Mapof the Arithmetic Variable

20

STUDENT
COUNT

RAW
SCORE

MEASURE
SCALE`

STANDARD
ERROR

ITEM
NUMBER

ITEMTEXT

6 .50 #17 7 5
6 .30 3

17 16 6-10 1 .35 =4

5 .9{1
5- - 0
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MEANABILITYOFPERSONS

	

=

	

1 .03 LOGITS
STANDARDDEVIATION

	

=

	

2.56 LOGITS

Table 3.1 (Continued)

The Item Mapof the Arithmetic Variable

"` Should wewish a numbering systemsimpler than the decimal logits, a linear conversion can be made
to positive whole numbers. SeeWright & Stone, 1979, pp . 191-209.
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COUNT

RAW
SCORE

MEASURE
SCALE"
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ERROR

ITEM
NUMBER

ITEMTEXT
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OBJECTIVITY

4. DEDUCINGTHEMEASUREMENTMODEL

In this chapter wededucethe RaschModel from Thurstone's requirement that item compari-
sons be sample free . Thurstone (1928) says, "The scale must transcend the group measured. . . its
function mustbe independent of the object of measurement." (p . 228) . This ideal for measurement
requires that the comparisonof two items i andj be independent of whatever persons are used to elicit
evidence of the scale difference betweenthese two items .

Becauseof the symmetryin any person-by-item interaction, Thurstone's ideal also requires
that the comparison of any pair of persons n and mbe invariant with respect to the particular items
employed. As Wright (1968) explains, "Object-free instrument calibration and instrument-free
object measurementare the conditions which makeit possible to generalize measurementbeyondthe
particular instrument used, to compareobjects measuredonsimilar but not identical instruments, and
to combineor partition instruments to suit newmeasurementrequirements . . . . Whenwecompareone
item with another in order to calibrate a test, it should not matter whoseresponses to these items we
use for the comparison. Ourmethodfor test calibration should give us the sameresults regardless of
whomwetry the test on. This is the only waywewill ever be able to construct tests which have
uniform meaningregardless of whomwechoose to measurewith them." (p . 87-88) .

Rasch(1960, 1961. 1968. 1977) designated this measurementproperty objectivity . "In the
beginning of the 60's I introduced anew- or rather amoredefinite version of anold- epistemological
concept . I preserved the nameof objectivin . for it, but since the meaning, of that wordhas undergone
manychangessince its Hellenic origin andis still . i neveryday speechas well as in scientific discourse,
used with manydifferent contents . I addeda restricting predicate : specific ." (1977, p. 58) .

Let us examinethis measurementgoal with a simple example.

COMPARINGTWOITEMS

Werequire the comparison of two items to be independent of which people help us to make
that comparison. Whatare the possibilities?

1 .

	

Person 1 takes both items, i andj andanswers themboth correctly . In this case, we
cannot comparethese two items on the basis of these two responses becauseboth
responses are the same. Wecan see no difference betweenthem.

2 .

	

Person 2 answersboth items incorrectly . Again wecannot comparethe two items for the
samereason.



3.

	

Person 3 answers item i incorrectly but item j correctly . Nowwesee a difference
betweenthe responses to items i andj andcan infer that item j is probably easier than
item i for Person 3.

4 .

	

Person 4 answers item i correctly but item j incorrectly . Again wehave a difference,
although the reverse of the previous case . Nowweinfer that item i is probably easier for
Person 4 than item j .

Ourinferences from these examplesare baseduponthe reasonable, even necessary, require-
mentthat . other factors being equal . an item solved correctly is easier than an item solved incorrectly
by the sameperson.

Let moreandmorepeople take this simple test of two items . Theonly respondents that tell
us about the difference betweenthe two items are those whodiffer in their outcomes, i .e . those who
answerone item correctly but the other item incorrectly .

Asthe numberof persons whotake these two items becomesindefinitely large, wewantto be
able to record the outcomewithout bothering with the exact numberof persons whohappento be
involved . To do this wechanceour recording from counts to percents .

Suppose,amongpersons getting oneitem correct but the other incorrect, wehave 10%correct
for item i but 90%correct for item j . Wecan use the ratio of these two percents to indicate the
difference in difficulty betweenitems i andj : i .e . . item j is gotten correct (90%)/ (10%)=9 times more
often than item i .

If a stable andhenceuseful relation betweenitems i andj exists, then wemustexpect the ratio
of their relative success rates to remain statistically equivalent irrespective of the people whorespond
to them. Should the ratio vary substantially betweendifferent groups of people, then the differences
in ratio wouldhave to be traced to extraneous factors differentiating the groups andthence to local
interactions betweenitem content andgroup characteristics .

Whenvarying results of this kind occur, items cannot becalibrated objectively . Thenweneed
to continue our investigation with contrasting groups of persons to uncover and bring under control
the extraneous factors which causethe ratios to vary andthus prevent the establishment of a sample-
free comparison of the items .

If, however, in manyadditional groups taking these two items, weobserve a series of ratios
close to the ratio of the first group, i .e . about 9 to 1 (with minor variations like 9.5 to 1 and8.5 to 1)
wemaydecide to interpret these ratios as statistically equivalent and to conclude that wehave
observed a consistency on which to build an objective calibration of items andhencean operational
definition of a stable variable .

Wemayconclude that it will be useful to think of a "fixed" difference in difficulty between
these two items, onethat is independent of the differences amongthe groups of people that produced
ratios near 9 to 1 andhenceto characterize this difference betweenthese two items in a general way
by this ratio (or, to express it explicitly as a "difference", by the logarithm of this ratio) .



Observing a comparison of i andj requires counting howoften item i is answered"correct"
by persons whoalso answer"incorrect" to item j andcomparing, by meansof their ratio, this "i >j"
count with the reciprocal "j > i" count of howoften the reverse occurs .

Estimating a difficulty ratio betweenitems i andj from this pair of reciprocal counts requires
a probability modelfor the occurrence of the counts which can implement a sample-free, person-
invariant, comparison of the items .

Theobserved percents (i .e . relative frequencies) can be extrapolated conceptually to proba-
bilities of correct (P) and incorrect (1 - P) responses to items i andj andwecan use this abstract
probability Pto model what is likely to happenwhenanyperson tries items i andj .

Let the probabilities for the two outcomesto the pair of items be:

Pr[(i = yes), (j =no)] = Pj for " i > j"

and

Pr[(i =no), (j =yes)] =Pj ; for " j > i"

and let the specification of the comparison of the items be the ratio :

Pr[(i =yes) . (j =no)] - P,j

Pr[(i =no) . (j = yes)]

	

P; ;

Let P;

	

f (n, i) represent the, as vet unknownbut nowto be deduced, probability that person

n succeeds on item i . Thenthe comparison of Equation 4.1 becomes:

The particular function Pni =f (n, i) which we seek is one Nvhick maintains Thurstone's

invariance or Rasch's objectivity, onewhich enables Equation 4.2 to be aperson-free comparisonof
items i andj - a comparison independent of whoperson nhappensto be.

Toobtain Thurstone's invariance or Rasch's objectivity, the comparison of probabilities in
Equation 4.2 must stay the sameregardless of which persons are involved . Equation 4.2 must,
therefore, hold for anypair of suitable persons, such as persons nandm:

Pnc(1- Pn;) _ Pm,(1-Pm;)

( 1- Pnc)Pn;
(1-Pm;)Pmi

Equation 4.3 can be usedto specify the odds that person n answers item i correctly as:
wherethe triple equal sign "=" means"this equation is required by definition ."

4.2

4.3



To obtain a general invariance, andhence a useful "objectivity," this equation must hold for

all suitable persons n and mand, by the way, also for all suitable items i andj .

The triple equals sign "-" signifies that this equality relation is "the definition" of an

"objective" comparison, i .e . the definition of sample-free item calibration andalso a test-free person

measurement,i .e . Rasch's "objectivity," or Thurstone's "invariance ."

Weintend to deducethe specification of P., = f (n, i) fromEquation 4.3 . Since weare entirely

free to choosethe particular other personmandthe particular other item j in any waythat is convenient

and since the definition of even- scale requires the specification of an origin to anchor that scale, it

is particularly convenient to choosem= o to be any person with ability right at the origin of the scale

andalso j = o to be any item with difficulty at the sameorigin . This choice completes the anchoring

of the scale by specifying that A- henanyperson takes any item with a difficulty whichexactly matches

their ability . then their probability of success on that item will be exactly P= 1/2 .

Inserting j = o andm=o into Equation 4 .3 andsolving the middle andright side of the equation

for the odds of person n succeeding on item i produces:

P, =(I-P o )=1 /2 .

(I - p_?

	

, (I-P :) L(1 - Pmr)
lx

; P

= g(n )= h(i)x C= g(n)x h(i)

because g(n) ---

	

`"

	

is a function of n and the choice of orgin, but not a function of i,
I - P.s

h(i) =

	

- 01

	

is a function of i and the samechoice of origin, but not a function of n,
I - P,

and C--- [(1- PO,) / POJ ---1 becausewechose to relate persons anditems so that

Equation 4.4 specifies that the odds of person n succeeding on item i must be entirely
determined by the product of a single valued function characterizing person n and another single-
valued function characterizes item i and by nothing else . This defines a ratio scale in g(n) andh(i) .

To express the relation betweenperson n and item i on an interval, or difference scale, in B,, and D;,

wetake the logarithm of Equation 4.4 :

x [ (I - Po')
P-

(I - Pmj)

Pmj

4.4



log

Equation 4.3 can also be used to address Thurstone's concomitant 1926requirement that the
individual measurenot dependon which particular items are usedso that it becomes"possible to omit
several test questions at different levels of the scale without affecting the individual score" (p . 446) .
(By "score" Thurstone denotes a generic test-free "measure" rather than a necessarily test dependent
raw score .) This requires that the comparisonof any pair of persons n andmbe invariant with respect
to the particular items employedfor all i andj . This requirement also leads to Equation 4.3 andthence
to Equation 4.5 .

Another wayto write Equation 4.5 is to solve for Pso that :

This is the equation knownas the "Rasch Model" becauseRaschwas the first person to use this
equation to construct measurements.

Mostimportant, this specification of P, is unique in that it is both sufficient andnecessary for

measurementto occur . It is the one and only P,,, = f (n, i) which can support the construction of
invariant scales meeting Thurstone's criteria, or any other measurementcriteria, for objectivity in
measurement.

PARAMETERSEPARATION

=log [g(n)* h(i)] =log g(n) +log h(i)

= G(n) +H(i) =B� - D;

where Bn --- log g(n) and - D; --- log h(i) .

	

4.5

PRr = exp(Bn - D,) / [1 +exp(Bn - D;)]

	

4.6

TheRaschmodel can be used to seek a useful joint ordering of items andpersons. Theform
in which its parameters occur, (Bn - D;), linear andwithout interactions, permits likelihood equations
in which the relation betweendata and person ability parameters can be entirely contained in one
estimation equation andthe relation betweendata and item difficulty parameters entirely in another .
This happensbecausethe algebraic separation of parameters specified by the Raschmodelenables
derivation of conditional estimation equations for either set of parameters such that the equations for
estimating item difficulties do not involve the person ability parameters and the equations for
estimating person abilities do not involve the item difficulty parameters .

SEPARATINGITEMCOMPARISONSFROMPERSONS

Equation 4.6 can be used to specify the odds that person n answers item i correctly as :

[Pn~ l (1-Pnr)]=exp(B,-D, .) . 4.7



Items i andj can be comparedwithout interference from B,, or any other B� ~ by subtracting
Equation 4.8 from Equation 4.9 . This yields :

(D. - D1 ) = log{~

-D:)-(B,-D,)=

:(I - P",)] /[P . ( 1- P";)]}

Equation 4.10 doesnot involve B,. at all - exactly what Thurstone called for in 1928.

4.10

Thecomparisonof item i and item j in Equation 4.10 dependson the participation of relevant

persons, but not on any particular persons . Pr ,. and Pnj are both dependenton the ability of person n.

But the parameter separation which is unique to the Raschmodel allows us to combinethem in

Equation 4.10 so that Bn cancels out leaving the comparison (D; - Dj ) of items i andj completely
untroubled by person effects .

SEPARATINGPERSONCOMPARISONSFROMITEMS

For any other person mand item i the log-odds is :

log[P.,/(1-Pm ;)] =B,� -D, .

Nowpersons n and mcan be comparedby subtracting Equation 4.11 from Equation 4.8 :

(Bn-D,)-(Bm-Dc)=

4.11

(Brz-Bm)=log{lpn,(I-Pol /[ Pm,(I-Pn,)1}

	

4.12

Equation 4.12 doesnot involve the item parameter D; at all - exactly what Thurstone called
for in 1926.

Thelogarithm of Equation 4.7 is :

log,[P, /(1-Pn ;)]=B .-D, . 4.8

in loQ-odds units or "loo - its ."

Thecomparable log-odds for any other item j andthe sameperson n is :

1o4P,; /(1-P ;)] =Bn -Dj . 4.9



Thecomparison of person n and person min Equation 4.12 dependson the use of relevant
items, but not on anyparticular items . P,,; andP� ~ ; are both dependenton the difficulty of item i . But
the parameter separation which is unique to the Raschmodelallows us to combinethemin Equation

4.12 so that D; cancels out leaving the comparison (B,, - B,n ) of persons n andmcompletely untroubled

by item effects .

Thepossibility of estimation equations for B,, which are free from the individual effects of

particular D; is referred to as "test-free person measurement." Thepossibility of estimation equations

for D; which are free from individual effects of particular B� is referred to as "sample-free item

calibration" (Wright, 1968).

For explanations andexamplesof Raschmeasurementapplied see Wright &Stone (1979)
andWright &Masters (1982) . For easy Raschanalysis on a PC, seeWright &Linacre (1991) .



S. TURNING SCORES INTO MEASURES

MEASURES ARE ALWAYS ANALYZED AS THOUGH THEY WERE INTERVAL

What every scientist andlayman means by a "measure" is anumber with which arithmetic can
be done, a number which can be added and subtracted and differences from which can be multiplied
and divided with results that maintain their numerical meaning. The original observations in any
science are never measures in this sense. They cannot be measures because a measure implies and
requires the previous construction andmaintenance of an abstract quantitative system which has been
shown in practice to be useful for measuring .

BUT ORIGINAL DATA IS ALWAYS ORDINAL

All data originate as ordinal, if not nominal, observations . All we can observe directly is the
presence or absence of a well-defined quality . All we can count directly are numbers of classified
occurrences .

All classifications are qualitative . Some classifications can be ordered and so become more
than nominal . Other classifications, like sex, are usually not ordered, although there may be
perspectives from which an ordering becomes useful such as more "male" or more "female." This
does not mean that nominal data cannot have explanatory power. It does mean that nominal data are
not measurement in the accepted sense of the word.

Quantitative science begins with identifying conditions and events, qualities, which, when
observed, are deemed worth counting . The resulting counts are sometimes called "raw scores" to
distinguish them from "weighted" or "scaled" scores . But usually they are just called "scores." As
such, they are no more than counts of particular concrete events that have been observed. They are
essential for the construction of measures . But they are not yet measures because they do not have
the numerical properties necessary to support arithmetic.'

Counting is the beginning of quantification . Measurement is constructed from well-defined
sets of counts . The most elementary level is to count the occurrence of a defined event. But more
information can be obtained if the conditions that identify countable events can be organized into
ordered categories which increase in status along an intended underlying variable . It then becomes
possible to count, not just the occurrence of an event, but the number of steps up the ordered set of
successive categories which is implied by the particular category observed .

When the three response categories of arating scale are labeled: "none," "plenty," "all," the
inarguable order of these labels enables their use as steps from less to more . The observation of a
"none" can be counted as 0 steps up this scale. The observation of a"plenty" can be counted as 1 step
up the scale.

Since "scores" are so often mistaken for "measures" and then misused statistically as though they were measures, we will take the
trouble to refer to "scores" as "counts" so that their empirical basis and consequent failure to be "measures" will remain explicit .
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up the scale and of an "all" as 2 . But this counting has nothing to do with any measures or numerical
weights whichmight be "assigned" to the categories . "Plenty" might have been labeled "20" or "40"
by the test author . But an "assertion" of such a numerical category label would not alter the fact that
on this rating scale "plenty" is only observable as 1 step up from "none."

Butcounting steps up aset of successive categories, up arating scale, says nothingas yet about
the distances between the ordered categories . Nor is it a requirement that all items on a test employ
the same category labels . It would make no difference to the step counting if, for some other item,
the categories were labeled, "none," "almost none" and "all." Even though the relative meanings and
impliedamounts correspondingto the alternative labels are obviously different, theirorder is the same
and so the observable step counts can only be the same. Whenever category labels share the same
ordering, no matter how the labels themselves may differ in implied amounts, progress through them
can only be observed as a series of single steps. Thepossible quantitative differences in the qualitative
labels can only be discovered later by modeling the differently labeled categories separately andthen
using relevant data to estimate their relative difficulties .

CONFUSING COUNTS WITH MEASURES

Counts of events areon aprimitive ratio scale. They have an origin at "none" andthe raw unit
of "one more of these kindsofthings ." Butthe events actually countedare unique ratherthan idealized
replicates, specific rather than general, concrete rather than abstract and thus varying rather than
uniform in thewaythey represent whatever latent variables they maybe intended to imply . Sometimes
the next "one more thing" implies a small increment as in the seemingly short step from "none" to
"almost none ." Sometimes the next "one more thing" implies abig increment as in the seemingly long
step from "none" to "plenty ." The relative sizes of these steps cannot be obtained directly, but must
be constructed from analyses of relevant data produced by observing how these steps are used in
practice .

Since all we can do in practice is to countonemore step, anyparticular raw count is insensitive
to the possibly differing implications of the steps counted. To get at reproducible empirical
magnitudes for the step sizes, we must construct an abstract measuring system based on relevant
parameterizations of coordinated sets of observed counts .

This construction requires ameasurementanalysis of the ordinal observations whichcomprise
the initial data in every science. Even counts of time-honored units like grams, centimeters and
seconds, so useful as measures in many contexts, may notfunction as measures in others (Thurstone,
1927). Counting the "milliseconds" it takes a student to react to a stimulus does not necessarily
provide a linear measure of "student responsiveness ." To construct a linear measure of "student
responsiveness" based on time elapsed we must countthe milliseconds taken by a relevant sample of
students of varying responsiveness to react to arange of relevant stimuli . Then we must analyze these
counting data to discover whether a linear measure of "student responsiveness" can be constructed
from them and, if so, what its relation to "milliseconds" may be. This relationship will probably be
monotonic. But it need not be linear .

FROM OBSERVATIONTO MEASUREMENT

Thorndike (1926) stressed the necessity of a step from counting to measuring in 1904.
Thurstone (1928) spent the 1920's developing partial solutions . Then in 1953 Rasch (1980) invented
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a model which, upon investigation, has turned out to be necessary as well as sufficient for the
construction of measures in any science . Rasch realized that a measure must retain its abstract
quantitative status regardless of the qualitative context in which it occurs . This means an item is only
useful for measuring persons among whom it approximates a single fixed difficulty, and a person is
only useful for calibrating items among which the person approximates a single fixed ability .

Rasch also realized that the outcomes of interactions between persons and items could never
be fully pre-determined but must always involve an unpredictable element. This lead him to a
probabilistic form of Guttman's (1944) requirement that the more able the person, the more likely a
success on any item . Themore difficult the item, the less likely a success for any person . The unique
measurement model necessary for converting counts into measures follows by deduction from this
requirement.

CHOOSING AN ORIGIN

"Measurement" implies a count of "standard" (hence necessarily abstract) units from a
"standard" starting point. The most familiar picture of this is a distance between points on a line .
There is, however, no measurement requirement to find "the" point of minimum intensity or to
extrapolate a"zero mobility." It is only necessary to anchor the scale by choosing aconvenient starting
point or origin . Usually there are useful frames of reference for which particular choices are
particularly convenient.

The seemingly non-arbitrary origin of a ratio scale is theoretical rather than practical -
conceptual rather than empirical . Logarithms convert any ratio scale into an interval scale and
exponentiation converts any interval scale into aratio scale. The interval scale's origin becomes the
unit ofthe ratio scale andthe interval scale's minus infinity becomesthe ratio scale's origin . Themain
difference between the two is arithmetical preference . Do you prefer to calculate comparisons as
ratios or differences? Most of the usual statistical techniques are focused on differences rather than
ratios .

The practical convenience of measuring length from an arbitrary origin, like the end of a
yardstick, far outweighs the abstract benefit of measuring from some "absolute" origin, such as the
center of the earth or sun. Once an interval scale is constructed from relevant counts, we can always
answer ratio questions such as "Is the amount learned in first gradetwice the amount learned in second
grade?".

WHY RAW SCORES SEEM TO WORK AS MEASURES

In view of the fundamental quantitative differences between counts and measures, why do
statistical analyses ofraw score counts andLikert rating scale labels mistaken for measures sometimes
"seem to work?"

When data is complete and all data are used, then the relationship between concrete raw scores
and the abstract measures they may imply becomes monotonic. This makes covariation analyses of
raw scores and the measures they may imply appear similar.

Even for complete data, however, the relationship betweenraw scores andmeasures is ogival
because the finite interval betweentheminimumobservable score and themaximumobservable score

3 3



must extend to an infinite interval of implied measures (See Figure 5 .1). Toward the center of this
ogive, however, the relationship between raw score andmeasure, for complete data, is approximately
linear . When statistical analysis of raw scores obtained from complete data is focused on this central
region, conclusions will be similar to those based on genuine measures.

Figure 5.1

The relationship between scores and measures .

Raw
Score

Maximum Count
Finite

The monotonic curve (function) transforming observable counts (raw scores) into implied measures is approxi-
mately linear near 50% but must curve at the extremes to bring the finite boundaries ofthe observable counts into
coincidence with the infinite extremes of the implied measures .

But the monotonicity between score and measure holds : only when data are complete, only
when every subject responds to every item, only when no responses are disqualified . This means no
missing data and no tailoring item difficulties to person abilities . Further, the approximate linearity
between central scores and their corresponding measures deteriorates increasingly as the scores
approach their observable extremes.

UNIDIMENSIONALITY

An occasional apprehension raised against the Raschmeasurementmodel is that it "requires"
unidimensionality . This objection is puzzling because "unidimensionality" is an intrinsic meaning
of the term "measurement." The necessity of Rasch's model as the only method for constructing
measures from observations is due to its deduction from the measurement requirement of unidimen-
sionality. It is the undimensionability of "measurement" which requires Rasch, not the other way
around.

In practice, unidimensionality is conceptual rather than factual, qualitative rather than
quantitative, an idea and intuition rather than an experience . No actual test can be perfectly
unidimensional . Indeed no empirical situation can completely satisfy the requirements for measure-
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ment which imply the Rasch model . But this essential "reality" is encountered and managed by every
science . Physicists' corrections for the unavoidable multidimensionality they must encounter are an
integral and essential part of their experimental technique .

If an educational test containing a mixture of arithmetic and reading items is used to make a
single admission or graduation decision, then the examination board, however inadvertently, has
decided to use the test as though it were unidimensional . This is quite beside any qualitative or
quantitative arguments which might claim or demonstrate multidimensionality . The board's practice
does not make arithmetic and reading identical or exchangeable anywhere but in their pass/fail
decisions . Their "unidimensional" behavior, however, does prove that they have decided to make
arithmetic and reading exchangeable in their decisions and hence unidimensional in their tests .

Unless each item is treated as a test in itself, every test score for which right answers are
counted is a compromise between the essential ideal of unidimensionality and the inescapable
qualitative "reality" uniqueness of the items used . These "multidimensionalities" are the unavoidable
exigencies of practice .

Before observations can be used to support quantitative research, they must be examined to
see how well they fit together and cooperate to define the intended underlying variable . Rasch
measurement provides theory and technique to accomplish this . But the extent to which any particular
set of observations can serve measurement is empirical . No total score can be accepted before
verifying that its meaning is enough in accord with the meanings of the individual scores of its item
components to lead to a measure useful for the purpose at hand. Assistance in doing this is provided
by fit statistics which report the degree to which any actual observations approximate the assumptions
necessary for constructing measurement, and hence quantify the numerical validity of the data .

The process of test evaluation can never be finished . Every time items are used to collect new
information from new persons to estimate new measures, we must verify again that the unidimension-
ality requirements of the measuring system have been well enough approximated by these new data
to maintain the intended quantitative utility ofthe measures produced . Whether aparticular set ofdata
can be used to initiate or to continue a measuring system is always empirical and must always be
verified .

This empirical question can be addressed by:

1) analyzing the relevant data according to a relevantly parameterized unidimensional
measurement model-a model implementing the essential requirements of measure-
ment-a Rasch model .

2) discovering how well and in what parts these data conform to the intention to measure and,

3) examining carefully those parts of the data which do not conform and hence cannot be used
for measuring to learn from them how to improve our observations, how to obtain better
data, and so, how to better achieve our intention to measure .

Only after interval (linear) measures have been successfully constructed, does it become
reasonable to proceed with statistical analysis in order to determine the predictive validity of measures
or to compare measures produced by different tests to see if they are measures of the same thing, like
inches and centimeters, or different things, like inches and ounces .



The definition of measurementfound in textbooks is "the assignment of numbers to objects ."
Having settled that, authors retreat to other matters . Instead, we will investigate this pregnant
proposition.

FOCUSINGINTENTION

To make ameasure it is necessary to focus attention on a single matter of interest. If we want to
measure audience attendance, we focus upon "persons in the auditorium ." We do not focus on other
matters which might be important in other contexts . Focusing requires avoiding distraction . Other
matters, important as they maybe, are nevertheless, determined to be unimportant at this time . To count
attendance is to give no attention to anything else . We act as if nothing else existed.

Measurementrequires a singular intent which, once selected, immediately requires awithdrawal
of attention from all other matters. Naturally, the choice of this singular attention is critical . In our
simple example it is easy to determine our focus of attention. In the pursuit of science, however, it is
seldom simple to determine what we should attend to . But "what to attend" is the decision that must be
made in order not to be overwhelmed by voluminous, unsorted perceptions .

COUNTINGANDMEASURING

6. HOW VARIABLESARE CONSTRUCTED

To make measurement beyond counting the persons in the auditorium, we need a model . Mea-
surement is reached by way of analogy. Some analog is required to enable ourtask . We measuretime by
moving clock hands. We measure length by concatenating unit lengths into rulers . All measurement
utilizes analogy. The natural numbers (positive integers) are always the starting point for the model we
apply to our problem. We assign each "person" a number as we note their presence one-by-one . We
"count" by reciting the arithmetic counting model as we focus upon each next person . Having observed
the last person, we note the numeral associated with that last individual and designate the count of
attendees by that numeral . If someone else enters the auditorium, we count one more and use that next
successive numeral to signify the newtotal . Thepersons in the auditorium are the objects manifest in our
experience . The numerals taken from the natural number system are the unit values from themodel we
applied to accomplish the counting .

Counting is so familiar that we take for granted how it is done. Counting objects is so universal
that it is frequently assumed that the "count" is automatically a "measure." This assumption is so
common that it usually goes unquestioned . But counts are not necessarily measures . Measurement
depends upon whether the mathematical model on which it must be based can provide the desired
outcome. We saw that the natural numbers served to count. But are they necessarily measures?

Using the natural numbers in ourexample brings with it the observation that distances between
adjacent natural numbers are taken to be equivalent, and whole, not fractionated . The number "space"
between any two adjacent numbers 2 and 3, 19 and 20 or 164 and 165 is equal in our counting to a same
one more person ."
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When measuring length with a ruler, we also use the equal steps of the real numbers as our
model . But fractional parts are permitted . Any unit or fractional part of a unit along the real number line
is equal in magnitude to any other like unit or fractional part anywhere along the line .

The natural numbers used in counting are logically consistent . But does the application of these
numbers to every experience automatically endow the objects ofthat experience with similar numerical
properties? This question often goes unanswered because it is unrecognized . Since numbers are logi
cally coherent, the objects to which they are applied are often assumed to possess similar logical coher-
ent numerical characteristics . But this association can not be assumed. It must be constructed, demon-
strated andmaintained. Unfortunately, this demonstration is rarely done andobjects are usually naively
assumed to possess the same numerical characteristics as those ofthe number system that is used to count
them.

Sincemeasurement is made by analogy, the model chosen for measurementcannot itself substan-
tiate the numerical qualities assigned to the objects. We have to demonstrate that the relationship of the
objects to the modelis consistent with ouruse andunderstanding of the numerical result and demonstrate
this connection by meansof the analogy.

While counting is the model for measurement it is seldom measurement itself. We begin by
assigning numerals to objects. But we must proceed in a manner which is systematic and reproducible
and which allows us to validate continually the correspondence betweenthe objects addressed and their
counts and betweenthe counts obtained andthe measures they may imply.

The count of attendees can be represented directly on the number line .

The number line gives us amodel whichappears to solve our attendance problem. The model of
the number line (our variable of interest) specifies an equal unit distance between the numerals . The
successive count of persons parallels movement along the line by equal counts . An additional person
adds another equal count to the line . The number line made from our counts is associated with the
"length" registered on a "number of persons" variable .

1 .

	

Successful measurementrequires focus upon an attribute of intent to the exclusion of all other
(often equally interesting, but not at this moment relevant) attributes . We cannot progress
until we have made such a choice . The choice is both intent to attend and also intent to
disregard.

2. Acoherent measurement analog is necessary to accomplish the measurement task . The one
we used in ourexample was the natural number model of arithmetic progression . Applica-
tion of this model to ourproblem gave us auseful answer. We needed an analog to solveour
measurement problem: establishing a one-to-one correspondence between counting indi-
viduals, seated in the auditorium and numerals on a number line . The idea of anumber line
gives us apicture of the variable of intent in awaythat facilitates understanding, application
andinterpretation .
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Determining the count of people in the auditorium answered our question, "How many are
here?" Was it a measure? Yes, but only when demonstrated by analogy to be associated in a
meaningful way to ournumber line - the variable . Use of the number line as the model leads
this time to using the count to measure the "amount" of persons expressed in a linear form .
Consequently, the variable of attendance can be visualized as a line with our total attendance
indicated by a position or "amount" on the line . Carrying around such "lines" of amount is
quite unnecessary to say nothing of inconvenient . We revert back to counts to express this
length in a more compact form . Butour understanding of the variable form is the line . The
natural number line is the full expression ofthe measure of persons, not the count. We usethe
count as shorthand for the measure.

Our use of the number line and its associated unit characteristics provides, by analogy, a
clear correspondence between the count and measure. This relationship can be seen as :

COUNT

6

5

4

3

2

1 2 3 4 5 6
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Validity of this approach can be demonstrated by replication. The individuals counted can
be seen as alternate equal instances of asingle individual - the experiential unit of interest .
We make our count andmeasureby enumeration. The measurementprocess is unaffected by
wherethe count begins i.e . from the back, front or side of the auditorium . Precision depends
only on accuracy in counting and not on any other aspect of the process. The count and the
resulting measure are unaffected by the other matters of gender, race, height, weight .
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where a straight line at 45 degrees with slope of "one" associates counts to measures. But
even though the observed counts end up as the same as the measures in this example, the
counts are not in themselves measures even in this case . They became so here through their
analogy with thenumber line .



We now proceed to more sophisticated problems, keeping in mind the steps encountered in our
simple example . Although ourexample was simple, the tasks were sophisticated. We count with such
ease and so routinely that we are no longer aware of the steps we take norof the confusion that can result
between determining how to make counts andhow to make measures . The most difficult task to recog-
nize is how to determine measures from counts . This is because counts are what we always begin with
to determine amounts. Counts can be associated with measures only by establishing a useful relation-
ship . We need to generalize this by deliberating upon the measurement process, specifically upon
constructing a variable .

CONSTRUCTING AVARIABLE

A "variable" is a line with direction - an arrow. The direction implies "more" of the variable .
An "amount" is a distance along the line . More is "more" distance along the line . Length is the example
that comes most easily to mind andeye. More inches, feet, yards, is easily visualized as more distance
alongthe ruler being applied to the object . Interpretation of such a variable is straightforward and easily
demonstrated visually. This keeps the process forthright and observable . There is no mystery, no
algebra. Calculations may be complex but the outcome can be seen . The line conceptualizing the
variable makes the measurement task visible.

The "variable" must establish andmaintain a single line of inquiry. That line of inquiry has to be
operationally determined andreproducible at will . To be useful its determination must also be insightful
and rich . Conceptualization as a one unidimensional line is necessary, if our thinking is to progress
usefully. When this is not done, confusion and frustration result . Then there is no simple way to
determine what the variable should be.

Our intent specifies what we will address and not address. Our choice not to address matters is
selective and notunalterable. We can change ourmind . What we cannot do is to pursue two things at
once and remain clear about what we are accomplishing.

A measure of "attendance" need not be ameasure of speaker "attraction ." It may be an interesting
problem to discover whether attendance is ameasure of "agreement" with the speaker. But attendance
itself, does not directly answer that question . We confuse ourselves when we pose unclear questions.
The task is to separate these different issues : attendance, attraction, agreement into clear dimensions
and to do the best we can to measure each of them, not confuse our thinking by allowing simultaneous
consideration of contrasting matters.

UNIID1IVIENSIONALITY

Human behavior is clearly complicated and so might be thought of as multidimensional . But its
scientific investigation andunderstanding cannot begin multidimensionally . The investigation must be
systematically built up in successive stages . Each measurement stage requires that a single unidimen
sional variable be established. When several dimensions have been successfully developed, the study
of their association by statistical analysis such as multiple regression, may bring out relationships.
When unclear, inadequately identified "dimensions" are subjected to statistical analysis before estab-
lishing their measures, however, then interpretation is obscure.



The variable is an idea, an intention, something we want to realize, a construction made from
collecting andselecting observations . While humanexperience is complex, when making measures we
decide to isolate one major ingredient and not to become overwhelmed by the endless and enumerable
possibilities that are impractical to examine simultaneously . Successful measurement, like good sci-
ence, is always practical. The well-defined measures are the useful ones. Indeed, they often become so
useful that their origins are forgotten and, because of their familiar utility, we take them for granted.

If we did not have the natural number model for counting, we could not enumerate and so mea-
sure the audience. We could only get lost in the problem of how to enumerate. A well formulated
variable will demonstrate its utility time andagain and its recurrent utility will be the demonstration of
its validity .

Variables are constructed out of similarities noticed, the "replications" we infer in experience .
Although nothing actually recurs exactly, we take it that a "thing" ofourdefining does reappear again and
again although in different guises . It is our discernment of what to specify and what to ignore that
distinguishes a useful variable from auseless one.

DIALOGUE OFINVENTIONANDDISCOVERY

Variable construction is a dialogue between invention and discovery. We observe out of experi-
ence . We abstract an aspect to capture an essence and invent a dimension for this essence, wording it
carefully to avoid becoming overwhelmed by the multiplicity of the provokingexperience . We construct
this singular idealization knowing that it is only a model representation and not a real thing. Good
variable construction is amix of discerning observation, creative intention andcareful disregard .

The idea of hot/cold is useful in enumerable applications . We measure temperature by analogy
using lengths of liquids in uniform tubes.

We experience wind directly. We make a vane to "experience" wind for us and to show its
direction . We attach cups to rotor arms to capture air, connect the rotating arms to a dial and make, by
analogy, a measure of wind velocity along the arc of the dial .

We can combine temperature andwind speedwith the heat loss of evaporation to produce anew
dimension - windchill . This construction we find is immediately experienced. Low temperature days
without wind are experienced as warmer than windy days recording a higher temperature.

Useful variable definition is clear thinking . But it also requires intuitive leaps. We must go
beyond previous experience to capture the possibility of new experiences of which we have awareness,
but cannot "see" with clarity. Variable definition combines intuition and reason into a constructive
fiction that embodies an essence of experience liberated from the infinite complexity of total experience .

BUILDINGAVARIABLE

Imagine a person and a collection of sticks of varying lengths . Our problem is to measure the
height of the person from the lengths of the sticks . The logical wayto proceed is to stand each stick next
to the person and keep track of which sticks exceed the person's "height" and which do not. We aim to
"capture" the person in the midst of the available sticks . Should no stick exceed the person's height (or
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all exceed his height), we will need more sticks longer (or shorter) and, cannot capture this person
among the available sticks .

When we have sticks above and below the person, we can locate the person between two of the
sticks . When sticks themselves are compared oneto another just as we compared them to the person and
we arrange the sticks in their order of length we can locate the person between a particular pair of
adjacent sticks . One stick ofthe pair is shorter than the person (as are all the successively shorter sticks)
andone stick is taller than the person (as are all the successively taller sticks). We have positioned the
person among the available sticks and ordered the sticks with, in this case, ourperson exceeding four
shorter sticks but exceeded by five longer ones . The length of this person can be abstracted as some-
where between sticks A and B . That is, the "measure" of this person's "height" is defined by these two
sticks .
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We have constructed a variable of sticks by arranging them according to length and then applying
the sticks to the measurement of a person . Given more persons we can compare them to one another or
more easily to each of the sticks and so arrange all the persons among the sticks, above those sticks they
exceed and below those sticks they fail to reach.

To simplify the machinery and keep the arrangement of sticks and persons orderly, we can dis-
pense with actually placing all persons next to all sticks and instead designate each stick by an ordinal
number and locate each person halfway between the numbers of the pair of sticks that bracket that
person .

By keeping a record of the persons who exceed (or fail to exceed) each stick number we can
produce a picture of the relation between persons and sticks . This strategy of "sticks exceeded" is the
basis for our variable "height." Each person "tested" is compared to each stick with atabulation made
for each stick according to the number of persons exceeding it . In this manner we "calibrate" our sticks
and use them to measure persons according to the criteria of which sticks aperson exceeds.

The development of any variable proceeds from the strategy illustrated in this example. No
matter what the intent of our variable, the procedure for calibrating the agents (sticks) andmeasuring the
objects (persons) always begins this way.



SHORTEST

GUTTMAN AND RASCH RESPONSE PATTERNS

The above matrix of 1's and 0's when it contains no 0's in the pattern of 1's nor any 1's in the
pattern of 0's is a "Guttman Scale." Such a pattern is what Guttman called the necessity for a score to
have meaning . The pattern is of perfect order. The difficulty is in constructing real tests such that a
perfect order is achieved . Rather than seeking a perfect "deterministic" pattern in the data and failing to
construct it, Rasch measurement expects an imperfect "stochastic" order and proceeds to evaluate it in
terms of perfectly ordered probabilities . In Rasch's model it is the probabilities that form the perfect
Guttman pattern and not the responses .

Thus when persons n =1, N are ordered by the magnitudes of their measures Bn and items
i = l, L are ordered by the magnitudes of their calibrations D;, the conjoint order of the Rasch probabili-
ties that person Pni will succeed against item i.

forms a perfect Guttman pattern .

P11, exp(Bn - D; )
l+exp(B, n -D;)

RECORD
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STICK COMPARISONS

LONGEST

1 2 3 4 5 6 7 8 9 10
TALLEST
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SCORES ANDMEASURES

Why is it that scores are counts, but not necessarily measures?

When counts are accumulatedthey aremade up of concrete, tangible objects . The objects counted
are interpreted to be exchangeable, as though they were identical for the purpose of counting . But in
their concreteness they are manifestly not identical nor in any exact way exchangeable . Indeed, upon
close examination the objects counted can always be seen to be different, unique .

Counting is a daring fiction. Counting is also a necessary fiction. It is the essential fiction of
"againness," of deciding to pretendwe are encountering a "same thing" again andagain, even though we
know that no two encounters are ever the same. It is the fiction of "recognition," of being able to
interpret a future in terms of past experience . Without the fiction of "againness," "time" is meaningless,
indeed thought is impossible . Since counts build on fiction, the choice and nature of the fiction is a
critical step on the way to the counts becoming useful . The invention and governance of what to count is
the Observation Model.

Once we acknowledge that any concrete objects counted have been fictitious in their counting,
we can see that their actual concrete differences are clumsy andthus think it better to countperfect ideas
rather than imperfect objects, that is to count ideally equal, exchangeable units, since we are making it up
in any case . Counting "exchangeable things" is scoring. Counting "ideal units" is measuring.

DIFFERENCESANDRATIOS

If real counts are on the way to ideal measures, how do we go the rest of the way? For that we
must ask what kind of comparisons we intend to construct and why. The comparisons suited to visual
analysis are distances, differences, linear comparisons. This suggests that any comparison we wish to
visualize for comprehension must be made in terms of differences andnot, for example, ratios . Plots of
ratios confuse our visual ability to analyze distances, and so deny access to those pictures worth a
thousand numbers.

When considering counts, however, we realize that the comparisons whichhave meaning depend
on the size of the counts . When we are concerned with small differences between large counts we
find ourselves interested in balancing their differences . We equate these large counts by small
additions and subtractions to reach equity, to enable fair trade, to do business . Then we are interested
in differences of counts .

But when we encounter large differences between counts, it is not differences which emerge as
the usefully invariant comparisons. Now it is the ratio of the counts that matters. What does it take to
double our yield, triple ourgain? Comparisons of wide ranging counts, like income, are more useful as
ratios than as differences.

Thenext step, then, is to turn ratios of counts into differences of measures . This is where "logs"
andtheir inverse "exponents" enter and why loglog (and semilog) plots became (and still are) important
in the visual analysis of numbers.



Counts are concrete, history. But ouruse of counts is seldom to reconstruct the past . We are most
interested in counts to make inferences about the future . Analysis of data is seldom just for historical
description. It is usually for prediction . To predict we must accept scores as crude indicators of what
might become and so manage them accordingly, in terms of what they probably mean .

The utility of counting brings to our attention the convenienceofequal units. Why not construct
measures of magnitudein equal units? To do so accepts the sampling status ofthe counts and brings us to
the next step of finding an estimate from the sample of what the counts might usefully imply.

Since we are estimating an abstract idea of amagnitude from acount of concrete experiences, we
encounter aneed for aconcomitant second estimate, this time of the expected uncertainty or error of the
estimated magnitude, of the improbability of our inferences . This brings up "standard errors ."

We also must figure out an answer to the question as to whether the collection of experiences or
observations which have been counted on to imply estimates of magnitude and error are in their own
details consistent with the two estimates they have led to? This brings up athird statistic, "fit ."

When we usethe estimates ofmagnitude to go back and predict the counts from whichthey arose,
to calculate what observations would be expected were they entirely caused by the magnitudes we have
estimated, we can discover for each observation how well it fits into the measures for which we intend
to use these data.

The study of "fit", particularly the identification of outstanding misfit, is our chief source of new
information about the world of possible experience, ourchief opportunity for discovery. The observa-
tion model by which we define what to count and the measurement model by which we construct esti
mates of ideal magnitudes from the crude concrete counting are the inventions of measurement. The
misfits that then appear are the discoveries of measuring.

The growth ofscience, indeed of mind, arises out of an evolving dialogue between invention and
discovery - between the reassurance that we know what we are doingbecause our inventions work and
the provocation that we must not know everything about what we are looking for because we are sur
prised by what we find . Constructing variables engenders an interaction of experience and idea, a
dialogue between invention and discovery, that is the life force of science andmind.



TheRasch model specifies the relation that must dominate what happens when aperson takes
an item for the resulting responses to be useful for measurement. Acomplete analysis must include an
evaluation of how well the data fit this essential specification. If aperson answers the hard items on
a test correctly but misses several easy items, we are surprised by the resulting implausible pattern of
incorrect responses. While we could examine individual records item-by-item to determine this kind
of invalidity, in practice we want to put such evaluations on a systematic and manageable basis . We
want to be specific but also objective in our reaction to implausible and hence invalid observations .

Even when a particular application tends to fit the measurement model, we cannot predict in
advance how well new items or old ones will continue to work in every new situation to which they
mightbe applied. We cannot know in advance how all persons will always respond. Therefore, if we
are serious in ourintention to measure, we must examine every application to see how well each new
set ofresponses corresponds to ourmeasurement intentions . We must evaluate notonly the plausibility
of the sample of persons' responses, but also the plausibility of each persons' responses to their set of
items. To do this we must examine the response of each person to each item to determine whether that
response is consistent with the general pattern of responses observed .

We begin fit analysis by examiningthe data resulting from the administration of a testofLitems
to a sample ofN persons producing an N x L matrix of responses with every row consisting of the
responses ofeachperson nto theLitemsandeverycolumn consisting ofthe responses of the Npersons
to each item i. When the responses are dichotomous, the resulting matrix will consist ofcorrect (X,,;=1)

and incorrect (Xni = 0) responses.

7. FITANALYSIS

The construction of useful measures and calibrations does not require that these data be
complete . Theparticular items addressed by each person canvary as long as there is a sufficient network
ofoverlaps to connect the entire matrix . Forsimplicity here, however, we will carry out the explanation
as though data were complete.

From theNxL data matrix of X,,, = 0 or 1 we count the item scores S; andperson scores R� used

to estimate the abilities of persons B,, andthe difficulties of items D; . Procedures for this are explained
in Best Test Design (Wright and Stone, 1979, pp. 28-65) .

This chapter explains the analysis of fit (Wright and Stone, 1979, pp. 66-82 and 165-181) .

RESIDUALFROMEXPECTATION

To evaluate fit we comparethe observed person and item responses X� ; to the expected values
P� ; that are determined forthem by the measurement model. The expected value of the dichotomous
observation X� ; is P,,; =exp(B,, - D;) / [1 +exp(B� -D;)] .



Aconsequence of the Rasch model is that the person right answer count, a total score for an
individual, contains all ofthe information needed to measure that person andthe item right answer count,
atotal score for an item, contains all the information needed to estimate the difficulty of that item . That
is to say, that right answer counts are sufficient statistics for estimating person measures and item
calibrations .

RASCH MODEL EXPECTATIONS

The Rasch model is derivedfrom the requirement that person measures and item calibrations
be separately estimable. This requires that (1) a more able person always have a greater probability
of success on any item than a less able person, and (2) any person always be more likely to do better
on an easier item than on aharder one. Fit analysis evaluates the extent to which particular data serve
this fundamental requirementformeasurement. Fit analysis showsus the extent to which any data can
be used to construct measures . Each data analysis must include an evaluation of how well those
particular data fit the expectations which measurement requires .

When an observed pattern of responses shows significant deviation from measurement
expectations, we can use the particulars of the measurement model together with the person and item
estimates to calculate a statistical index of unexpectedness for any particular response or any subset
ofresponses including all ofthe responses to aparticular item or all ofthe responses madeby aparticular
person.

DETERMINING FIT

The procedure for analysis of fit involves the three steps:

n

1 . Responses

	

2. Model

	

3 . Residuals
i

	

i

	

i

n n Yni = Xni -Pn'

What we observe

	

What we expect

	

The difference

48



ESTIMATION

N

Di

Item
Score

Item
Calibration

Person Person
Score Measure

EXPECTATIONS

L
Rn is the sum

	

of the person responsesXni over item i =1, L .

Bn is the person measure estimated from Rn .

N

Si is the sumI of the item responses Xni over persons n =1, N .
n

Di is the item difficulty estimated from Si .

To observe response plausibility, validity or fit we calculate the difference (Bn -D) between

the estimates ofperson ability Bn anditem difficulty Di foreach person n anditem i . When this difference
is positive it means that the item should be easy for the person . The more positive this difference, the
easier the item is expected to be and hence the greater ourexpectation that the person will succeed on
that item and Xni =1 .

When the difference is negative, however, the item should be difficult for the person . The more
negative the difference (Bn - Di ) becomes, the more difficult the item shouldbe forthe person andhence
the greater our expectation that the person will fail on that item and Xni = 0 .



21
PREDICTION

P,u = exp(B� -D;) / [1 +exp(Bn -D;)] and Bn and

D, are the person measure anditem calibration for
person n and item i.

Person
Measure

Chi-square and mean square goodness-of-fit statistics can be constructed from the residual

difference Y,u = X,,; - P,,, betweenthe observed X,,i and its expectation Pni . This residual quantifies the fit
between each person n and each item i.

The model estimates the expected value or probability of dichotomous response X,,, =1 as :

RESIDUALS

Q 1/2

	

[P

Pni exp(B� -D;) / [l +exp(B� -D;)]

where

	

Bn = the estimated ability measure of person n

D; = the estimated difficulty calibration of item i

and

	

Pn; = the probability that Xnr =1 .

The probability Pn ; is an estimate ofthe expected value of instances of the response X,,, = 0, 1 .

The expected binomial variance of these instances of Xnz around Pnr is estimated by Qni = Pni(1- Pn;) .

Theseexpectations Pn ; and variances Qn ; canbe combined to form a standardized residual Znr for each

-P.)lLP(1-p)]=(k -P)l Qev2 .

We estimate this standardized residual Z,,, by subtracting from the observed X,,, its estimated

expected value Pn ; and dividing the difference by its expected standard deviation
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This standardized residual Z, has a logistic distribution with an expected mean of 0 and a
variance of 1 . The reference values of 0 and 1 help us to evaluate the extent to which the standardized
residuals deviate from their model expectations .

Examination of residuals shows us whether we can proceed to use the items to make valid
measures or whether further work on the items are required in order to bring the testing elements into
line with the intended plan . Examination ofperson residuals indicates the extent to whichpersonshave
responded to the test in the expected manner. Since Xnr takes only the two values of "0" and "1", the
twovalues for the standardized residuals can be expressed in terms ofthe estimates Bn andD; andthe
observed response X,,; .

Thus, Z2 = [exp(B,n -D;)] can be used to indicate the unexpectedness of an incorrect response

Xn, 0 to a relatively easy item, while Z,2 = [exp(D; -Bn )] canbe used to indicate the unexpectedness

of a correct response X,,; =1 to a relatively hard item. These two expressions can be combined into

one as Z,2 = exp[(2Xn; -1)(D; -Bn )] .

Thevalues of this ZR canbe ascertained for each Xnr of0or 1 and then accumulated over items
to evaluate the plausibility of any person measure, or over persons to evaluate the plausibility of any
item calibration.

To evaluate any unexpected response X,,; we quantify its unexpectedness from the difference
between the ability measureof that person Bn andthedifficulty calibration for that itemD; . Forexample,
an unexpected incorrect response of Xnr = 0 associated with a person ability B� = -1.2 and an item
difficulty of D; = -3.9 produces a difference (Bn - D;) of [(-1.2)-(-3.9)] = +2.7 and a squared
standard residual of Zn = exp(2.7) =14.9 .

We associate unexpected incorrect answers X,,; = 0 with (Bn - D;) and unexpected correct
answers X,,; =1 with (D; - Bn) because when the response is incorrect, and Xnc = 0, then the index of

unexpectedness is Z'2 = exp(Bn - D), but when the response is correct, Xnt =1, then the index is

Zn =exp(D;-B� ) .

Unexpectedness is always marked by apositive difference, either (Bn - D;) or (D; - Bn ) . The

values for Zn can be looked up in Table 7.1 which gives either values of Zn = exp(B� -Dj ) for

unexpected incorrect answers Xn; = 0 or values of Zn = exp(D; - Bn) for unexpected correct answers

Xni = 1 .

Thus,the entry Cx in Column 1 ofTable7 .1 is either Co = (Bn -D;) when Xnc = 0 andthe response
is incorrect or C = (D; - B,) when X,,, =1 and the response is correct.

Column 3 of Table 7 .1 gives the improbability of the observed response P,,, =1 / (1 + Zn) .
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Table 7.1

Evaluating Unexpectedness

52

1 .
Difference Between
Person Ability and
ItemDifficulty

Cx

2 .
Squared

Standardized
Residual

Z2 =exp CX

3.
Improbability

of the
Response

p=1/(l+Z2)

-0.6,0.4 1 .50
0.5, 0.9 2 .33
1 .0, 1 .2 3 .25
1 .3, 1 .5 4 .20
1 .6, 1 .7 5 .17
1 .8, 1 .8 6 .14
1 .9, 2.0 7 .12

2.1 8 .11
2.2 9 .10
2.3 10 .09
2.4 11 .08
2.5 12 .08
2.6 13 .07
2.7 15 .06
2.8 16 .06
2.9 18 .05
3 .0 20 .05

3 .1 22 .04
3 .2 25 .04
3 .3 27 .04
3 .4 30 .03
3 .5 33 .03
3 .6 37 .03
3 .7 40 .02
3 .8 45 .02
3 .9 49 .02
4.0 55 .02

4.1 60 .02
4.2 67 .02
4.3 74 .01
4.4 81 .01
4.5 90 .01
4.6 99 .01



This improbability Pni provides a significance level for the null hypothesis of fit for any

particularresponse . With ourexample of (Bn - Di ) = 2.7 we have asignificance level of Pni =.06 against
the null hypothesis that the response of the person to this item is consistent with the model.

When the Zn are accumulated over items for a person or over persons for an item, simulations
have shown that the resulting sums can be usefully evaluated by chi-square distributions with L - 1
degrees of freedom for a person and N - 1 degrees of freedom for an item.

These fit statistics are called"outfits" because they areheavily influenced by outlying, off-target,
unexpected responses. Auseful alternative is to weighresiduals by the informationthey contain so that
the fit statistics are information weighted or "infits" andhencefocuson inlying, on-target, unexpected
responses. The calculations for each type of fit statistic are outlined in the summary section .

SUMMARY

The following formulas summarize the calculations for the analysis of dichotomous fit.

Observed Response :

	

Xni = 0, 1

Expected Response :

	

Pni = exp(bn - di) / [l + exp(b,, - di )]

Response Variance :

	

Qni = Pni (1- Pni )

Score Residual :

	

Yni = Xni - Pni

Standardized Residual :

	

Zni = Yni / Qn ;z

Fit Mean Square:

L

Outfit :

	

Un =

	

Zn, / L
i

Infit:

Fit Standard Errors :

Outfit :

N
U=IZ,2,/N

n

L L

vn
-_ Ll i /

	

al
N N

Vi =1Yn, / lQni
n

	

n

SE,, =[Y-(1/Q-4)]uz
/Y,1
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Infit:

	

SE, = (Y_ Q - 4y_Qz
)vz

/ Y_ Q

Fit Standardization :

	

T =
(Uv3

-1)(3 / SE,,)+ (SE,, / 3)

Logit Bias :

Standard Error:

Mean Score Residual in G:

Infit Noise in G:

Standard Error:

G

whereI means summed over n and i in G.

T= (V1'3-1)(3/SE,,)+(SE,/3)

Fit analysis can also be done for subsets of person-item responses taken from the total matrix of
responses. In this manner we can evaluate the responses of any person or subset of persons to any item
or subset of items or evaluate any item or subset of items by any person or subset of persons:

For the analysis of any subset (G) of the data matrix of Xni use the following formulas:

G G
GYni l~Qni

SEG =( G Qni)-liz -1 / (I Qni

)v2

G G
YG = I Yni / Y, 1

2
VG - I(Yni -YG) /IQni

G

	

G 1/2 G

SEVG =(I Qni -41 Qn)

	

/ Y, Qni

The analysis offit evaluates how well ourdata cooperate with the construction ofmeasurement.
Analysis of fit gives us a tool to monitor the responses of persons anditems . We can evaluate any set
of items or persons to determine wheremisfit occurs . Fit analysis provides the quality control technique
required to supervise and validate test items andperson responses . When fit is within our guidelines,
we have the control required to feel confident about item calibration and person measurement. When
misfit is discovered we canlocate its occasions andbegin further study of the items orpersons involved.
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The analysis of fit is never completed because continued use ofthe instrument requires that we
constantly monitor item and person responses to maintain quality control .



8. IDENTIFYING ITEM BIAS

The past twenty years has witnessed increasing concern about test bias . This has produced a
substantial amount of literature . A few of these articles actually deal with the critical issues in test
bias, but most of what has been published is ill-suited to actual practice .

Psychometricians have tried to deal with the technical issues of test bias from many
perspectives . This chapter looks at item bias from the point of view of Raschmeasurement and shows
how item bias can be detected and dealt with in test practice . The techniques we describe are
straightforward and easy to apply. They work with most measurement applications . Were these
techniques to be routinely used, whatever item bias actually existed would be clearly identified and
could be easily monitored and controlled .

There has been a fundamental error in thinking about bias which has lead to confusion over
what bias is and, hence, howto detect it . This error occurs whenever the detection of any "difference"
at all in test scores is immediately assumed to signify bias . Theerror typically occurs when contrasting
samples are compared and found to be different in their measures . Examples of this confusion are
differences in mean test scores between demographic types like males and females or blacks and
whites . When such a difference is identified, the accusation is made that "bias has been found to
exist."

	

But"differences" of this kind do not signify bias .

The fallacy in such accusations can be illustrated by simple examples which show that
"differences" in measures are not proof of measurement bias . Suppose we weigh two groups :
professional football linemen and professional jockeys . When we compare themean weight of these
two groups a great difference in pounds will be found and indeed is expected . Would we then infer
that this observed difference in weight indicates that the scale used for weighing these equally
professional athletes was biased against jockeys? Similarly, if we compared the height, weight or
general skills of 18 year olds with those of 8year olds,wouldany differences found in favor of 18 year
olds be taken to indicate bias in the measuring instruments? Ifthe averageheight of 8 year olds is less
than that of 18 year olds, is the ruler biased? Of all the numerous practical illustrations of this type
that we could cite, none would cause us to conclude that the observed differences were indicative of
biased measuringtools . Hencewe must realize that differences in measures do notnecessarily signify
bias . We must look further into the question of bias for its necessary indicators .

The phenomena that is actually indicative of bias is significant and persistent interaction
between some but not all persons and some but not all items. When ameasuring process encounters
unexpected differential effects within the replications necessary to estimate ameasure, this unmodeled
interaction is an indication of possible bias . Differential interaction between some items and some
persons produces results which cannot be predicted within the intended frame of reference . Interac-
tion confounds the intended interpretation of test scores . Interaction confuses interpretation because
we can no longer base our measures upon the replications of the variable implied by the measuring
instrument, butmust, instead, take into accountasecond, poorly defined variable whichdifferentially
affects the manifest relations between some persons and some items .



Sometimesthese interactions are substantial enoughto spoil the resulting test scores and

sometimesthey are not . Supposewegive a sixth grade student an easy arithmetic wordproblem to

read andsolve . If he fails to give acorrect answer, is it dueto areading problem, or to difficulty with

arithmetic or to both or to somethingelse? Toidentify an answeras incorrect without reviewing the

probability of it's being incorrect and, whenthe answeris improbable, diagnosing the reasons for this

unexpected incorrect answer, is incomplete . Nocount of right or wronganswerscan, in itself, yield

information about the reason for an improbable error . Animprobable error (or success) implies the

possibility of an interaction betweenperson anditem with respect to somesecondary variable also

active in the testing situation . Whensuch confusion occurs, howcanwedetect it? Whatcanwedo

about it? Here is howto proceed.

Wewantto find out if any items in aparticular test are biased, say, against girls (or boys) . Here

are the steps to follow :

1 . Examinethe items carefully for sex-linked content and then classify them according to

"theory" as a) those expected to favor boys, b) those expected to favor girls and c) those

expected to be neutral . This is an important first step . If wereally haveno idea whatweare

looking for, wewill surely havedifficulty finding it . Worse,wewill be seducedinto mistaking

accidental andtransient irrelevancies for enduring effects .

2 . Asample of girls anda sampleof boys must take the test, if they have not already done so.

3 . Aseparate calibration of the test in question is donefor each sample - onefor boys, another

for girls . (Test calibration is explained anddemonstrated step-by step in Wright and Stone,

1979, pages28-62.)

4. Thecalibrated item difficulties from the separate analysis of each sample (a boy item

calibration anda girl item calibration for each item) are centered and plotted against

each other .

5 . Anidentity line is drawnthrough the origin of this plot with slope one.

6. Statistical control lines are constructed aroundthis identity line to guide interpretation andthe

plot is examined to see whether any items fall outside the control lines and hence are

statistically identified as possibly biased . (SeeWright andStone, 1979, pp. 94-95 andWright

and Masters, 1982, pp. 115-117.)

Wewill illustrate these steps by examplesdesigned to give the reader visual experience with

the configurations that usually occur .

Figure 8.1 is a plot of two such item calibrations . The items expected to favor boys are

indicated by triangles . Theitems expected to favor girls are indicated by circles . In Figure 1, the item
plots center around the identity line . Theitems expected to be biased are not separated from each

other . All items are within the 95%control lines . There is no indication of item bias in this plot which
brings together the separate item calibrations for boys and girls . Wemust conclude that these data

provide no reasons to suspect item bias with respect to sex.



Figure 8 .2 is a different plot of item difficulties for boys andgirls . In Figure 2 wecan see two
distinct item streams . Onelarge item stream containing items favoring boys and also girls runs
slightly above the (dotted) identity line . Asecond smaller stream of items favoring girls runs well
below the dotted identity line .

To clarify what has occurred wedraw a second (solid) identity line (also with slope one)
through the middle of the larger stream of mixed items . Nowweadd control lines at two standard
errors out around the solid identity line . This helps us to see the statistical separation of the two item
streams . Adifference is clearly indicated . Thereis an interaction betweenitem content andsexwhich
makesscores on the original mixture of items ambiguous. However,the majority of items in the larger
stream might be usedto provide unbiased measureson a "new"variable defined nowby the particular
items in the larger stream.

In Figure 8.3 wehave another situation . Nowwehavethree streams of items . Onestream of
items is above the identity line andfavors boys as expected, another stream of items is below it and
favors girls also as expected. Finally, a third stream of mixed items follows the identity line . Each
stream of items is clearly distinct from the other . Thequestion before us is : Whichitem stream defines
the variable that weintend? Theanswercannot comefrom the statistics . Wemust review the prior
intention which motivated the composition of these items in order to makea sensible decision . We
must decide which of the three streams of items contains the content which best, by our definition,
defines the variable weintend . Oncewehavemadethis decision, the other items will become,by our
definition, deviant from the frame of reference of this intention and hence "biased ."

Figure 8 .1 demonstrates what wewill see whentwo samples produce no evidence of bias
because all items plot along the expected identity line .

Figure 8 .2 showsa larger stream of items slightly abovethe original identity line anda smaller
stream of items below it . Thesimplest conclusion is that the smaller stream of items is biased with
respect to the variable defined by the larger stream of items along the identity line .

In Figure 8 .3, the situation is morecomplicated . Wemust decide which two of the three
streams of items are deviant . Wemust decide which item stream marks out our intended variable .
Doesour intended variable remain with the original identity line or does it follow one of the offset
streams of items? Theexamplein Figure 3 causesus to realize that sometimeswewill be forced to
go beyondour statistics to outside criteria in order to establish a basis for judgment. Statistical
analysis can showus whatwehave observed, but wemustgo beyondthe data to makea criterion
decision .

Our next example is from real data . It is a practical situation involving public school
achievementtest scores . Figure 8 .4 is aplot of item calibrations madefrom two classrooms. Oneclass
is at Grade2 andthe other class is at Grade3 . Bothclasses took the samearithmetic computation test .
Theplot of item calibrations for the two samples, Grade 2 vs . Grade 3, showstwo items clearly
differing from the overall cluster of items .

For these data wehavesomeimportant external criteria, namelythe content of the items . The
computation skills required for most of these items are addition andsubtraction of whole numbers
without regrouping . The two deviant items, however, have commoncharacteristics . They both
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involve subtraction with regrouping . This arithmetic operation marksa difference betweenthe two
grades. Within the frame of reference of wholenumberaddition andsubtraction without regrouping,
there is an interaction betweenthese two subtraction with regrouping items andgrade level which

makesthese two items "biased ."

Thesetwo items are biased against those secondgraders whohavenot yet learned howto do
regrouping . Thefew secondgraders whoweresuccessful onthese two items are aheadof their peers.
For the others, these two items are almost impossible .

Theseexamplesmakeclear that apractical strategy is required to determine whether andhow
"bias" is evident . WehaveusedRaschmeasurementto illustrate howthis canbe done. It is especially
important to be clear aboutour intentions prior to analysis in order to usethe intended meaningof the
items to help us understand the results of our analysis . Identification of bias is possible only when
procedures like the onedescribed havebeenapplied . External criteria are neededto interpret results .
But the criteria selected mustbe unequivocal in their application to the problem or they cannot be
useful .



1 . Vertical axis is item difficulty for girls .

Figure 8.1

Noevidence of item bias .
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2. Horizontal axis is item difficulty for boys.

3 . Circles = items preclassified "girl favoring ."

4. Triangles = items preclassified "boy favoring ."

5 . For mathmetical specification of control lines see Wright and Stone, 1979, pp. 94-95 or
Wright andMasters, 1982, pp. 115-117.



Figure 8.2

Five items biased in favor ofgirls .
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1 . Vertical axis is item difficulty for girls .

2. Horizontal axis is item difficulty for boys .

3 . Circles = items preclassified "girl favoring ."

4. Triangles = items preclassified "boy favoring ."

5 . For mathematical specification of control lines see Wright and Stone, 1979, pp. 94-95;
Wright andMaters, 1982, pp. 115-117.



Figure 8.3

Mustdecide which item stream defines the intended variable .
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1 . Vertical axis is item difficulty for girls .

2. Horizontal axis is item difficulty for boys .

3 . Circles = items preclassified "girl favoring ."

4. Triangles = items preclassified "boy favoring ."

5 . For mathematical specification of control lines see Wright and Stone, 1979, pp. 94-95;
Wright andMasters, 1982, pp. 115-117.



Figure 8.4

Item calibratrions from grade 2 andgrade 3
onan arithmetic achievement test .
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5 . For mathematical specification of control lines see Wright and Stone, 1979, pp. 94-95;
Wright and Masters, 1982, pp. 115-117.



Whentests intended to measureonaparticular variable are usedwith different groups of persons

or to measurepersonsunderdifferent conditions, it is necessary to determine the degreeof stability the
tests maintain over these occasions . Thequantitative comparisonssought dependonthe tests retaining
the samequantitative definition of the variable throughout the occasions to be compared. In order to
determine this, amethodis required to evaluate the invariance of the commontest item calibrations from
group to group or time to time .

In order to evaluate the invariance of these calibrations weneedto compareitem calibrations
to seewhetherquantitative comparisonsof the measuresobtained from these occasions are possible .

Todo this weneedto comparethe centered calibrations for the items commonto the two occasions .

In this chapter weexplain howto makesuch comparisons (1) by plotting the centered item
calibration estimates from two different occasions against oneanother, (2) by analyzing the standard-
ized differences of the item calibrations betweenthe twooccasions and(3) by evaluating the correlation
betweenthe pairs of estimates over the set of commonitems .

In order to be explicit, wefollow our explanations with an exampleto help the reader work
through each step in the process . In the previous chapter, Identifying Item Bias, weshowedhowto
evaluate item bias through the useof item plots . That chapter concentrated on explaining the concepts
involved andusing the figures to illustrate the concepts . In this chapter weexplain the techniques by
which such plots are constructed andevaluated .

PLANOFACTION

9. CONTROLLINESFORITEMPLOTS

1 .

	

Estimate the item calibrations for eachof the twooccasions andidentify the set of items common
to both occasions . Thesealternative calibrations maycomefrom two different samplesof
persons or from the samesample of persons tested at two different times . Estimate the item
calibrations with their respective estimation standard errors andfit statistics . Thusfor each
calibration occasion andfor eachitem i wecalculate the item difficulty estimate d., its standard
error s ., and the fit of the calibrating data to these estimates, vi .

2.

	

Center each set of commonitem calibrations on the sameorigin (using perhaps the mean
difficulty of the commonitems in the mostrecent or mostimportant test) so that their comparison
becomesindependent of anytranslation effects betweenthe centers of the twocalibrated tests .

(If there is atranslation, then that amountwouldhaveto beaccountedfor before person measures
from the two occasions could be compared. SeeWright andStone, 1979, pp. 96-98 and 112-
117. Thebest wayto proceed, however, is to carry out athird calibration of all of the data from
both previous calibrations pooled into onecombineddata matrix . Usually this combineddata
matrix, in which every item on either test defines a columnof possible responses andevery
individual test administration in either sampledefines a row, hassomeemptycells wherethat
item wasnot administered to that person. The"missing" data is easily managedin acalibration
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programlike BIGSTEPS,(Wright, 1996)) .

3. Plot these paired andcentered item calibrations d, ; andd2; against oneanother for eachcommon
item . Acommonvariable is demonstratedwhenthe plotted item points, whichshould estimate
a single commondifficulty for each item, fit anidentity line, e.g . fall within oneor twostandard
errors of their identity line .

4.

	

Construct statistical control lines around the identity line by computing standard units of error
along lines which are perpendicular to the identity line andpassing through the item points . (The
error control lines canbeconstructed for oneor two error units producing 68%and95%quality
control .)

These control lines can be used to evaluate, at a glance, the overall stability of the item
calibrations shownon the plot . If moreitem calibrations fall outside the control lines than are
expected by the control choices of 68%or 95%, we are led to doubt the stability of the
calibrations in this study and to investigate the particular items causing the visible lack of
invariance . Evenwhenonly a fewitems fall outside the control lines, weexaminethe particulars
of these items carefully to determine whythis hasoccurred andwhatwemight doto control these
particular conditions which threaten the validity of measurementsmadewith these items .

5. Calculate the standardized difference betweenthe alternate estimates of the single commonitem
difficulty :

2 2 v2
z12i - : (d,, - d2r) l (sii + s2i )

This statistic has an expectation of zero anda variance of onewhenitem stability holds . The
pattern of these differences can be studied by plotting z,2t against dj =(d, ; +d2;) / 2 .

6.

	

Correlate d, ; with d2; over the i =1, Lcommonitems . This correlation r, 2 has amaximumvalue

governedby the standard errors s, ; and s2r and also the variance of the d.; . This maximum
correlation is :

L

	

L

=1-(SE2 /SD2 ) =1-[(L-1)lL]*[~(s +s2i)/Y (d, ;+d2 ;)2]
r

	

r

whend, . = d2 . =0

L

SE2 =

	

(s +s2;) 2;)14L

L

SD2I (d, ; +d2;) 2 /4(L-1)



Fisher's log transformation for linearizing correlations can be usedto comparethe

observed correlation r,2 with the maximumcorrelation Rn,ax in order to test the

hypothesis of item calibration stability .

This statistic hasexpectation zero andvariance onewhenitem stability holds . It tests
for the overall fit of these L items to the identity line which defines invariance .

ANEXAMPLE

t = - (L - 3)ii2 log[(
+ r,2)(1 - Rmax)

2 ( 1- r,2)( 1 +Raax)

Thesesteps are illustrated in the following tables andfigures . There is afirst test form of 14
items calibrated onasample of 34 persons. Thenthe variable wasexpandedby the developmentof
10 additional items makingasecondtest form of 14 + 10 =24 items which is given to asampleof 101
persons. Theoriginal 14 items remaincommonto both forms of the test . Weevaluate the stability of
the 14 items betweenthese twotest forms to determine whetherthe twoitem calibrations are statistically
equivalent andso canbe combinedto define measuresona single commonvariable .

If this contention is supported by our analysis, then wecancompareandpool the measuresof
the original 34 persons with the measuresof the later 101 persons producing a sampleof 135persons
measuredon the samevariable .

If, however, this contention is not supported, then wecannot compareor pool the original 34
measureswith the subsequent101 measuresbecausewehavefound themto bemeasuredon different
variables . Thenweare forced to review howthese items are functioning in order to discover whythe
items are not working the wayweintended .

1 .

	

Table 9.1 gives the item calibrations for eachtest form . Theold andnewitem namesfor Forms
1 and2 are given in Columns1 and5 with the old item calibrations for Forml listed in Column
2andthe newitem calibrations for Form2 listed in Column6. Thenewitem namesfor Form
2, given in Column5, are shownwith their old Form1 item namesin parentheses . Thesenew
item calibrations for the 14 original items are given again in Column7.

Observethat the center (mean)of the 14 Form1 old item calibrations is at 0.0 (Column2) and
the center (mean)of the 24Form2newitem calibrations is also at 0.0 (Column6) . Thesezeros,
however, are not equivalent, since the old zero defines the center of the old 14 items while the
newzero defines the center of the new24 items . In fact, the center (mean)of the newForm2
calibrations for the 14original items is now0.4 on the newscale of Form2 (Column7) . Because
of this difference the calibrations of the original 14items mustbeshifted by0.4 (Column3) . This
shift puts themon the samescale as the new24 items andproduces the adjusted values given
in Column4which are the values that will beusedto compareitem stability betweenForms9.1
and9.2 .

2.

	

Theadjusted Form1 (Column4) andForm2(Column7) calibrations of these 14items are plotted
in Figure 9.1 . Theplot showsthat these items fall along the identity line rather well,
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(4) = (2) + (3)

Thecomparison will be madebetween(4) and (7) .

** (6) = (7)

Table 9.1

Comparingthe Calibrations of 14
Items Commonto TwoTest Forms

FIRSTTESTFORM SECONDTESTFORM

(1) (2) (3) (4)* (5) (6) (7) **

Old Item Old Item Shift Adjusted NewItem NewItem New
Name Calibration Value Calibration Name Calibration Calibration

(Original 14
Items)

1 -6 .0
2 -5 .6

1 -4 .2 0.4 -3 .8 3 (1) -3 .8 -3 .8
2 -3 .6 0.4 -3 .2 4 (2) -2 .3 -2 .3
3 -3 .2 0.4 -2 .8 5 (3) -2 .5 -2 .5

6 -4 .0
4 -3 .6 0.4 -3 .2 7 (4) -2 .3 -2 .3
5 -2 .2 0.4 -1 .8 8 (5) -1 .8 -1 .8
6 -3 .2 0.4 -2 .8 9 (6) -1 .8 -1 .8
7 -1 .5 0.4 -1 .1 10 (7) -0 .8 -0 .8

11 0.1
12 -0 .6
13 -0 .3
14 -1 .3
15 -0 .5

8 0.8 0.4 1 .2 16 (8) 2.2 2.2
9 2.1 0.4 2.5 17 (9) 1 .6 1 .6
10 1 .9 0.4 2.3 18 (10) 2 .2 2.2
11 3.2 0.4 3.6 19 (11) 3.1 3.1
12 4.6 0.4 5.0 20 (12) 3.6 3.6
13 4.6 0.4 5.0 21 (13) 3.6 3.6
14 4.6 0.4 5.0 22 (14) 4.7 4.7

23 6.5
24 6.0

Column 0.0 0.4 0.0 0.4
Mean

SD
I

3.4
I I

3.4
I I

3.4
I

2.8
I I



but, as yet, wehavenowayto evaluate howmuchthese item plots could deviate from the exact
identity line before wewouldbe forced to decide that the differences are too much. To ac-
complish this evaluation, weconstruct quality control lines . Theselines guide our study of
the plot to help us to makeuseful decisions .

3 .

	

Figure 9.2 lays out asimple wayto construct these control lines . Thestandard unit of difference
error parallel to either axis for item i is :

z z 1/2S12i =(s1i +' sz)

Thenotes appendingFigure 9.2 give the details for determining the coordinates (X andY) for
amachineplot of the control lines . SeeTable 9.3 for application to our data. Entering these
values in a plotting programcanproducesmoothedquality control lines .

Table 9.2 showshowto doa simple handplot of the control lines . This is usedwith our sample
data andshownin Figure 9.3 .

Aunit of error equivalent to S12i but perpendicular to the 45 degree identity line is :
1/2

T2i =

	

ii +s2i ) / 2,

	

=S12i /

Oneof these Terror units perpendicular to the identity line, through the (d1i , d2i) item plot and

extended in eachdirection from the identity line yields apair of 68%control lines . Twoof these
Terror units perpendicular to the identity line yields a pair of 95%control lines .

Table 9.2 gives the standard errors sli ands2i (Columns6 and7) for the 14 commonitems

connecting Forms1 and2.

Wecalculate T12i for eachof the 14 items andplot these locations in Figure 9.3 at two standard

error units aboveandbelowthe identity line . Thesepoints canbe connectedandsmoothedto
provide the quality control lines neededto evaluate the item plots .

4.

	

Figure 9.3 showsthat the plots of the 14items of Forms1 and2 are all well within twostandard
errors of the identity line . It also showsthat the handandconstructed methodsof drawing in
control lines lead to identical results . Weconclude that these 14 items fall along the identity
line, given their standard errors . Ourvariable extension is successful according to this sample
data .

5 . Wecan also evaluate the standardized item calibration differences betweenthe Form1
andForm2 item calibration estimates for these 14 items by using :

( Sz +Sz
1/2

Z21i - ( d2i -d 1i) / 1i

	

2)

Thesestandardized differences are expected to have a meanof zero anda variance of one.
Thestandardized differences of the 14 items are given in Column9 of Table 9.2 . Trends can

be evaluated by plotting these Z21i against d. i for eachitem .

Figure 9.4 is this plot . Weobserve that all of the remaining items are well within

	

1 .0 . All
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Figure 9.1

Plot of commonitem calibrations : Form1 versus Form2.

Form2

Form 1

Old Form1 Calibrations (Centered on 0.4 Logits, Table 2, Column2)



UpperControl Line :

Position A: X=d-KS12 /2=(d,+d 2 -KS)l2 ; Y=d+KS12 /2=(d,+d 2 +KS,2)l2

Item Plot :
Position B: X= d, ; Y=d2

Figure 9.2

Howto construct control lines .

Identity Line :
Position C: X=(d, +d2 )/2 =d; Y=(d, +d2 )/2 =d

LowerControl Line ;

Position D: X=d+KS12 /2=(d,+d 2 +KS12 )/2 ; Y=d-KS12 /2=(d,+d 2 -KS12 )/2

S, Z =

	

S; +s22 the standard error of the difference (d, - d2)

S, = the standard error of d,
S2 = the standard error of d2
d

	

= (d i +dZ )l2

SeeTable 9.3 andFigure 9.3 for an example.

K=

	

numberof standard error units chosento set the confidence level control of the lines ;
e.g ., K= 1 produces 68%confidence andK= 2 produces 95%confidence .



**

	

Column7 from Table 1

Column4 from Table 1

Table 9.2 .

Item Calibrations, Standard Errors
andStandardized Differences Z

Items have been centered at the commonmeanfor Form2 of 0.4 . This separates the analysis of

the calibration differences (d 1 , - d21 ) from any overall difference in test form difficulty .

CALIBRATION AVERAGE

d;

DIFFERENCE

(2)* (3)** (4) (5)
Old ftem

d1r d2 ; (d l ; +d2j ) 2 (dj ; - d2;)Name

1 -3.8 -3.8 -3 .80 0.0
2 -3.2 -2 .3 -2 .75 -0 .9
3 -2.8 -2 .5 -2 .65 -0 .3

4 -3.2 -2 .3 -2 .75 -0 .9
5 -1 .8 -1 .8 -1 .80 0.0
6 -2.8 -1 .8 -2 .30 -1 .0
7 -1 .1 -0 .8 -0 .95 -0 .3
8 1 .2 2.2 1 .70 -1 .0
9 2.5 1 .6 2.05 0.9
10 2.3 2.2 2.25 0.1

11 3.6 3.1 3.35 0.5

12 5.0 3.6 4.30 1 .4

13 5.0 3.6 4.30 1 .4
14 5.0 4.7 4.85 0.3

MEAN`' 0.4

---------------------------------------
0.4

S.D . 3.4 2.8



S12i =(S2Ii

	

2i)+ S2 1/2

Z21f =(d2i -d1!)/S12i

Column(9) = (5)/(8)

Table 9.2 . (Continued) .

The Quick HandMethodfor Adding Control Lines

To draw 95%control lines by hand use the approximation (Wright and Stone, 1979, p. 95) for an error allowance
perpendicular to the identity line :

2T12; =[(S + SZ,)/ 2] ll2=(
SII +S2).

Markoff a piece of graph paper to matchthe plotting axes andthen slide this special ruler along the identity line marking
off the perpendicular distances (SI, +S2) in each direction awayfrom the identity line as each item point (d 11 , d2) is
encountered. This is donein Figure 9.3 wherethe results are markedas small circles .

STANDARDERROR
STANDARD
ERROROF

DIFFERENCE

STANDARDIZED
DIFFERENCE

ERROR
UNIT

( 6) (7) (8) (9) (10)Old Item
Name S, ; S2 ; S12i Z21i T -- S /NF12i 12i

1 0.8 1 .0 1 .28 0.00 0.91
2 0.7 0.7 0.99 0.91 0.70
3 0.7 0.7 0.99 0.30 0.70
4 0.7 0.7 0.99 0.91 0.70
5 0.5 0.6 0.78 0.00 0.74
6 0.7 0.6 0.92 0.88 0.81
7 0.5 0.6 0.78 0.29 0.74
8 0.4 0.8 0.89 0.92 0.77
9 0.5 0.6 0.78 -0.86 0.74
10 0.5 0.8 0.94 -0.09 0 .81
11 0.7 0.8 1 .06 -0 .41 0.86
12 1 .1 1 .0 1 .49 -0.97 1 .03
13 1 .1 1 .0 1 .49 -0.97 1 .03
14 1 .1 1 .2 1 .63 -0 .20 1 .05

-----------------------------------------

MEAN +0.02
S.D . 0.71



of the values are within the 68%control lines .

Thecorrelation over i = 1, 14of the calibrations d, ; andd2 ; canalso be determined . Alimit for

this coefficient is R,, . . . In our exampleR,. =0.98 andthe correlation for the observeditem calibrations

is also 0.98 . Since R� ~x =0.98 is the sameas r 2 =0.98, wesee that the correspondencebetweenthe

item calibration estimates computedfrom the Form1 andForm2 samplesis as goodascanbeexpected.

This correlation, whenevaluated for its statistical deviation from the intended equating of Form1 and

Form2usingFisher's log transformation, producesa T= 0.0 . Weretain the hypothesis of nostatistical

difference betweenthese 14pairs of item calibrations andhenceof the stability of these items andthe
variable they define over the two occurrences . Asa result wecanpool andcomparethe 34 and 101

person measures.

Ourexamplehas illustrated the steps for evaluating the stability of item calibrations . In our

exampleweconfirmed the invariance of our item calibrations . If confirmation werenot achieved, we
could not undertake anyquantitative comparisonsof the measuresfromthe two occasions andit would
benecessary to determine whyparticular items failed to support our intention to equate Form1 andForm

2and to comparethe measuresthey produced. Changesmight bemadein these items or newitems
constructed andthe equating process repeated with anewsample. Evenwhenchangesdo not appear
necessary it is prudent to monitor item calibration stability continually as newsamplesoccur in order

to verify that conditions havenot changed.

SQ.0



Figure 9.3

Plot of item calibrations : Form1 versus Form2 with 95%

control lines using handmethodandconstructed methodof Table 9.3 .
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Columns1 and 2 are from Table 2, Columns2 and 3.
d, = ( d, .+ d2,)l2 (Table 2, Column4)

S12i=
(S +SZ,)" 2 (Table 2, Column8)

Table 9.3

ExampleDatafor Constructing 95%(K=2) Control Lines

Old Item

Item Plot
Figure 2 (8)

Identity Line
Figure 2 (C)

Standard Error 95%Upper Control Line
Figure 2 (A)

95%LowerControl Line
Figure 2 (D)

Name d, ; d2; d; SI21 d- S,2 ; d+S,2; d+S,2; d- S,2;

(X) (Y) (X, Y) (X) (Y) (X) (Y)
(1) (2) (3) (4) (5) (6) (7) (8)

1 -3 .8 -3 .8 -3 .80 1 .28 -5 .08 -2 .52 -2 .52 -5 .08

2 -3 .2 -2 .3 -2 .75 0.99 -3 .74 -1 .76 -1 .76 -3 .74

3 -2 .8 -2 .5 -2 .65 0.99 -3 .64 -1 .66 -1 .66 -3 .64

4 -3 .2 -2 .3 -2 .75 0.99 -3 .74 -1 .76 -1 .76 -3 .74

5 -1 .8 -1 .8 -1 .80 0.78 -2 .58 -1 .02 -1 .02 -2 .58

6 -2 .8 -1 .8 -2 .30 0.92 -3 .22 -1 .38 -1 .38 -3 .22

7 -1 .1 -0 .8 -0 .95 0.78 -1 .73 -0 .17 -0 .17 -1 .73

8 1 .2 2.2 1 .70 0 .89 0.81 2.59 2 .59 0.81

9 2.5 1 .6 2.05 0.78 1 .27 2.83 2.83 1 .27

10 2.3 2.2 2 .25 0.94 1 .31 3.19 3.19 1 .31

11 3.6 3.1 3.35 1 .06 2.29 4.41 4.41 2.29

12 5.0 3.6 4.30 1 .49 2.81 5.79 5.79 2.81

13 5 .0 3.6 4.30 1 .49 2.81 5.79 5.79 2.81

14 5 .0 4 .7 4.85 1 .63 3.22 6.48 6.48 3.22



Figure 9.4

Plot of item calibrations vs . standardized difference with 68%and95%control lines .

Z2 , ; (Table 2, Column9)

	

Control Line

2

-1

-2
X=Items 2 and 4
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Y=Items 12 and 13
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Old Form 1 Calibrations Centered on 0.4 Logits (Table 2, Column2)

95%

68%

68%
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10. INFORMATIONFUNCTIONANDMISFITSENSITIVITY

In this chapter wediscuss the "information" of a test and its items . "Information" is directly
related to misfit sensitivity so wediscuss both "fit" and "information ."

Theway"information" enters into determining the value of an observation is through its bearing
on the precision of measurement. Measurementprecision dependson the numberof items in the re-
sponserecord andon the relevance of each item to the particular person. On-target items makefor an
efficient test, off-target items donot .

Since measurementprecision dependsonthe numberof items in the response record andonthe
relevance of eachitem to the particular person, the evaluation of eachitem's contribution to knowledge

of the person can be calculated specifically . Information is the inverse square of the standard error of
measurement. Theinformation (I) in a test score or in ameasurederived from a score is I = 1/SE 2

which is one over the square of the standard error of that score or measure. Thesmaller the standard
error, the larger the information (I) . WhenSEmis in logits, information is in inverse square logits .
Replications enter information through the numerator. For the standard error replications enter through
the denominator.

For dichotomies where [p(1 p)] (proportion correct times proportion incorrect) is equal to In-

formation (I), then the square root of 1 over [p(1 p)] is the standard error : SE� , =1 111 or = I-112 .

Tests canbe comparedfor their information in order to see which test provides the most infor-
mation . Theconsequencesof lengthening or shortening atest canbe anticipated by observing the result-
ant gain or loss of information that accrues.

Whenitem andperson are close to oneanother, i .e . on target, then the item contributes moreto
the measureof the person than whenthe item andperson are far apart . Thegreater the "distance" (the
difference betweenthe person's ability andthe item's difficulty), the greater the numberof items needed
to obtain ameasureof comparableprecision .

Table 10.1 helps makesuch determinations . Column1 is the absolute logit difference IB- DI
betweenperson ability and item difficulty (B-D) . Column2 is the squared standardized residual

z2 =exp(IB - DI) . Exp(B-D) is the unexpectednessof an incorrect response to a relatively easy item

while exp (D-B) is the unexpectednessof a correct response to arelatively hard item . Eachz2 marks
the "unexpectedness" of a response.

Thevalues for every instance of unexpectednesscanbe ascertained andaccumulatedover items
to evaluate the response pattern plausibility of anyperson measure, or summedover persons to evaluate
the samplepattern plausibility of any item calibration . Themarkof unexpectednessis a positive differ

encefrom (B-D) or from (D-B) . Corresponding values for z2 canbe looked up in Table 10.1, which

gives values of zo = exp (B-D) for unexpected incorrect answersor values of Z,2 = exp(D- B) for

unexpectedcorrect answers.
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Table 10.1

Information in Termsof Relative Efficiency andMisfit Detection

80

Misfit
Difference Be-

tween
Detection Relative Numberof Items

PersonAbility
Squared as Efficiency Neededto

and
Standardized Response of the Maintain

Item Difficulty
Residual Improbability Observation Equal Precision

JB-DI
ZZ =exp(IB-DI) p-1/(1+z 2 ) I=400p(1-p) L=1000/I

-0 .6,0 .3 1 .50 100 10

0.4, 0.8 2 .33 90 11

0.9, 1 .2 3 .25 75 13

1.3, 1 .4 4 .20 65 15

1.5,1 .4 5 .17 55 18

1 .7,1 .8 6 .14 50 20

1 .9, 2.0 7 .12 45 22

2.1 8 .11 40 25

2.2 9 .10 36 28

2.3 10 .09 33 30

2.4 11 .08 31 32

2.5 12 .08 28 36

2.6 14 .07 25 40

2.7 15 .06 23 43

2.8 17 .06 21 48

2.9 18 .05 20 50

3.0 20 .05 18 55

3.1 22 .04 16 61

3.2 25 .04 15 66

3.3 27 .04 14 73

3.4 30 .03 12 83

3.5 33 .03 11 91

3.6 37 .03 10 100

3.7 41 .02 9 106

3.8 45 .02 9 117

3.9 50 .02 8 129

4.0 55 .02 7 142

4.1 60 .02 6 156

4.2 67 .02 6 172

4.3 74 .01 5 189

4.4 81 .01 5 209

4.5 90 .01 4 230

4.6 99 .01 4 254



Note that values of increasing unexpectedness (z2) =exp(IB- DI) correspond to an increasing

difference betweenperson ability anditem difficulty .

Column3 is p=1/ (1 +z'), the improbability of an observed response.

	

This p provides a

significance test for the null hypothesis of fit for anyparticular response.

Whenaccumulatedfor the kind of data most often encountered, eachz2 is distributed approxi-

mately X2with 1 degree of freedomeach. Whenz2s are accumulated over items for a person or over

persons for an item, the resulting sumsare approximately x2 with (L-1) degrees of freedom for a

person responding to L items and(N - 1) degrees of freedomfor an item respondedto by Npersons.

Asp decreases, the difference betweenperson ability anditem difficulty increases . Examplesof

misfit analysis are given in Chapter4 of Best Test Design (Wright &Stone, 1979).

Column4 is aninformation index I =400p(1- p) which indicates the relative efficiency which

an observation at any (B- DI provides about that person anditem interaction . Theindex is scaled by

400 to give the amountof information provided by the observation as a percentage of the maximum

information that oneobservation at IB- DI = 0, i .e ., right on target, wouldprovide . This index can be

usedto judge the value of anyparticular item or items used in measuringaperson.

It requires five 20%items at B- D=2.9 to provide as muchinformation about a person as

wouldbe provided by one100%item at I B- D=0. WhenI B- DI reaches 3.0 logits, it takes four to

five times as manyitems to provide as muchinformation as could be hadfrom items that fall I B- DI <1

region within onelogit of the person. As I B- DI >2.8, the probability of an unexpectedresponse such

asX=0 when(B-D) >2.8 or X= 1 when(B-D) <-2 .8 drops to P=.05 . This produces the possibility of

a statistically significant "misfit," aprobable invalidity in that response to that item .

Thetest length necessary to maintain a specified level of measurementprecision is inversely

proportional to the relative efficiency of the items used. Column5 gives the number(L) of less efficient

items necessary to match the precision of 10 "right-on-target" items . As items go increasingly "off

target" the numberof items required to maintain equal precision increases . Theincrease from on-target

items at a minimal difference betweenperson ability anditem difficulty to off-target items at a two logit

difference betweenperson ability and item difficulty is two-fold . Twice the numberof items are re-

quired . Anincrease to a three logit difference requires morethan five times the numberof on-target

items and an increase to a four logit difference requires morethan 14 times the numberof on-target

items! Off-target items are extremely inefficient, they require aninordinate numberof additional items

to maintain equal precision .

Figure 10.1 summarizesandfacilitates the useof the data in Table 10.1 .

Thevalues in Table 10.1 canalso be pictured as the logistic curves shownin Figure 10.2 . The
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Figure 10.1
Summaryandinterpretation of data provided in Table 10.1 .

horizontal axis gives I B- DI . Thevertical axis gives the values from Table 1 of z2, L, p, andI . Because

L is scaled to an intercept of +10, the Lcurve is located slightly to the left of the z2 curve . Both curves

showthe samefunction . Theslope, i .e ., loss of information, for I B- DI =0 to 2 logits is modest. This

slope increases greatly after 2 logits, andeven moreso after 3 logits . Theprogressive increase in slope

after I B- DI =2 logits showsclearly howinformation changesas a function of IB- DI .

"Information," as a concept and statistic, wasformulated by Sir RonaldFisher, (1921, pp. 316-

317) in conjunction with his formulations of efficiency andsufficiency .

In the logical situation presented by problems of statistical estimation, I have
shownthat amathematical quantity canbeidentified which measuresthe quantity
of information provided by the observational data, relevant to the value of any
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Relative (Ability- Item Efficiency and Sensitivity

Location Difficulty) of Misfit Detection

of Item Difference

Right on I B- DI < 1 " Excellent efficiency, 75%or better .

Target Nomisfit analysis possible .

Close 1 < IB-DI < 2 " Goodefficiency, 45%or better .

Enough Nomisfit analysis possible .

Slightly 2 < JB- D~< 3 " Poor efficiency, less than 45%.
Off Misfit detectable whenunexpected

responses accumulate.

Rather 3 < IB- DI < 4 " Very poor efficiency, less than 18%.

Off " Evensingle unexpectedresponses
can signal significant response
irregularity .

Extremely 4 < ~B- DI " Virtually no efficiency, less than 7%.
Off " Unexpectedresponses always

require diagnosis .



Figure 10.2

Functions of z2, L, p, and I .
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particular unknownparameter. That it is appropriate to speakof this quantity as
the quantity of information is shownbythe three following properties :

(i) Thequantity of information in the aggregate of two independent sets of obser-
vations is the sumof the quantities of information in the two sets severally ; each
observation thus addsa certain amountto the total information accumulated.

(ii) When,on increasing our observations, the sampling error of an efficient
estimate tends to normality, the quantity of information is proportional to the
precision constant of the limiting distribution .

(iii) Thequantity of information supplied by any statistic or group of statistics
can never exceedthe total contained in the original data (Fisher, 1934, p. 6-7) .

Fisher's quest wasfor the best statistic . Hereasonedthat such a statistic mustbeconsistent, tend
to estimate its parameter moreclosely as sample size increases ; efficient, have variance less than any
other statistic estimating the sameparameter andsufficient, incorporate all of the information available
in the sampleregarding its parameter. Whena sufficient statistic exists, it can be obtained by the method
of maximumlikelihood .

"A statistic which fulfills the criterion of sufficiency will also fulfill the criterion of efficiency"
(Fisher, 1921, p. 317) .

Information is simple in Raschmeasurement. It is just a function of the difference between
person ability anditem difficulty (B-D) as shownin Table 10.1 .



CONNECTINGTESTS

11. CONNECTINGTESTS

In this chapter wedescribe the basic strategies for connecting tests intended to measureon the
samevariable so that the separate measureseach test implies are expressed together on one single

commonscale . Theprocess begins by understanding howto link two tests . Next weconsider howto

connect several tests andfrom there weproceedto plans for connecting all possible tests .

Thetraditional methodfor connecting two tests is by equating the equal-percentile scores of a

sampleof persons whotake both tests simultaneously . This process requires a large sampleof persons

with scores broadly enoughdistributed to assure an adequate representation of eachscore-to-percentile

connection .

Raschmeasurementenables a moreeconomical and better controlled methodfor connecting

tests andbuilding item banks. Links of 10to 20commonitems are embeddedin pairs of tests composed

of otherwise different items . Eachtest is administered to its ownsample of persons. Noperson need

take morethan onetest . But all items in all tests canbe subsequently connectedthrough the network of

commonitem links .

Thetraditional approach to equating two 60-item tests, say Test AandTest B, is to give both

tests simultaneously to a sample of many,say 1200, persons as in Figure 11 .1 . Thelarge sampleis to

assure the detailed representation of score percentiles necessary for successful percentile equating .

Eachperson takes Test AandTest B, a total of 120items .

In contrast, the Raschapproachcando the samejob with eachperson taking only onetest of 60

items . Toaccomplish this athird 60-item test, C, is madeup of 30 items from eachof the original tests A

andB. Theneachof these three tests is given to a sampleof 400persons as depicted in the lower half of
Figure 11 .1 . Noweachperson takes only onetest, but all 120items are calibrated together through the

two 30-item links connecting the three tests . The testing burden on each person is one half of that

required by the equal percentile plan . But the equating of the tests is underfar better control . In actual

practice, the three samplescan also be halved to 200each without loss of control . This reduces the

amountof data to onefourth of that required for the equal percentile equating .

In Raschequating, the separate calibrations of each test produce a pair of independent item
difficulties for eachlinking item . Theequating modelasserts that eachpair of estimates are statistically
equivalent except for a single constant of translation commonto all pairs in the link .

If two tests, AandB, are joined by a commonlink of Kitems andeachtest is given to its own
sample of Npersons, then dA anddrB

canrepresent the estimated difficulties of item i in each test with
standard errors of approximately 2.5/N' 2 and the single constant necessary to translate all item
difficulties in the calibration of Test Bonto the scale of Test Ais

x
GAB=

	

(diA - diB) I K
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Figure 11.1

Traditional andRaschequating designs.
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with standard error of approximately 3.5/(NK)'I logits .

In contrast to traditional equating, in whichno quality control is available, the quality of this

Raschlink canbe evaluated by the fit statistic :
K

(d,, - di, - G")2 (N/ 12)[K/ (K-1)] - XK
a

which, whenthe two tests do fit together, will be distributed approximately chi-square with K

degreesof freedom.

In addition, the individual fit of eachitem link can be evaluated by

(d ;A - di, -GAB) 2 (N/ 12)[K/ (K-1)] - X

which, whenthe performance of that item is consistent with the equating, will be approximately
chi-square with onedegree of freedom.

These simple fit statistics enable detailed, item by item control and remediation of test

equations .

Whenusing these chi-square statistics to judge link quality wekeep in mindhowthey are

affected by samplesize . WhenNexceeds500 these chi-squares can detect link flaws too small to
makeany noteworthy difference in GAB, too small to matter . (Whencalibration samplesare large,

the root meansquare misfit is moreuseful . This statistic canbe usedto estimate the logit increase

in calibration error causedby link flaw .)

In deciding howto act on evaluations of link fit, wealso keep in mind that randomuncer-
tainty in item difficulty of less than .3 logits has no discernible bearing on person measurement

(Wright &Douglas, 1975, 35-39) .

Becauseof the waysamplesize enters into the calculation of item difficultly andhenceinto

the evaluation of link quality, wecan deducefrom these considerations that samplesas small as
200persons andlinks of as few as 10 gooditems will always be morethan enoughto supervise link

validity at better than .3 logits . In practice wehavefound that wecanconstruct useful andstable

item banks with sample units as small as 50 persons.

THECOMMONLINK

Thebasic structure required to calibrate manyitems onto a single variable is the common
item link in which one set of linking test items is shared by and so connects together two otherwise
different tests . Aneasy andahard test canbe linked by a commonset of intermediate items . These
linking items are the "hard" items in the easy test but the "easy" items in the hard test (Figure 11.2) .

With two or moretest links wecanbuild a chain of the kind shownin Figure 11 .3 .

The representation in Figure 11 .3 can be conveyed equally well by the simpler scheme
shownin Figure 11 .4 which emphasizesthe links and facilitates diagraming more complicated
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linking structures . Eachcircle indicates a test sufficiently narrow in range of item difficulties to be
manageableby a suitably chosen sampleof persons.

Figure 11.4

A chain with two links (simplified) .

Eachline connecting a circle represents a link of commonitems shared by the two tests it
joins . Tests increase in difficulty horizontally along the variable and are comparable in difficulty
vertically .

Links can be constructed to form a loop as shownin Figure 11.5 .

Figure 11.5

A loop of three links .



Theloop is an important linking structure becauseit yields an additional verification of link
coherence. If the three links in a loop are consistent, then the sumof their three link translations
should estimate zero .

in which

(GAB+GBC+GCA)- 0

whereGABmeansthe shift from Test Ato Test B as wego around the loop so that GCAmeansthe shift
from Test Cback to Test A.

Estimating zero statistically meansthat the sumof these shifts should cometo within a few
standard errors of zero . Thestandard error of the sum(GAB+GBC+GcA) is :

35(1/NABKAB+1/NBCKBC+1/NCAKCA
)1/2

N= the various calibration sample sizes and

K=the various numbersof items in each link .

With four or more tests wecan construct networks of loops . Figure 11 .6 showsten tests
marking out several levels of difficulty from Tests Athrough D. This network could connect ten
60-item tests by meansof nineteen 10-item links to construct a bank of 600-190=410commonly
calibrated items . If 100 persons took each test, then 410 items could be evaluated for possible
calibration together from the responses of only 1,000 persons. Evenpersons at 50 per test would
provide a substantial purchase on the possibilities for building an item bank out of the best of the
410items .

Figure 11.6

A network connecting ten tests with nineteen links .
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Thebuilding blocks of a test network are the loops of three tests each. Whena loop fits the
Raschmodel, then its three translations will sumto within a few standard errors of zero . The
success of the network at linking item calibrations can be evaluated from the magnitudesanddirec
tions of these loop sums. Shakyregions can be identified and steps taken to avoid or improve them.

Theimplementation of test networks leads to banks of commonlycalibrated items far larger
in numberand far moredispersed in difficulty than any single person could ever handle . The
resulting item banks, becauseof the calibration of their items onto onecommonvariable, provide
the item resources for a prolific family of useful tests, long or short, easy or hard, widely spacedin

item difficulty or narrowly focused, all equated in the measuresthey imply .

BANKINGEXISTINGTESTSANDITEMS

These methods for building item banks can be applied to existing tests and items, if they
havebeen carefully constructed . Supposewehavetwo non-overlapping, sequential series of tests
Al, A2, A3, A4and B1, B2, B3, B4which wewant to equate. All eight tests can be equated by
connecting themwith a newseries of intermediate tests X, YandZmadeup entirely from items
commonto both series as shownin Figure 11.7 .

Figure 11.7

Connecting two non-overlapping test series by intermediate linking tests .



Werethe AandB series of tests in Figure 11 .7 still in the planning stage, they could also be

linked directly by embeddingcommonitems in eachtest according to the pattern shownin Figure

11 .8 .

Figure 11.8

Connecting two test series by embeddingcommonlinks .

Networksmaximizethe numberof links amongtest forms becauseeachform is linked to as

manyother forms as possible . To illustrate, take a small banking problemwhereweuse 10 items

per form in a web in which each oneof these 10 items also appears in oneof 10 other different

forms . Thecomplete set of 10+1=11forms constitutes a webwovenout of 11 x 10/2=55individual

linking items . Every oneof the 11 forms is connectedto every other form . Thepattern is pictured

in Figure 11 .9 .

Thenumberentered in eachcell is the identification of the item linking the two forms which

define the position of that cell .

In this design, the webis complete becauseevery form is connectedto every other form. In

the use of websto build banks, however, there are three constraints which affect their construction :

1)

	

the total numberof items wewant to calibrate into the bank,

2)

	

the maximumnumberof items which wecancombineinto asingle form and

3)

	

the extent to which the bankwehavein mind reaches out in difficulty beyondthe
capacity of anyoneperson .



Thetesting situation andthe capacity of the persons taking the test forms limit the numberof
items wecan put into a single form . Usually, however, wewant to calibrate manymoreitems that
wecanembedin a complete weblike the one illustrated in Figure 11 .9 . Thereare two possibilities
for including moreitems .

A

B

C

D

E

F

G

H

J

K

Figure 11.9

Acomplete webfor parallel forms .
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(11x10)/2=55 Items

Thesimplest, but not the best, is to design a "nuclear" complete webwhich uses up some
portion of the items wecaninclude in a single form . Thenwefill out the required form length with
additional "tag" items . Thesetag items are calibrated into the bank by meansof the link items in
their form. Unlike the link items, however, which always appear in two forms, the tag items appear
in only oneform and so give no help with linking forms together into onecommonlycalibrated
blank .

Another possibility, which is better statistically, is to increase the numberof forms used
while keeping the items per form fixed at the required limit . This makesthe webincomplete but in
a systematic way. The paired data on every item appearing twice can be used to evaluate the
coherenceof bankcalibrations . Figure 11 .10 showsan "incomplete" webfor a 21 form design with
10 items per form, as in Figure 11 .9, but connecting nearly twice as manyitems .
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Anincomplete webfor parallel forms.
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N= MLI2

Where:
N= numberof items
M= numberof forms

i .e ., 2 NIL
L =

	

numberof items
(or links) per form
must be even

Theincomplete webin Figure 11 .10 is suitable for linking a set of parallel test forms . When

the reach of the bank goesbeyondthe capacity of any oneperson, however, neither of the websin
Figures 11 .9 and 11.10 will suffice, becausewewill be unable to combineitems from the easy and
hard endsof the bankinto the sameforms . Thetriangle of linking items in the upper right corners of
Figures 9 and 10 will not be functional andwill have to be deleted . In order to maintain the balance
of linking along the variable wewill have to do something at each end of the webto fill out the
easiest andhardest forms so that the extremes are as tightly linked as the center .

Figure 11.11 showshowthis can be done systematically for a set of 21 sequential forms .
Westill have 10 items per form, but nowonly adjacent forms are linked together . There are no
commonitems connecting the easiest forms directly with the hardest forms . But over the range of
the variable the forms near to oneanother in difficulty level are woventogether with the maximum
numberof links .



Anincomplete webfor sequential forms.
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Where:
N= numberof items

(or links) in the bank
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numberof items
(or links) per form
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K= L/4, if U2is even
K= (L + 2)/4, if U2is odd
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Eachlinking item in the websshownin Figures 11 .8, 11 .9, 11 .10, and 11.11 could in fact
refer to a cluster of two or moreitems which appear together in each of the two forms they link .
Sometimesthe design or printing format of items forces theminto clusters . This happensin reading
comprehension tests whereclusters of items are attached to reading passages. It also occurs on
mathandinformation retrieval tests whereclusters of items refer to commonexhibits . Clustering
increases the item length of each form by a factor equal to the cluster size .

Thestatistical analysis of a bank-building webis simple if the webis complete as in Figure
11 .9 . Therow meansof the corresponding matrix of form links are least square estimates of the

form difficulties . Weneed only be careful about signs . If the webcell entry GJk . estimates the

difference in difficulty (S ; - Sk ) betweenforms j andk andthe form difficulties are centered at zero

so that S. = 0, then

M

=1: GIk/M = Sj
K
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the row meansof the link matrix calibrate the forms onto their commonvariable . Onceform

difficulties are obtained, they need only be addedto the item difficulties within forms to bring all

items onto the commonvariable shared by the forms.

Theincomplete websin Figures 11 .10 and 11 .11 require us to estimate row meansfrom a

matrix with missing data . Theskewsymmetryof link matrices helps the solution to this problem

which can be donesatisfactorily by iteration or regression .

Whencells of the link matrix of Gjk , are missing, then initial values for Gj . can be obtained

from Equation [6] by using zero's for the missing G; k . .

Thenext step is to replace the missing Gjk . with estimates from the corresponding Gj . and

Gk . using G;k =Gj . - Gk . andrecalculating Gj . by Equation [6] .

Iterations of this process will converge to stable values for the test form difficulties G; . .

Aneven simpler but less informative solution is to express the data for all forms in one

large matrix in which every item has its owncolumn, every person has their ownrow and every

intersection, at which a person does not address an item, is recorded as blank . This matrix, with its

missing data, can be analyzed directly in one step with BIGSTEPS(Wright &Linacre, 1996).



THEMEASUREMENTPROBLEM

12. BUILDINGSCHOLASTICVARIABLES

Anyprofessional in aposition of responsibility in aschool musthaveawayto keeptrack of what

the school produces in student achievement. Theonly wayto account for what is produced is to have

a meansfor measuring scholastic growth in the areas for which the school is responsible such as

arithmetic andreading . Wewill call these growth areas, variables andspeakof the school's job as the

increase of students' standings on scholastic variables .

Although there is a great deal of information abouthowchildren are supposedto develop, and

whatkinds of stimulation is supposedto encouragethem, unless school effects canbe madeexplicitly

quantitative, it is impossible to evaluate school success. Aschool has to account for its educational

efforts . Todothis, the school has to construct scholastic variables on whichthe results of teaching can

be measuredand devise waysto measurethese results .

Noschool canneglect the measurementproblem. Schools haveto deal with it becauseit is the

only waythey canreport to themselves or to the people to whomthey are responsible the extent to which

they are accomplishing their reason for existing . Schools must be able to measuretheir students'

achievement.

Howcanschool variables bedefined andmeasured?Weare delugedwith tests from competing

publishers whoclaim that their products relate the scores of increasingly difficult tests andprovide

indications of growth in particular areas. Webelieve that scholastic growth can be manifest by

performanceontest items . Thereseemsnodoubt that useful andrelevant information canbeobtained

by giving students carefully selected questions to answerandthen observing howthey answerthem.

Thusweexpect to usetest performanceto infer students' standing on the scholastic variable provoked

by the test questions .

Thetrouble is that test publishers offer contradictory systemsfor quantifying test performance.

Thetranslation from onesystem to the other is neither definite nor agreed upon. Connecting test
publishers' measuresover the years of developmentis also difficult . Their equating systemsare not

convincing . Their reporting units of percentiles and grade equivalents are misleading .

Disagreementamongtest publishers is not the only problem. Difficulty in equating forms over

the years of developmentis another . Local school dissatisfaction with national test items is yet another.

Thedefinition of an educational variable provided by a publisher, although marginally acceptable in

NewJersey, maynot berelevant to aschool in Oregon. Butnoschool dares to gooff on its ownwithout
maintaining someconnection to other schools . Neither doesanyschool wantto capitulate to a"national"

standard imposedby somepublisher . National tests offer akind of comparability but lack relevance

andflexibility . Local tests offer relevance andflexibility, but lack comparability . Whatis neededis
ameasurementsystembasedon students' responsesto test questions as the essential observation with

tests madeupof items focusedoncommonscholastic variables of interest to the school but with results



that canbecomparedfrom school to school . Theingredients of these tests mustcomefrom the school

using themas well as from other reputable sources .

This flexibility, however, requires an objective methodof constructing scholastic

variables andchecking consistencies that is accessible andworkable for anyschool . Wecannot know

aheadof time whether there will be agreementamonglocal definitions of the scholastic variables .

Whetheror not local schools are working with the samescholastic variables as state or national agencies

is something that canonly be established empirically . Therealso hasto bearoutine andobjective way

to find out howeachtest variable is working from moment-to-momentandplace-to-place . Since the

only waydisagreementsamongdiffering agencies canberesolved is by anempirical check, the system

of checking mustbeacceptable to all parties, eventhough they maydisagree onthe content of someitems .

Thewayin which the relevance of items for a test is determined mustbe equally agreeable to

national and local groups. It must have a methodological basis which transcends arguments about

content . It mustresult in an objective measurewhich is immuneto political manipulation .

Measurementscanonly be madethrough somekind of test situation . Tests canbevalid if they

are properly constructed . Tobegenerally accepted, the test ingredients mustrepresent both local and

national wisdomandintention . Thevalidity of items mustbe verifiable in somewayequally satisfactory

to all . Also, anymeasure,being an estimate rather than the thing itself, mustbequalified by astandard

error, the relevant index of its reliability as an agent of measurement.

To accomplish this it is necessary to develop banksof calibrated andvalidated items . These

banksmustconsist of items which canbeconnectedtogether in suchawaythat anyselection from them

canbe usedas a reasonable test for the commonscholastic variable they, andall of the other items in

the bank, define .

ITEMBANKS

This leads us to the concept of the item bank, with items contributed by local as well as national

sources . National items wouldbeitems developedby expert teams. (SeeChoppin,1968; Wright,1977 ;

Wright andStone, 1979andWright andBell, 1984for an introduction to item banking.) Local items

wouldbethose items developedby school systems, by schools andevenby an inspired teacher of the

fourth grade whohas insight into the scholastic developmentof the children in her class .

There must be roomfor all of these ingredients in the item bank. But having allowed this

flexibility, there mustbe amethodfor checking whethereachitem is valid . It mustalso bepossible for

items that are valid to makeup atest suitable to the occasion . Suchatest mustbeequatable to anyother

test that might be constructed .

Whenabankis well madeandcovers a wide range of the variable, then it is possible to have

comparablemeasuresavailable for individual children with whatever set of items they take andhence

to follow student scholastic developmentlongitudinally from the early grades. This requires an easy

test that a secondgrader cantake andanother hard test measuringon the samescholastic variable but

somuchfurther along the variable that the samestudent cantake it 10years later andyet obtain ameasure

on the samescale andhencequantitatively comparableto the earlier measure. Items from these two

tests could hardly betaken byboth secondandtwelfth graders . Nevertheless, since weintend to compare
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the measuresimplied byeachof these tests andto beable to say in an objective wayhowmuchastudent
has grownon the scholastic variable in those 10 years, wemust find a wayto connect these items so
widely separated in difficulty to the scale of a single commonscholastic variable .

Aschool systemcannot escapethe responsibility of measurement. Butmeasurementneedsto
havecertain characteristics in order to be useful to the school system. Anitem bank, solves a number
of crucial problems. Thedevelopmental range problemandthe equatedforms problemis solved, and
whenthe bankconsists of local as well as national items, the relevance problem is also solved .

ITEMANALYSIS

Theoccasion onwhich astudent responds to an item, which weare relying onto showus where
the student stands scholastically, is fraught with avariety of potential influences . Butwhenweactually
ask astudent to answeraspecific question, wewouldlike to arrange things so that almost all that occurs
at the momentis just anexpression of that student's particular latent ability on the variable probed by
that item . Weare trying to provokein the student's responseaclear instance of this latent ability bymeans
of the latent difficulty of the item that hasbeenchosen. Howwell a student does on items of known
difficulty canthen be usedto infer the student's measureon the latent variable .

However,whenastudent answersanitem, there are the inevitable influences of motivation and
distraction, as well as incidental elements in the item itself, which impedeandfacilitate the student's
ability to solve it . Supposeit is amathematicswordproblem. If the student is a goodreader, it may
beeasier to do this item than if the student is apoor reader . It wouldbe unfortunate if wefailed to learn
about a student's mathematical competencebecausereading difficulties on mathitems obscuredthe
evidence the student wouldotherwise provide about mathcompetency.

Thereare also administration andtargeting difficulties which affect howstudents respond to
items : guessing (on items too hard for them), sleeping (on items too easy for them), fumbling (on how
the form is to befilled in), plodding (too slowly for the testing time andsonot finishing) andbias (for
andagainst success), all of which caninterfere with measurement.

Thesystemusedfor measurementmusthaveawayto protect itself andits users against being
mislead by unexpected disturbances in the observations from which the measureis estimated . The
systemmustbe able to detect spoiled measures. Onceatest hasbeen administered, wemustbe able
to detect improbable divergence from expectation, to catch andcorrect for the influences of guessing,
sleeping, fumbling, plodding andbias . Wemustbeable to identify anysecondaryfactors whichinterfere
with performanceon eachitem .

Themeasureestimated from ascore on atest is aninexact estimate . Weneedto knownot only
the validity of the item responses on which the measureis basedbut the reliability, the error, of the
measure.

Ameasurementproject hastwo parts, item banking andperson measuring. Whatis neededto
managethese twoparts is acommonsystemwhichunderlies both of themandso connects themtogether .
Theonly hopewehaveof succeedingwith ameasurementproject is to deduceamodelfor whatwewant
to happenwhenaperson encounters anitem, amodelformulated in the simplest practical terms, which
also implements the basic requirements of measurement.
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If wedo not havea model, wecannot tell howto connect items together in the bankor howto

free individual measurementsfrom the particular items whichhappento beusedon atest . If wedonot

knowwhat to expect, wehave no wayto tell whether a response is unexpected. Wemustbe able to

calculate from a modelwhatweexpect the answerto be so that wecanobserve whether a particular

answeris surprising . Thedetection of irregularities requires a frame of reference by which a surprise

canbe defined .

This leads to the realization that, as far as measurementis concerned, it is not only sufficient but

also necessary to pursue andenforce the fiction that eachitem canbe characterized by adifficulty and

nothing else andeachperson canbe characterized by an ability andnothing else . Weknowthat other

factors alwaysplay apart, but with a simple modelas our guide, wecanalways tell whetheror not those

other factors havespoiled the useof our simple modelas ameansfor calibrating items andmeasuring

persons .

Whena simple modelis put forward, that is not to say that what it is applied to is thought to be

simple . Rather it is to assert that only through the construction of successful approximations to asimple

modelhaveweanychanceof proceeding coherently andof makingprogress in managingameasurement

project .

It is also not to saythat whena student takes an item nothing is observedbut the student's ability

andthe item's difficulty . Instead, it is our plan to makean effort to arrange andmaintain things so that

whenastudent takes an item mostof what is observedis the expression of the student's ability against

the difficulty of the item so that the observedresponseis dominatedbystudent ability anditem difficulty .

Then, if somethingelse happens,wecanusethe frame of reference of our simple modelto identify the

disturbance andto makecorrection for it .

THEMEASUREMENTMODEL

Thetraditional true score modelspecifies the observedscore of aperson taking atest as the sum

of a true score andan error term:

where
x=OBSERVEDSCORE
t =TRUESCORE
e =ERROR

Butweknowthat rawscores cannot belinear in whatthey represent andthere is nouseful theory

for howbig the true score error term should be. Whatweneed, instead, is adifferent modelwhich not
only specifies that the person hasan ability which is expressed in his behavior, but also that eachitem
has a particular difficulty which is also expressed in anyresponses to that item, including the given
response. Finally, wewantamodelwhichspecifies howmuchdeviation from expectation is reasonable
andhowmuchis excessive .

THERASCHMODEL

x=t+e

TheRaschmodel(Rasch, 1960/1980) is a binomial probability model for a dichotomous
right/wrong response. TheRaschmodelspecifies that the probability of aright answeris defined by
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the difference betweenpersonability anditem difficulty . Then, whenthe probability of aright answer

is calculated to benear zero, but aright answeris nevertheless observed, that right answeris obviously
surprising . Being able to estimate the probability of aright answerenables us to be precise about the

extent of our surprise .

Thediscrepancy betweenobservation andexpectation canbe put into a standard form so that

wecanhaveastandard reference distribution for it . This quantifies the extent of our surprise . Wewill
be surprised whenaperson of low ability achieves something that requires exceptional ability . When

aperson attempts anitem manyunits harder than heis able andnevertheless gets it right, that right answer

might haveaprobability of occurring less than five in 100times . In that case, wemight take the position

that our surprise hasbecometoo large for comfort . Thuswehavea meansfor being explicit about the

extent of our surprise and, if wecan agree amongourselves as to what level of improbability is
unacceptable, then wehavean explicit andpublic rule which wecan apply to validate anyobserved

response .

This enables us to take an objective stand with respect to whatto do about correct answersto

items too manyunits abovea person's ability . Using the natural log odds units (logits) of Rasch

measurement,adifference of three logits wouldproduceanimprobability of .05 . In particular, wemay

decide to use such improbable answersonly for diagnostic purposes and to exclude themfrom our

measureof the person.

Whenan unexpected response occurs, wedonot ignore it, whatwedo is to decide whatto do

with it . Wemight decide to use it in the score, or to delete it . Wemight decide to use it to diagnose
the person or to diagnosethe item . Bothcanbeuseful . Whenonly oneperson usesoneitem unexpectedly,

that, in itself, will not tell us whether the person or the item producedthe unexpected condition . If we

suspect it wasthe item, wewill look at the responsesof other people to see whetherthat item continues

to behavepoorly, e.g . for manyboys, or for manyfourth gradeboys, or for whatevercondition wesuspect

might makethe item irregular . If, on the other hand, weare makinganindividual study of achild and

are concernedaboutbrain damage,emotional disturbance, afixation, or an inhibition, then wecould
becomeespecially interested in the diagnostic potential of unexpectedresponses, andmight evenseek

to provoke such responses for diagnostic reasons.

Acareful study of items is beneficial to anyschool system. It canproduceuniform content-free

public decision rules that canbe applied fairly andwithout prejudice .

LINEARITY

MEASUREMENTCRITERIA

Whenwethink about avariable, wehave in mindthe straight line so well represented by the

familiar yardstick . Onedirection of this line represents moreof the variable ; the other, less . Person
measuresare locations along the interval scale of this line . This simple idea is illustrated in Figure 1 .

That weemploythe idea of a straight line whenwethink about variables like height andweight
is obvious . But the relevance of this idea maynot be as obvious whenwespeakof constructs such as
intelligence or attitude . Nevertheless, webetray our reliance on this simple anduseful idea whenever



LESSOFTHE

	

MOREOFTHE
VARIABLE

	

VARIABLE

wesaythat oneperson has amorepositive attitude than another, or wheneverwereport an intelligence

score for a child .

Ourinevitable reliance uponthis simple idea wasnoted long agoby L. L. Thurstone:

Thevery idea of measurementimplies alinear continuumof somesort such as length,

price, volume, weight, age. Whenthe idea of measurementis applied to scholastic

achievement, for example, it is necessary to force the qualitative variations into a
scholastic linear scale of somekind . Wejudge in a similar wayqualities such as
mechanical skill, the excellence of handwriting, andthe amountof aman'seducation,

as thoughthese traits werestrung out along asingle scale, although they are, of course,
in reality scattered in manydimensions. Asamatter of fact, weget along quite well with
the conceptof a linear scale in describing traits evenso qualitative as education, social

andeconomicstatus, or beauty . Ascale or linear continuumis implied whenwesay that
amanhasmoreeducation than another, or that awomanis morebeautiful than another,

eventhough, if pressed, weadmit that the pair involved in eachof the comparisonshave

little in common. It is clear that the linear continuumwhich is implied in a "more and

less" judgmentis conceptual, that it doesnot necessarily havethe physical existence of

a yardstick (Thurstone, 1928a, p. 532) .

INVARIANCEOROBJECTIVITY

Whenwemeasurea variable such as verbal ability, the measuresweobtain mustnot depend

uponthe particulars of the items administered . Ourability measuresmustbe freed of the particulars
of the items taken in the samewaythat measuresof height haveameaningwhichis independent of the

particular yardstick usedto obtain them.

Thurstone sawthe necessity of this in 1926, and described the following requirements of a

satisfactory measuringmethod:

It should bepossible to omit several test questions at different levels of the scale without
affecting the individual score . It should not be required to submit every subject to the
wholerangeof the scale . Thestarting point andthe terminal point, being selected by the
examiner, should not directly affect the individual score (Thurstone, 1926, p. 446) .
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Thurstone also pointed out the accompanyingnecessity of being able to obtain difficulty

estimates for items which are freed from the particulars of the calibrating sample:

Oneof the first requirements of a solution is that the scale values of the statements of

opinion mustbe as free as possible, andpreferably entirely free, from the actual opinions
of individuals or groups . If the scale value of oneof the statements should be affected by
the opinion of any individual person or group, then it wouldbe impossible to comparethe

opinion distributions of two groups on the samebase (Thurstone, 1928b, p . 416) .

Andin the sameyear:

Thescale musttranscend the group measured. Onecrucial experimental test mustbe

applied to our methodof measuring attitudes before it canbe accepted as valid .

Ameasuringinstrument mustnot be seriously affected in its measuringfunction by the

object of measurement. Tothe extent that its measuringfunction is so affected, the validity
of the instrument is impaired or limited . If ayardstick measureddifferently becauseof

the fact that it wasa rug, apicture, or apiece of paperthat wasbeing measured,then to
that extent the trustworthiness of that yardstick as ameasuringdevice wouldbeimpaired .

Within the rangeof objects for whichthe measuringinstrument is intended, its function
mustbe independent of the object of measurement(Thurstone, 1928b, p. 547) .

Thecriteria for "measurement"are : logical ordering, linear scales, andobjective comparisons.
Amodel is neededwhich enables observations to be transformed into measureswhich meetthese
requirements .

In the early 1950's GeorgRasch(1960/1980) undertook to obtain measuresof reading ability

which wereindependent of the difficulty of the test taken :

In a concrete formulation of this problem I imagined - in good statistical tradition - the
possibility that the reading ability of astudent at eachstage, andin eachof the two above-
mentioneddimensions, could becharacterized in aquantitative scale, but by apositive real
numberdefined as regularly as the measurementof alength (Rasch, 1977, p. 59) .

Raschcoined the term "specific objectivity" to describe comparisonsamongpersons whichare
independent of the item parameters, andcomparisonsamongitems which are independent of the person
parameters.

THEITEMBANKINGMODEL

Item bankingcanbeaccomplishedwith Rasch'spsychometric methods. His measurementmodel
describes the probable outcomeof anyencounter betweenaperson andan item as entirely determined
by two parameters - the "ability" of the person, represented by b; and the difficulty of the item,
represented byd. If weusethe numericlabels x=1to represent acorrect answerandx=0to represent
an incorrect answer, then Rasch's modelfor the probability of response x is :



P(x =0, l1b,d) =exp[x(b- d)] / [l+ exp(b-d)]

or

	

log
Px=1

	

= b - d
Px=o

Raschspecifies that the log odds(logits) that aperson with ability b answerscorrectly an item

with difficulty d correctly be dominatedby the difference (b-d) betweenperson ability b and item

difficulty d. This positions persons by their ability anditems by their difficulty on the interval scale

of a single variable which they share. Theresult is probabilities of potential interactions between

persons anditems which are positioned along onecommonline andspecifications of expectations for

all possible responses.

Becausethe parameters b anddin Rasch's modelappear as separate terms in alinear function,

they canbe separated in the application of the model. Thedifficulty calibrations of the items canbe

estimated in a waywhich frees themfrom the ability distribution of the persons usedand the ability

measuresof the personscanbe estimated in a waywhich frees themfrom the difficulty distribution of

the items they happento take . This producesthe "sample-free" item calibration and"test-free" person

measurement(Wright, 1968)whichThurstonedemanded.

Thesufficient statistics for these results are the test score for eachperson andthe numberof

persons whorespond correctly to eachitem, the samplescore for each item . But these scores are not

yet calibrations or measuresbecausethey are nonlinear on the variable they are intended to measure

andalso sampleandtest dependent. TheRaschmeasurementprocedure, however, canusethese familiar

rawscores to construct sample-free item calibrations andtest-free person measuresonacommonlinear

scale .

Eachitem's rawscore is specific to the ability distribution of the sampleusedon that item, but
the linear Raschitem calibrations are adjusted so that the effects of this ability distribution are removed.

Theresulting sample-free item difficulties canbeusedto define ageneral variable of meaningwhich

canreach beyondthe particular occasion of calibration .

Eachperson's rawscore is specific to the pattern of item difficulties in the particular test he or

she takes, but the linear Raschability measuresare adjusted so that the effects of this item difficulty

distribution are removedandthe person's ability is generalized onto the variable defined by the whole

set of calibrated items .

Whetheranyparticular set of calibrations andmeasuresare in fact test-free andsample-free can

be verified at eachstep by simple methods(Wright andStone, 1979). Verification of fit to the Rasch
measurementmodelprovides an explicit quantitative definition of item function validity andperson
performance validity and enables continuous quality control over item calibration and person
measurement.

With a workable calibration procedure and a methodfor the evaluation of fit, it becomes
practical to turn our attention to acritical examination of the calibrated items to seewhat it is that they
imply about the possibility of a variable of someuseful generality . Wecan find out whether our

calibrated items spread out in awaythat showscoherent andmeaningful direction . Wecanexamine
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the hierarchy of item content andevaluate the extent to which this order indicates aline of increasing

competenceof recognizable meaning.

DEFININGAVARIABLE

Ourintention nowis to showhowcalibrated items canbe usedto define avariable andhowto

find out whetherthe resulting operational definition of the variable makescontent andconstruct sense.

Webegin by examiningthe degree to whichthe spread of item difficulties exceedsthe standard error

of their estimates, that is, the degree to whichthe data havegiven adirection to the variable . Consider,

for example, the estimates of two item difficulties with their respective standard errors of estimation .

In order for these two items to define aline betweenthem, the difference betweentheir estimates must

besubstantially greater than the standard error of this difference! Only whenthe twoestimates are well

separated by several calibration standard errors can webegin to see a line betweenthe two items

suggesting adirection for the variable defined by their content andorder .

If, however,whenwecomparetwoitem difficulty estimates, eachbracketed by astandard error

or two, they overlap substantially, then wecannot assumethat the two values differ in difficulty, and

as aresult, cannot see a direction for the variable . Instead, the items define apoint without direction .

If the items do not spread out, then what have wedefined? Only a point, perhaps onsomevariable,

perhapsnot . But the extent andhencethe meaningof the variable is still missing .

Figure 12.2 illustrates this idea . In the first examplewehaveitems AandBseparated from each

other by several standard errors . Evenwith twoitems weseeadirection to the variable as pointed out

by these twoitems . In the secondexample, however, wefind the two items so close to eachother that,

considering their standard errors, they are not separable . Wehaveapoint . But no direction hasbeen

established and so noquantifiable concept of the variable has as yet beenimplied . Only whenitems

canbeseparated along the line representing the variable of interest havewebegunto realize aconstruct .

Figure 12.2

Defining a variable .
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In this discussion wehaveintroduced amethodby whichobjective scholastic variables can be
constructed . Developing banksof Raschcalibrated items is the method. Item analysis is the tool by
which these banks are built . Themeasurementmodelof GeorgeRaschprovides the meansby which
weconstruct these measurements. It provides a workable calibration procedure andamethodfor the
evaluation of fit . Successful item bankconstruction canmeetthe criteria that Thurstone stated in defining
the requirements of measurement- valid ability scales which transcend their particular items .

In the accompanyingchapters weexplore eachof the above areas in detail .



13. ITEMBANKING

This chapter discusses the curricular implications of item bankingandits usefulness to all who

dependon tests to evaluate educational achievement. Wereview the psychometric basis of item banking

and give equations for building abank. Weconclude by showing howitem quality control can be

maintained over abankof items .

THEIDEAOFITEMBANKING

Amerecollection of items is not an item bank. Anitem bankis a set of carefully composedand
jointly calibrated items that develop, define andquantify asingle commonthemeandhenceprovide an

operational definition of one variable .

Thefirst step in building an item bank is to develop its specifications . If weare building a

scholastic variable it will benecessary to define the curriculum area andthen to determine whichitems

explicate it . Todo so requires the expertise of professionals familiar with that curriculum area : teachers

andcurriculum experts .

Weneedaplan for the scholastic variable which is sufficiently detailed to specify howthe items

are expected to be ordered by difficulty along onemain line of scholastic growth. This is important

becauseit is in this beginning step that wedemonstrateour understanding of the line of inquiry that is

intended to define the scholastic variable underconstruction . If wediscover that wedonot haveaclear

enoughunderstanding of the items to arrange thembydifficulty order, then wehavediscovered that we

do not knowenoughabout what weare trying to do to succeed.

Toaccomplish item development:

1 .

	

Chooseor write an item that youconsider clearly on the line of the scholastic

variable to be constructed .

Intended Difficulty : ----1----> Harder

2.

	

Adda second item written to be easier than the first item .

Intended Difficulty : ----2----1----> Harder

3.

	

Addathird item written to be harder than the first item .

Intended Difficulty : ----2----1----3----> Harder

4.

	

Next, adda fourth item positioned betweenitems oneandtwo andafifth
positioned betweenitems oneandthree .

Intended Difficulty : ----2----4----1----5----3---> Harder

107



5.

	

Continue this stepwise process by positioning successively easier andharder items
which extend the line of existing items andby filling in the spaces betweenthese items

with additional items positioned in difficulty betweenpairs of existing items .

This process of constructing the variable with items canberefined byre-positioning items upon

further consideration andbyreview by other experts . Thefinal line of items should showan ordering

of items positioned by their intended difficulty from the easiest to the hardest . Successful construction

of suchaline of ordered items is anindication that the essenceof the variable is understood bythe item

writers, andthat the growth line implied by the scholastic variable andthe items which define it belong

together andlead somewhere. Whenweare not able successfully to position items along aline of growth

by their difficulty, that is asign that wedonot understand our idea of the variable or the items required

to describe it well enoughto proceed.

Eachitem mustrepresent anelement in the strand of the scholastic variable weare building and

eachitem musttest someknowledge, skill or behavior at a specified position along the increase of that

variable . Whenthe items are empirically calibrated, these "conceptual" positions canbe verified and

improved. When,finally, the items are well-located along the line of a scholastic variable, then the

scholastic variable hasacquired a meaningful anduseful operational definition .

Items with low calibration values entail easytasks that define the lowendof the variable . Items

with high calibration values entail difficult tasks that define the high endof the variable . Thearrangement

of items by their order of calibrations from easyto hard describes the path of learning that moststudents

follow as they progress along the line of the scholastic variable . Theempirical item calibrations can

be obtained by applying the Raschmodelfor what ought to happenwhena student attempts an item

(Rasch, 1960/1980; Wright &Stone, 1979). This probability modelimposes an orderly response

process on the data . Theprobabilities obtained specify whatis expected to occur, with somegive and

take, becauseno student will follow the expected line exactly .

Theprocess of item planning, writing and positioning, along with the confrontations and

revisions provokedby subsequent item calibrations, is anintegrated andconstructive dialogue between

the item construction phaseof bankdevelopmentandthe item calibration phase- betweentheory and

practice . This dialogue will progress in successive stages as better andbetter confirmation of item

positions is achieved and the operational definition of the scholastic variable evolves . Continual

monitoring of the bankbuilding process is both required andbeneficial .

Whena scholastic variable is well understood, the task of constructing its item bank is

straightforward . But whenthe variable is newly conceived or not clearly understood, the interactive

process betweenitem positioning anditem calibration mayrequire manystages before useful agreement

betweenintention andrealization, betweenidea andexperience is achieved .

It is important to recognize that the agreementto be achieved betweentheory andpractice is the

methodfor control over item developmentquality . Creative item writing is required to capture and

implementthe essenceof ascholastic variable . Theempirical calibration of these items gives the item

writers feedback on the utility of their creative efforts .

Reviewingthe evolving line of items from easy to hard along the intended variable promotes
communicationbetweenthe specialists of curriculum andteaching andthose of test construction . The
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resulting marriage of these two specialty areas can produce valid scholastic variables defined by
operationally efficient items .

THEUSEFULNESSOFITEMBANKS

Awell constructed andorganized item bankenables a wide variety of tests . Eachtest canbe
tailored to the objectives of its useandyet be quantitatively connectedto the commoncore of bankitems .
Additional items canbe addedwhenevertheir calibrations are found to fit the growing commoncore
of calibrated items .

Awell constructed item bankprovides the elements necessary for designing the best possible
test for any assessmentpurpose. It is not necessary for every student to take the sametest in order to
be able to compareresults . Students cantake only those items closest to their level of developmentas
in computerassisted instruction . Thenumberof items, level, range of difficulty andcontent canbe
selected individually from the bank. Eachindividualized test maintains quantitative comparability
becauseanytest formedfrom calibrated bankitems, onwhichavalid pattern of performanceis obtained,
canbe automatically equatedthrough the calibration of the test items to all of the items in the bankand
so to all of the measuresproducedby every other test that has ever beenor might sometimebeformed
from this bank.

Avery wide-range test for general screening canbe formed as well as narrow tests for specific
purposes. Thetwoprocedures of wide-range screening andnarrow-range measuringcanbecombined
to implementadaptive testing . Thewide-range test locates the student's general area on the line of the
scholastic variable andthe narrow-range test pinpoints the location for the mostefficient measurement
of that student .

TOCONSTRUCTANITEMBANK:

BUILDINGANITEMBANK

1 .

	

Begin with a pool of items dominatedin their content by a commoncurriculum line .
Theseitems are best whenconstructed andarranged according to a clear
hierarchy of increasing conceptual difficulty .

2.

	

Apportion these items amongtest forms so that there is a webof common
items which forms a network of connections amongall test forms. This web
canreduce the test size of eachform to manageablelength and yet distribute all
items over the manyforms connectedby the webof shared items .

Theflow chart in Figure 13.1 outlines the basic steps necessary to build a pool of coordinated
items into a calibrated bank.

DESIGNINGTESTFORMS

Items mustbe distributed amongtest forms so that there is a webof commonitem connections
which maximizesthe statistical strength of the linking structure, while meeting the practical require-
mentsof the test situation (for details seeWright &Stone, 1979, Chapter 5) .

109



Figure 13.1

Flowchart for building an item bank.



Designinput includes the numberof items to becalibrated, the numberof items desired per form,
the numberof items desired per link, the expected difficulty of eachitem andwhetherthe pattern of form
difficulties is to be horizontal or vertical . Thedesign determines the numberof links per form, total
numberof links andtotal numberof forms necessary for an optimal web.

Thedesign process constructs afile of item specifications from which the banking systemworks.
This list includes item identification number,name,link number,expected difficulty, correct responses,
andassociated forms so that item test form placementscanbecheckedandlisted item-by-form andalso
form-by-item in their within-form position in order to facilitate the verification of content coherence
andform assembly.

CALIBRATINGTESTFORMS

Whenforms are designed, assembled and administered, student responses are collected,
recorded and filed in an individual record for eachstudent that includes student identification, form
taken, andthe student's item response string . This student file is the form calibration input . Theitem
file prepared during form design andthe student file obtained from testing, are usedto calibrate items
within eachform in order to analyze within-form item andstudent fit andthen to calibrate all items and
measureall students simultaneously on onecommonlinear variable . (A useful computerprogramfor
this is BIGSTEPS,Wright &Linacre, 1997.)

Theform equating, accomplished by the single simultaneous analysis of all forms, can be
evaluated in detail by explicitly linking the separate analyses of eachform in which item difficulties
are still relative to the local origin defined byeach form . Connections amongforms canbemadeexplicit
by a link analysis of the connections of all forms to the single commonscale .

Analysis of fit evaluates the degreeof consistency betweenobservation andexpectation andthe
extent to which anysubdivisions of observeddata (by group, gradelevel, sex, etc .) producestatistically
equivalent item andform calibrations . There is ahierarchy of fit statistics available to implementfit
analysis .

ITEMWITHIN-FORMFIT

Aroutine checkon whetheritem difficulties are sample-free is doneduring form calibration .
If item estimates are invariant with respect to student abilities, student samplesubdivisions will give
statistically equivalent item difficulties . Onewayto evaluate sample-freeness is to divide the sample
into raw score subgroupsandthen to comparethe observed successeson eachitem i in eachrawscore
subgroupgwith the numberof successespredicted for that subgroup. If the general parameterestimates
are adequate for describing score group g, then the observed numbercorrect in group g will be near
the estimated modelexpectation

with modelvariance

ANALYSISOFFIT

Rg; =1: Nrpri
reg
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CALCULATINGTESTFORMLINKS

Ssi

=IN,
Pri [ 1- Pri ]
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exp(b, -d)
Pn l+exp(b,-di)'

N, is the numberof students with raw score r and
pri

is the estimated probability of success

for a student with score r on item i, given the general ability anddifficulty estimates b, for score r

and d; for test item i .

If observedandexpected numberscorrect are statistically equivalent, given the modelvariance
of the observed, then there is no evidence against the conclusion that the subgroup concurs on the
estimated difficulty of item i . Thestatistical precision (reliability) of this estimate can be specified
with its modeledstandard error . Similar analyses can be donefor student subgroups defined in other
ways.

Another wayto check within-form item fit is to evaluate the agreementbetweenthe variable
manifested by item i andthe variable defined by the other items . Auseful statistic for this is an"infit"
meansquare in which the standard squared residual of observation x from its expectation p,

z 2 . = ( xni - Pni ) 2 / [pni

	

for eachstudent n's responseto item i, is weighted bythe information in

the observation, q,,i = pni (1- p.), andsummedover the Nstudents .

N
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This "infit" statistic is useful becauseit is robust with respect to idiosyncratic outliers . Thealternative
"outfit" statistic that detects outliers is the unweighted meansquare,

N

Ui =~z2/(N-1) .

	

13.4
n

Whendata fit the model, these statistics estimate one with variance of order [2 / (N-1)] .

For moreexact estimates of these variances seeRasch,1980, pp. 193-194 or Wright &Masters,
1982, p. 100.

Whenthe items in each form havebeencalibrated separately within eachform, there are asmany
difficulty estimates for each item as there are forms in which it appears . Theitems that appear in more



than oneformprovide the linking data. Thedifferences observedbetweenwithin-form item calibrations
andthe modelrequirement that eachitem becharacterized byasingle difficulty, regardless of form or
sample, estimate the relative difficulty of eachform . This form difficulty is then addedto the within-
form item calibrations to place every administration of every item onto onecommonbankscale .

CALIBRATINGFORMSONTHEBANK

Toestimate the shift in difficulty betweentwoforms, k andj, aweighted average of difficulty
differences is calculated for the items linking them

n

J, [d i; - dik I Wikj

where dik and d ij

	

are the estimated difficulties of linking item i in forms k andj, n is the number

of items in this link, andwikj =1/ (se k + sej) is an information weight basedonthe item calibration

standard errors, se ik , and se ii . Thestandard error of the difficulty shift tkl is

n v2

se, =1/

	

wikJ

	

13.6
i

Theshift tk .I estimates the difference in origins of forms kandj . Ashift is calculated for every
pair of forms linked bycommonitems . Whenevery possible pair of forms is linked, then the difficulty
Tk of form k is the average shift for form k over all forms .

whereMis the numberof forms and t kk = 0. Thestandard error of form difficulty Tk is

M lit

sek = (Y sekj 2

i

tkg = tjk =0

/M

13.5

13.7

13.8

Equations 13.5 through 13.8 assumeevery form is linked to every other form . Whenlinks are
missing betweensomeforms, as is usually the case, an iterative procedure can be used to bridge the
emptycells . Emptycells can be started at

13.9

andthe form calibrations Tk improved step-by-step by calculating temporary form difficulties with
Equation 13.7, adjusting emptycells to



andthen reapplying Equation 13.7 iteratively until the successive values of T stabilize . This process
works as long as every form can be reached from every other form by somechain of links .

This procedure sets the bankorigin at the center of all forms so that form difficulty Tk is the
difference betweenthe center of form k andthe center of the bank.

ITEMWITHIN-LINKFIT ANALYSIS

Toverify the extent to which the linking items perform adequately within their forms combine
the item-within-form fit statistics of Equation 13.3 into a within-form fit statistic for the link .

forms .

ITEMBETWEEN-LINKFIT ANALYSIS

t k; =T-T and tjk =T-Tk
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where Vk is the fit of item i in form k

V, is the fit of item i in formj, and

n is the numberof items in the link .

This statistic estimates onewith variance of order [ 1 /n (N-1 )] whenthe link items fit within

To check the extent to which link items agree on the relative difficulties of their two forms,
calculate the ratio of observed to modelvariance .

n
i(d ; k - dr1

r
)

2

Betweenform link fit =

	

n
Y, wtlg
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wherenow w;4 = [se k +se;, ] andthe within form item difficulties, d;k have been translated to their

bank values d;k by

d;' = drk +Tk

	

13.13

Values substantially greater than one, given expected variance [2 / (n - 1)] , signify that some
items operate differently in the two forms . Aplot of d;k versus d;ij over i facilitates the evaluation
of link status andthe identification of aberrant items (see Wright &Stone, 1979, pp. 92-95 ; Wright &
Masters, 1982, pp. 114-117) .



LINKWITHIN-BANKFITANALYSIS

Tocheckthe extent of agreementamonglinks with respect to formdifficulties review the extent

to which eachentry in the matrix of observed shifts betweenforms is close to the difference in bank

difficulties of the forms . Toevaluate whether a link fits the bank, calculate the link residual

where t v is the observed shift betweenforms k andj, and Tk and T are their bank difficulties .

Theselink residuals canbe standardized to meanzero andvariance onebydividing themby the

standard errors, se,, of their t, 9 of Equation 13.5 and multiplying by [M/ (M- 2)]11z whereMis the

numberof forms in the linking network.

FORMWITHIN-BANKFITANALYSIS

Tocheck the fit of eachform to the bankas awholecalculate

whereL is the numberof t kl observed for form k.

REVIEWINGTHERESULTINGBANK
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Thecriterion value of Vk is also one, this time with variance of order [2 / ( L - 1 )] .

Thefit of alink or a form into the bank is related to howwell linking items fit within their own

forms . Whenthe numberof students taking a form is large, the item fit statistic variances canbecome
unrealistically small andmustbetaken with agrain of salt . Careful investigation of doubtful items is
always instructive and invariably leads to insight into the nature of the variable . Themisfit of links

within the bankis usually associated with particular forms . This canoccur whenaform is inadvertently
administered to asampleof students for whomit is inappropriate . Thebest items for estimating form
difficulties are those that satisfy the various fit analyses .

At this point anITEMLIST (Figure 13.1) whichgives eachitem in the bankbysequencenumber,
legitimate alternatives, correct responses, item name,bankdifficulty, betweendifficulty root mean
square, andwithin form fit meansquare is useful .

Bankdifficulty is the averageof the item's difficulties in the forms in which it wascalibrated,
adjusted for these forms' local difficulties . Abetweendifficulty root meansquare, the square root of
the averagesquareddifference betweenan item's bankequated difficulties in eachform andits bank
difficulty is useful to tag potentially errant items . Items showingbetweendifficulty root meansquares
greater than 0.51ogits are frequently found to havebeenmiskeyedor misprinted in oneof the forms in
which they appear.



Thewithin-form item fit meansquare of Equation 13.3 canbe standardized to meanzero and

variance one so that the average square of these standardized within-form fits can summarizeitem
performanceswithin forms. Its sign is taken fromthe sign of the standardized fit with the largest absolute
value to distinguish between misfit caused by unexpected disorder, indicated by large positive

standardized fits, andmisfit causedby unexpected within-form inter-item dependence,indicated by
large negative standardized fits . It is useful to tag items producing values greater than 2 or less than
-2 for further examination .

AnITEMMAP(Figure 13.1) which displays the variable graphically by plotting the items
according to theirbank difficulties along the line of the variable whichthey define, will enable teachers

to examinethe relationship betweenthe content of the items andtheir bankdifficulties in order to review

the extent to whichthe empirical item order defines acurriculum strand that agrees with their curriculum
expectations and so hasconstruct validity for them. Theitem mapprovides aframeworkfor writing

newitems to fill gapsthat appear in the definition of the curriculum strand andfor choosing items for
newtests .

AFORMLIST(Figure 13.1) whichgives eachform byform number,name,numberof items and

bankdifficulty is useful . Eachitem is listed by form position, item name,key, within form difficulty
andstandard error, total within form standardized fit, andbankdifficulty . This facilitates the review

of eachform as a wholeandthe identification of form specific anomalies .

AKIDLIST (Figure 13.1) which gives each student by identification, ability measure, error
andfit statistic indicates whichstudents misfit by displaying their responsestring andits residuals from
expectation, so that teacher andstudent see the specific item sources of misfit .

AKIDMAP(Figure 13.1) produces a graphical representation of eachindividual student's
performance. Themapfor eachstudent showswherethat student andthe items they took stand onthe

curriculum strand, which items were answeredcorrectly, the probability of eachresponse, andthe
student's percent mastery at eachitem . This provides teacher, student andparent with apicture of the

student's performancewhichcombinesin oneeasy to readpicture specification of criteria masterywith
the identification of unexpected strengths andweaknesses.

ITEMQUALITYCONTROL

Onceitems havebeenbanked, the identification andstudy of misfitting items follows . The
irregularities most often identified are mechanical and clerical such as miskeying, misprinting,
misscoring, morethan oneright answerandnoright answer. Sometimes,however, item misfit brings
out anomalies in student performancewhich leads to newandunexpected understanding of howthe
subject matter contained in the item is learned andused.

Theitem infit andoutfit meansquare fit statistics of Equations 13.3 and13.4 indicate the degree
to which an item functions as intended . Meansquare statistics greater than 1 .4 imply noise in item use,
outbreaks of guessing or carelessness, or the presenceof secondaryvariables correlated negatively with
the intended variable . Meansquare statistics less than 0.6 imply inter-item dependenciesor the presence
of secondary variables correlated positively with the intended variable .



MISFITPATTERNS

Miskeying andscanner errors usually causean item to appear moredifficult than anticipated,
makingitem fit too large .

Misfit causedby student behavior, such as guessing andcarelessness, is not diagnosedwell by
item fit statistics becauseitem statistics lumptogether students behaving differently . Disturbances that
are the consequencesof individual student behavior are best detected andbest dealt with through the
fit analysis of individual students (Wright &Stone, 1979, Chapters 4&7) . But item statistics cancall
attention to items that tend to provoke irregular behavior in manystudents .

Guessing is aproblemonly whenstudents inclined to guessare also provokedto guessonitems
that are too difficult for themandthen only whenthose particular students happento guesscorrectly .
This is moreprobable for low ability students but mayoccur for others dependinguponthe value given
to an outcomeor success onthe test andthe time allowed . Problemsof guessing are best addressedby
targeting test administration so that it doesnot provoke guessing by allowing enoughtest time so that
students are not rushedandbyreviewing eachstudent's responsepattern for the presenceof improbable
right answerswhich might havebeenachieved by lucky guessing .

Carelessness occurs whenahigh ability student fails aneasyitem . Thepattern in item statistics
is low difficulty andhigh fit . This, too, is mostusefully andaccurately detected through the identification
of improbable wronganswersin individualized person fit analyses .

OTHERSOURCES

Whenthe disturbance in a misfitting item is not mechanical or clerical, the cause is usually
special knowledge. Interactions with curriculum specifics affect the shapeof the response curve .
Dependenceon askill that only high-ability students are taught canmakeanitem unfairly easier for these

high ability students . This will cause the item to have a fit statistic that is improbably low andan
unusually high point biserial . Onthe other hand, dependenceon a skill that is negatively related to
instruction, so that low-ability students possessmoreof it, canmakean item unfairly easier for low-
ability students and, hence, give it a fit statistic that is improbably high . Either way, the interaction
disqualifies the item for usewith students whoare unequal in their exposureto the special skill . When
fit is too high, the item is unfair to moreable students . Whenfit is too low, the item is unfair to less able
students .

One-stepimplementation of anitem bankcanbedoneusing acomputerprogramlike BIGSTEPS
(Wright &Linacre, 1997). But the data layout mustbe organized so that the separate forms flow into
onestandard frame of reference . Anintegrated item banking systemlike SAMS(Wright, Linacre &
Schultz, 1991) canbe usedfor general school applications .



14. VARIABLEMAPPING

This primer showshow variable mappingis fundamental to measurement. Mappingis where
test developmentbegins (as an idea) andmappingrepresents its realization (through empirical valida-
tion) andits actionable interpretation .

Themapof the variable begins as the blueprint for the design of a test . Whenthe mapis well
conceived, its test design implementation will be a straightforward representation in ordered items .
Later, as the mapis empirically verified by candidates' responses, it results in the successful implemen-
tation andrealization of an idea . Themapof the variable pictures the idea andits realization .

Alfred Binet is better knownfor the American versions of his tests than for his ideas on test

construction andmeasurement. But Binet's workin test developmentrepresents an excellent exampleof
what is implied in mapping. Thefirst (1905) edition of his test consisted of thirty items arranged in
difficulty order . This item arrangementenabled measuring ability by locating a child "along" the or-
dered item scale .

Gould (1981) faults Binet for a "hodgepodgeof diverse activities" in item selection . But,
howeverdiverse, Binet's items werenot haphazard.

First of all, it will be noticed that our tests are well arranged in a real order of increas-
ing difficulty . It is as the result of manytrials, that wehaveestablished this order ; we

haveby nomeansimagined that which wepresent . If wehadleft the field clear to our
conjectures, weshould certainly not have admitted that it required the space of time
comprisedbetweenfour andsevenyears, for a child to learn to repeat 5 figures in place
of 3. Likewise weshould neverhavebelieved that it is only at ten years that the majority

of children are able to repeat the namesof the monthsin correct order without forgetting
any; or that it is only at ten years that a child recognized all the pieces of our money
(Binet, 1905, p. 185) .

Binet relied upon"numerous" replications of his ordered items to give him the measurement
accuracy he desired .

"Onemight almost say, "It matters very little what the tests [items] are, so long as they
are numerous"' (1911, p. 329) .

Furthermore, Binet writes that his scale :

"properly speaking, does not permit the measureof intelligence, becauseintellectual
qualities are not superposable, and therefore cannot be measuredas linear surfaces are
measured"(1905, p . 40) .

In recognizing this deficiency in his test, Binet showsthat heknewthat linearity wasnecessary
for measurement.



Binet's essential ingredients for the construction of measurementwere:

1 . Item arrangementby difficulty order
2. Numerousitems to insure precision

3. Needfor, but recognized difficulty in producing, linear measures.

Howelse could one build a test? There is no other wayexcept to begin as Binet did : with an

idea for a variable illustrated by items arranged by intended difficulty, andmeasuresof persons accord-
ing to their locations amongthe items along the variable . Every attempt at test construction is made
along such lines whether successful or not .

Thehallmark of Binet's efforts is his attempt to benchmarkitems andpersons. Theidea of a
benchmarkedline of increasing amountsis fundamental in constructing avariable, andthe mapof inten-
tions is the blueprint for item selection and/or item construction . Its realization gives us apicture of the
variable anda meansfor seeing the locations of items andpersons along the variable .

Acontemporary exampleis WRAT3(Wilkinson, 1993). This test implements the achievement
measures: (1) word naming, (2) arithmetic computation and (3) spelling from dictation . Theitem ar-
rangementis developmental andindicates the sequenceof instruction andlearning . Theitems for each
scale proceedfrom items at the mostelementary levels to those of increasing difficulty at higher levels .

Arrangementof items in difficulty order is exactly whatwewant in any measuringtool . The

locations of items along the variable are determined by teacher judgment, curriculum, and learning
experts . Validation is rendered by subjecting the initial item arrangementto empirical testing . Whenthe

arrangementof items is sensible it will be supported by data gathered from students' response to these
items .

Thearrangement of items should also correspond to the arrangement of persons. Less able
persons should be located belowmoreable persons. Ahierarchical correspondencebetweenitems and
persons will showeasy items in companywith less able persons, moredifficult items associated with

moreable persons.

Determining the calibrations of items and the measuresfor persons will either substantiate the

original item placementor suggest revisions . This leads to a continuous dialogue betweenthe idea for
the variable and its data . Agoodinitial plan generally results in fewer cycles betweenidea and data
before an acceptable definition of the intended variable is achieved.

Successful item calibration andperson measurementleads to a mapof the variable . Theresult-
ing mapis no less a "ruler" than oneconstructed for measuringlength . It canbe applied in asimilar way
to producemeasuresas useful as those of anyyardstick .

Figure 14.1 is a mapof the WRAT3variables for word reading, arithmetic computation and
spelling from dictation . It proceeds from left to right in a progressive order of difficulty for items and
ability for persons.

Themapof each variable gives sampleitems showing their progressive difficulty . Belowthe
items is an absolute equal interval scale providing measures. Thelocation of averagegrade andageare
also given .

120



Figure 14.1

Variable map.
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Themaphas immediateappeal andapplication . Like the marksof increasing height of a child on

the doorjamb, the mapcanshowstudent progress onthese three scales . Especially helpful is the overall

view that the mapprovides, giving a senseof order andcoverage to the entire variable of interest . The

mapshowsthe order implied in the variable and it can be used to showthe location andsubsequent

progress of pupils along the ruler . Theabsolute scale gives values useful in data analysis . Thegrade

and age normsshowthe progress weexpect to see at increasing grade andage levels . Thewider

spacing observed on the left of the ruler comparedto the right indicates the accelerated growth occur-

ring amongyoungerchildren .

Gathering data on all three scales across persons allows comparisons to be madebetween

scales . Wenotice that successfully reading the word"residence" corresponds in general to spelling the

word"kitchen" from dictation andcomputing the problem"6-2= ." Thesecomparisonsenable further

diagnosis andmakethe mapa useful diagnostic tool .

Although eachruler appears orderly, that order is in needof continual reappraisal andrevalida-

tion . Variable definitions are never finished . While there is consistency and order to the WRAT3

scales, afact demonstrated by five successive editions, it remainsnecessary to monitor continuously the

variable in order to keepthe mapcoherent andup-to-date .

Continuous monitoring is required for anyvariable . Concernsfor reliability andvalidity do not

rest in historical coefficients, but in continuing successful demonstrations that canbe referenced by test

consumersin order to determine the extent to which the test is relevant to their intended application .

Suchindications of applicability mustbe continuously provided in order to maintain the variable map

andassure its relevancy .



15. ESTIMATINGITEMCALIBRATIONSANDPERSONMEASURES

INTRODUCTION

In this chapter wewill workthrough amathematical approachto the estimation of Raschmodel
item andperson parameters (Rasch, 1960). This approachis especially suited to computer implem-
entation andmostof the computerprogramsin useemployversions of the algorithms to be described .
Theprocedure is called UCON,for unconditional maximumlikelihood estimation (MLE)(Wright &
Panchapakasan,1969; Wright &Douglas, 1977a; Wright &Stone, 1979; Wright, 1980) . Theterm
"unconditional" is used becausethere is another fully conditional maximumlikelihood estimation
(FCON)which uses conditional probabilities to estimate item difficulties directly without involving
anysimultaneous estimation of person abilities (Wright, 1968,1980; Wright &Douglas, 1977b). FCON
hasdesirable theoretical properties, but it is difficult to implementwhenthere are morethan afew items .
UCON,on the other hand, approximates the results of FCONclosely-and UCONseldomhas any
trouble giving useful results .

Although calibration of item difficulties is the first stage in the implementation of the model, and,
in principle, precedes the measurementof persons, it is convenient to estimate item difficulties and
person abilities simultaneously . The analysis of fit is expedited by the computation of expected
responses of persons to items so that these expected responses can be comparedwith the observed
responses. Theseexpected responses can be determined most easily whenwehave simultaneous
estimates of item difficulties andperson abilities .

Theestimation of statistical modelparameters is the fundamental step of applied statistics .
Whenweview calibration as a problem in statistical estimation, the question arises as to which
estimation procedure to use. There are manyestimation procedures : least squares, meanvalue,
minimumchi-square, maximumlikelihood . Thelast procedure, MLE,developedby RonaldFisher in
the 1920's, has a numberof useful properties . TheRaschmodellends itself to MLEandthe useful
properties of MLEtranslate into substantive fundamentals of measurement.

RASCHMLEPROCEDURES

Oncea statistical model is specified, an equation for the probability of occurrence of any
observation follows . Fromthis equation, the joint probability of anydata set mayalso bespecified and
this equation usedto answerthe question : Whatis the probability that this particular set of data occurred
whenthis set of items wasgiven to this group of persons? This joint probability is knownas the
likelihood of the data . It is a function of the observed data andalso of the initially unknownbut soon
to beestimated parameters of the model(the item difficulties andperson abilities) . TheMLEprinciple
is to select for the estimates of the parameters that particular set of values whichmakesthe likelihood
of the data in handas large as possible - a maximum.

Thelikelihood of the data is viewed as afunction of knowndata andunknownparameters. The
parameters becomethe variables . Calculus is employedto find the particular values of these unknown
parameters that makethe likelihood of these data a maximum. This is doneby taking the derivative of
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the likelihood with respect to eachunknownvariable andsetting this derivative equal to zero . This

produces equations which maybe solved for the unknownvalues, which, whenobtained, makethe

likelihood of these data as large as it can get .

To review, we:

1) derive an expression for the likelihood of the data,

2) differentiate this expression with respect to eachof the unknownparameters,

3)

	

set each result equal to zero and

4) solve the resulting set of equations for the MLitem difficulty andperson ability

estimates .

Whenthe Raschmodelis applied to test data there are alarge numberof unknownparameters

to be estimated, manymore than the one or two involved in the usual maximization problem.

Nevertheless, the principles are the sameandwhenthe procedure is applied step-by-step to oneitem

andthen oneperson at a time no complications arise .

Usually whenwesolve equations for an unknownvalue in algebra, arithmetic operations like

addition anddivision are sufficient to obtain anexplicit solution . Theequation 5X+6=20, for example,

requires one subtraction andone division to reach the exact solution of X= 2.8 . Since this kind of

equation canbe solved by afinite numberof simple arithmetical steps, it is called explicit .

In contrast, anequation like X+2 * sin X=.73 doesnot lend itself to simple arithmetic . Tosolve

this "implicit" equation wemustresort to another method. Agoodwayto solve this kind of implicit

equation wasinvented by Isaac Newtonin the 1680's .

Newton's method:

1) areasonable guess is provided for the unknownvalue of X,

2) the "closeness" of this guessto the best solution is determined by noting howmuch

	

re-

mainswhenthis value for Xis substituted in the equation,

3) the difference betweenthe initial value for Xandthe remainder is then usedto determine a

next "better" value for X,

4) this process for improving the estimate of Xcontinues until the remainder gets small . How

small is left to the discretion of the person solving the equation .

Eachstep in this process is called aniteration . Theiterative process will converge to a solution

for alarge class of implicit equations, amongwhichareequations incorporating the exponential function

exp(X) . All that are neededto implementNewton's methodare the derivatives of the equations to be

solved andgoodinitial guesses. For the Raschmodelequations, there are very sensible initial guesses

for the unknownitem difficulties andperson abilities .
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If welet f (x) = 0 be the equation to besolved for the unknownX, and, if f '(X) is its derivative

with respect to Xand, if Xo is the initial guessfor the value of X, then Newton's methodspecifies the
next better value for Xas

MAXIMUMLIKELIHOODESTIMATION

Xi
=X - AXO)

f'(XO )

wheref (x,) andf '(x,,) are values of these functions whenwesubstitute the initial value x� for Xand

xt is the new, improved value for Xat the endof the first iteration .

Wecanwrite a general expression for this relation which showsthe value of xt at the endof t
iterations in terms of what it wason the previous iteration :

X
=X_

- AX1-1)
t

	

t 1

	

f'(Xt-,

Sincewemaycontinue iterating until our result is as accurate as wewish, whenshould westop
whenestimating parameters for aRaschmodel?Experience hasshownthat whenreporting values for
item difficulties andperson abilities weneverneedaccuracy greater than twodecimal places . Enough

accuracy is obtained whenwesettle for an x t whichmakesthe absolute difference betweenthat x t and

its previous value xt _, in the vicinity of 0.005, that is, "correct" to the seconddecimal place .

TheRaschprobability of any observation x� ; for person n on item i is

P(Xn;B., D;)=P� , =[exp Xn,(Bn - D;)]/fl+exp(Bn - D;)

	

15.3

wherexn; is the observed data, andmaybe either 0 or 1,

Bn is the unknownperson ability measureand

D; is the unknownitem difficulty calibration .

For a test of L items given to Npersons for whomit is reasonable to think of the persons and
items as functioning independently i .e . as specified by Equation 15.3, the joint probability (the
likelihood) of all the data is foundbymultiplying together all NbyL probabilities of the type in Equation
15.3 .

Theexpression (A * *m) * (A * * n) * (A * *q) maybe written with the single base Aand an
exponent which is the sumof the three exponents, A* *(m+n + q) . Whenthis notation is applied to
the Nx L exponents of the likelihood function, wehave

15.1
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L N

where

	

is the likelihood of the data, HRis the continued product over n andi of all N*Lprobabilities
i n

L N

Pni andEEis the continued sumover n andi of all N* Lexponents (XniBn - XniDi ) .
i n

Thedouble summationin the numeratorcanbe distributed over the two terms with the result

exp[ Xni (Bn - Di )]
i=1 n=1

	

1+exp(B. - Di

expCi Bn I]Xni - EDi YXni
n i

	

i n

rl j l[l +exp(B, - DJ]

expl I Bn Rn- I Di Si
_ n

	

i

fl ri[1 +eXp(Bn - Di )]
i n

L N

= rl j Pni
i n

L

whereI Xni =Rn is the right answercount or the rawtest score for person n,
i

N

and y- Xni = Si is the right answercount or raw samplescore for item i .
n
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15.4

15.5

With the likelihood in this form weseethat the statistics required are not the separate person-

to-item responsesbut only their accumulations into the person scores Rn andthe item scores Si . Further,

the Rn 's andSi 's are separated from eachother . Eachset multiplies its ownparameters Bn 's andDi 's

in turn . This separation is the defining characteristic of a Fisher "sufficient" statistic (Fisher, 1958)
andalso the algebraic requirement for Raschobjectivity .

Although Rn and Si are sufficient to estimate Bn and Di these scores themselves are not
satisfactory as measures. Personscore is not free from the particular item difficulties encountered in

the test . Nor is item score Si free from the ability distribution of the persons whohappento be taking

the item . Independencefrom these local factors requires adjusting the observed Rn andSi for the item



difficulty andperson ability distributions they dependon. This adjustment is necessary to producethe
test-free person measuresand sample-free item calibrations wedesire .

In order to obtain the maximumof this likelihood with respect to possible values of the unknown
parameters, the likelihood needsto be differentiated with respect to the B's andD's in turn . This task
is easier whenwetake the logarithm of the likelihood . Wecan dothat becausethe values which make
the logarithm of a function amaximumalso makethat function amaximum.

Since log(exp X) = X, the numerator of the log likelihood becomessimple . Thedenominator

turns into a subtraction andthe double product becomesa double sumof log 11 + exp(B. - Di )] .

N

	

L

	

L N

ThusK= log n =

	

BnRn -

	

DiS, -

	

I log[l + exp(Bn - DJ] is the log-likelihood . 15.6
n

Since the derivative of the exponential function, expX, reproduces itself andthe derivative of
the logarithmic function, log Y, is 1/Y, the differentials required to produce solutions for aK/ aBand

aK/ aDare

a log[l + exp(Bn - Di ) ] -

	

exp(Bn - Di)

a (D i Si ) / aDi = S

a(B t Rn ) / aBn = R,i

dB,,

	

1 + exp(Bn - Di )

a

	

_ _log1l +exp(Bn - Di )] -	exp(B n - Di )

	

_

aDi	1 + exp(Bn - Di)

Bydifferentiating the log likelihood Kwith respect to each Di andthen, separately, with respect

to each Bn andequating eachof these derivatives to zero to locate maxima,weobtain the two sets of
equations .

N

	

exp(Bn - Di)-S i + 7
n

	

1 + exp (B n -

	

Di

N

_ -Si +

	

Pni = 0 for each i = 1, L
n

aK = + R - L

	

exp(Bn - Di)
aBn

	

n

	

i 1 + exp(Bn - Di)

L

_ +Rn -

	

Pni = 0

	

for each n = 1, N
i

Pni

15.8



Eachof the first Lequations contains NunknownBn 's andoneunknownDi . Eachof the second

Nequations contains LunknownDi ' s andoneunknownBn .

Newton's methodusesthe derivative of the equation to be solved, therefore weneedto take the

derivatives of the aboveimplicit equations with respect to Di andBn onceagain in order to solve them

by Newton's method. Thesederivatives are the secondderivatives of the likelihood .

Since P. =

	

exp(Bn
- Di)

	

-

	

1

	

15.9n' l+exp(B.-Di ) l+exp(D,-B n )

the differentials neededto find the secondderivatives of Kwith respect to Bn and D, are

dK N

- - Si + Y, Pni
n

a2K __

	

_

aDi2

	

-1 Pni(1

	

Pni ) _ -I Qni for i=1,Ln

	

n

2 K_ - 1 Pni (1

	

Pn i) - - I Qni
UBn

for n =1, N

	

where Qni =Pni (1- Pni )

	

15.10

Thesesecondderivatives are the product of Pni and its complement(1-Pni ) combinedin

Qni =Pni (1- Pni ) wherePni is the probability that person n gets item i correct .

Since Qni >_ 0, these secondderivatives are always negative . This tells us that the solutions to

Equation 15.8 mustbe maxima.

Before weapply Newton's methodto solve these equations, three uncertainties need to be
resolved .

1 .

	

Whatshall weuse for initial values of the estimates? Although Newton's methodis usually
robust with respect to the choice of an initial estimate (meaningwewill get to the samefinal
estimate no matter wherewestart), wewill get convergencemost rapidly if weuse initial

estimates which are not far from the final estimates .

Wecan do this for items, by approximating the abilities of all persons at zero .
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Thenthe MLE'sof Equation 15.8 havethe explicit solution :

so

and

N

	

"

	

exp(-Di )

	

_

	

Nexp(-Di )
Pn`

_

	

n

	

1 + exp(-D.)

	

1 +exp(-Di )

"

	

Nexp(-Di ) -
-S; +y Pni = -Si +

	

- 0
1 +exp(-Di )

exp(-Di ) = Si / (N - Si )

and

	

Di = -log[
N

Si

Si

	

=+log N
S.

Si

	

for i = 1, L

	

15.11
i

This initial estimate is a simple logarithmic transformation (the logit) of the item scores .

Byapproximating the difficulties of all items at zero in the equations for the B's in Equation
15.8, wefind a similar explicit solution for Bn as a simple logarithmic transformation of the
raw scores for person n

Bn =1ogl

	

Rn

	

I for n = l, N
L-R,,

2. Although it mayappear that the equations in 15.8 haveNunknownsB1 , B2 , . . ., BN only the

statistics R1 , R2 , . . ., RL_1 are available to estimate them. Whendata is complete the values of

Bn which can be estimated from a test of L items maytherefore be indexed by Rrather than by
n . Indexing persons by their raw scores highlights the fact that araw score for aperson is the
sufficient statistic for estimating that person's ability .

In general, there will bemorethan one person with a given raw score . Since as far as ability
estimation is concerned, weare unable to distinguish amongpersons whotook the sameitems andearned
the sameraw score . Wemaygroup persons whotook the sameitems according to their raw score .
If welet N, be the numberof persons whoscored Ron the test, wemayrewrite Equations 15.8 and
15.10 as

15.12

-Si +Y, NRPRi = 0

	

15.13
R=1

_a _ax

	

L-1

=- j NRPRi( 1-PRi)aDi aDi

	

R
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and Equation 15.12 as

and

BR _ log[
L

R
R

	

15.14
- ]

where

	

PRi = exp(BR - D;) / [l + exp(BR- D;)]

QRi =PRi ( 1 - PRi )

3 . Wereweto apply Newton's methodto these equations as they stand, wewould find that the
iteration process wouldnot converge. This is becauseour set of equations contains onetoo many
unknownsto beuniquely estimated .

TheRaschmodelspecifies the probability of a response by a person to an item as a function
of the difference betweentheir locations on a variable .

Theprobability that a person with ability B� gets an item with difficulty D; correct, is exactly

the sameas the probability for a person with ability (B� + 3), say, responding to anitem with difficulty

(D; + 3), because (B,, + 3) - (Di + 3) = B,, - D; . Since our choice of 3 wasarbitrary, wesee that an

infinite set of B's andD's will satisfy our equations providing only that they maintain their differences

(B� - Dj) .

This problem of too manyunknownscan beovercomeby placing onerestriction on the set of

B,,'s and D;'s . Theparticulars of this restriction are not important algebraically . Wecould set any

person, say B,, equal to a constant or anyitem, say D3 , equal to someother constant . Anyconstant will

do. Wehavefound it convenient for calibration to usethe restriction that the sumof our set of estimated
L

item difficulties

	

Di - 0 bezero . This centering onthe test has the effect of reducing our unknowns
i

from (L-1)+L=2L-1 to (L-1)+(L-1)=2L-2 .

In order to maintain the possibility of convergence, wemust implement this restriction

eachtime wederive an improved set of (D;) values . Centering is accomplishedby finding the mean

of the current estimates of the Di 's andsubtracting this meanfrom eachD; . This is doneat eachiteration .

Thusthe initial centered set of Di 's are

Di = log I
N-S;

-~ to N-Si lL
g S; 15.16



SOLVINGTHEMAXIMUMLIKELIHOODEQUATIONS

Hereis asystematic procedure for solving these equations andhenceobtaining estimates of item

difficulty andpersonability (Onceall perfect andzero scores havebeenremovedfrom the data matrix) .

1 . Determinethe initial item estimates from Equation 15.16 . Items are centered .

2. Determinethe initial person estimates fromEquation 15.15 . Personsdonot needto becentered .
In fact, they mustnot be.

3. Using all person estimates andthe current estimate for eachitem i, apply Newton's methodto

Equation 15.13 until differences betweensuccessive estimates of eachDi that is, (Di' - Dj are

less than, say, .005 logits . Theprocess is,

L-1

Si - I NRPRi

D,=Di- L-,R

	

15.17

NRQRi
R

in which Di is the current estimate andDi is the next improved estimate . The

successive differences are (Di - Dj .

4. Repeatstep 3 for all items, i =1, L. Whenwehavefinished, wehave a newandbetter set

of Di estimates .

5. Center these newDestimates .

D,'= Di - D.

	

15.18

6.

	

Using these newcentered Di estimates andthe person estimate for a score of r = 1

(that is, B, ), apply Newton's methodto Equation 15.10 expressed in terms of r instead

of n.

until differences betweensuccessive estimates of Br that is (B; - Br ) are less than,

say, .0051ogits .

The process is,

Br =
Br

-f'

15.19

15.20



in which B, is the current estimate andB, is the improved estimate . Thesuccessive differences

are (BT- B, ) .

7. Repeatstep 6 for the second, then third, etc ., raw score . Whenwehavereached r = L - 1

wehave a newandbetter set of B, estimates . Donot center these B, .

8 .

	

At this stage wehavereachedthe endof the first major "loop" . This loop comprised Lminor

loops on the items andL-1 minor loops on the person scores .

At the endof eachmajor loop wedetermine whether the likelihood hasbeen sufficiently

maximizedby reviewing our convergencecriterion for all 2L-1 estimates . Since it is unlikely that

satisfactory convergencewill havebeenachieved in onemajor loop, weproceedto additional major

loops .

9.

	

Usingthe latest person estimates andthe current value for D,, apply Newton's methodas in Step

3 until convergence. Repeatfor all items .

10. Center the latest set of D;'s .

11 . Usingthese latest centered D; andthe current value for B,, apply Newton's method,Step 6, until

convergence. Repeatfor all raw scores from 2 to L-1 .

12. Determinewhetherasatisfactory overall convergencehasbeenobtained at the endof this second

major loop and so on.

This estimation procedure usually converges to acriterion of .0051ogits in 5 or 6major loops .

There are rare circumstances in which anMLEcannot be obtained . Whenthere are oneor two items

or persons separated from the nucleus of the data bymanylogits, then round-off problemscanoccurwith

the procedureoutlined above. Whenthis procedure fails it is almost always dueto inaccurate editing

of the original data or to failure to center items eachtime a newset of estimates is produced.

Becauseof the wayestimates are calculated in UCONthere is a slight bias . This bias canbe

corrected by shrinking all values of BandDby the factor (L- 1)/L (Wright, 1988) .

STANDARDERRORSOFESTIMATES

Akeybenefit of agoodestimation procedure is the simultaneous estimation of standard errors

for its estimates . Thesestandard errors specify the modeleddegreeof precision (reliability) with which

the estimates canbe obtained .

Afamiliar exampleof this is estimating ameanfrom arandomsampleof Nobservations . The

samplemeanis, in manyways, a"best" estimate of the location parameterof the distribution from which

the randomsamplewasdrawn. Thestandard error of ameanis given by S/ Nv2, whereSis anestimate

of the dispersion of the distribution calculated from the standard deviation of the Nobservations . Notice

that this standard error, or precision of estimation, is dominatedby the size of the sampleN; the larger

the sample size, the smaller the standard error and so the greater the precision .
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With respect to the MLEprocedurejust described for the Raschmodel, RonaldFisher proved

that as long as sample size is reasonably large, the standard error of aMLestimate is well estimated

by the inverse negative square root of the secondderivative of the likelihood function .

Fisher also proved that replicates of aMLEwill, with sufficiently large sample size, have a
normal distribution with expected value equal to the parameteritself andwith astandard deviation equal

to this standard error . Wewill use this result to set confidence limits on our MLE's.

Thesecondderivative of the likelihood, which served as ascaling factor for Newton'smethod,

nowplays an important statistical role . It gives us the standard errors for our estimates .

Thus from Equations 15.10 and15.14

L-I -v2

`

	

~Y,
NQ

	

2.5 / N112
aDi aDi

	

r r ri

[ -a ( aK

	

L

	

-1/2

SE(Br ) =

	

aBr

	

aBr

	

Qri

	

.` . 2.5 / L__

	

_

	

l2
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15.21

15.22

Thesestandard errors are determined by substituting into Pi = exp(Br - Di ) / [l +exp(Br -DJ]

the convergedvalues of the Br andDi estimates andfinding Qri = Pri ( 1- Pri ) .

Item calibration andperson measurementis nowcomplete . Here is a summaryof the results of
this MLE.

Aset of L items estimates Di is obtained whosesumhasbeenset to zero so that the measuring

systemunder construction hasbeencentered onthe calibrations of these test items . Somevalues will

benegative, indicating relatively easy items andsomewill bepositive, indicating relatively hard items .

Associated with eachof the Di estimates is its estimated standard error . Wewill see that Di 's

with values far from the sampleof personshaverelatively large standard errors and that standard errors

get smaller (and henceitems moreprecisely estimated) as weget closer to items with Di values near

the Br values of the majority of the persons. This is aconsequenceof the formula for the standard error

in Equation 15.21 . WhenDi is equal to Br , the value of Pri is 0.5 andso Qr ; is 0.25, its maximumpossible

value . This is wherethe standard error is nearest to its theoretical minimumof 2 / N'/z .

Equation 15.22 showsthe waythe standard error of Br is afunction of the numberof items near

that Br . Thestandard errors of the person abilities dependonhowmanyof the item difficulties are near

the location of that person. Themoreitems nearthe person, the smaller the standard error of the measure.
In atest whichis well centered onits target groupwewouldexpect the standard errors of person abilities
to besymmetric aroundacentral Bnear zero, corresponding to about half the items correct, andthat these
standard errors wouldbe large at both ends of our variable line andget smaller towards the center .



Since MLEproduces values for all scores r, for r= 1 to r=L- 1, wewill haveability estimates
andstandard errors for all possible scores, evenwhen, in the calibrating sample, there werenopersons
whoactually obtained a particular score .



16. PARAMETERESTIMATION

Parameter estimation for Raschmeasurementis usually doneby a computer programlike
BICAL(Wright &Mead, 1976), BIGSCALE(Wright, Linacre &Schulz, 1990) or BIGSTEPS
(Wright &Linacre, 1997).

ThePROXprocedure, however, is amethodof estimation so easy to apply that it is completely
manageableby hand. The simplicity of PROXis useful becauseit details exactly howthe Rasch

modelworks in practice . PROXaccomplishes the primary aims of Raschitem analysis :

1)

	

linearization of item raw scores (P-values) onto an interval scale with relevant errors

of calibrations and

2)

	

adjustment for the sampling effects of person ability .

In so doing, PROXalmost always approximates the results obtained by more elaborate
procedures extremely well .

Thesimplification which enables PROXis to approximate the effects on item calibration of

sample ability with a samplemeanandstandard deviation andthe effects on person measurementof
test item difficulty with a test meanandstandard deviation . This simplification makesPROXeasy
to apply by hand. Nothing morethan the observed distributions of item andpersons scores, a hand

calculator andpencil andpaper are needed.

PROXis as applicable to large assessmentproblems like national item banking as it is to
evaluating a small classroom of examinees. ThePROXalgorithm is the working basis of most
successful computer assisted testing (CAT)programs.

In this chapter we

1)

	

outline the PROXequations, and

2)

	

explain howthese equations implement Raschmeasurement.

Thechapter canbeusedto guide the user in calibrating items andmeasuringpersonsfrom their

owndata . Anexampleworkedout in numerical detail canbe found in the secondchapter of Best Test
Design (Wright &Stone, 1979, pp. 28-45) .

THEPROXESTIMATIONEQUATIONS

PROXsimplifies the representation of person abilities b,, to anormal distribution with sample

meanability Mandsampleability standard deviation 6andthe representation of item difficulties d;

to a normal distribution with test item meandifficulty Hand test item difficulty standard deviation
w.
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Whenthat is done, then the measureb n for person n with person score r� on a test of L items
becomes

where

H= meandifficulty of the L items taken,
X = the scaling necessary to adjust for the
difficulty standard deviation wof these L
items, r = the raw test score of person n ,

and the calibration d; for item i with item score s, from a sample of Npersons is

where

	

d; =M+ Ylog[(N - s,) / s ; ]

M= meanability of the Npersons taking the test,
Y = the scaling necessary to adjust for the ability
standard deviation 6 of these Npersons,
s ; = the raw sample score of item i .

and

	

X= [l + (w2
/ 2.89)] "' = [1 + (w2 / 5.8)]

	

16.3

APPLYINGTHEPROXESTIMATIONEQUATIONS

b,, =H+Xlog[r � / (L - r,,)]

	

16.1

d; =M+Ylog[(N-s;)/ s;]

	

16.2

Y= [l + (62
/ 2.89] "2 - [1 + (6 2 / 5.8)] .

	

16.4

Thedivisor 2.89 =1.7 2 comesfrom the scaling factor 1 .7 which, becausethe logistic ogive for
values of 1 .7z, is never morethan onepercent different from the normal ogive for values of z, brings
the cumulative logistic distribution into approximate coincidence with the cumulative normal
distribution . PROXuses this coincidence to obtain its simplification .

Theestimates b� and d; have standard errors

SE(bn)=X[L/ r� (L-r � )] 112 -2 .5/L' 12	16 .5

SE(d;) = Y[N/ s; (N - s ;)] 112 - 2.5 / N' /2 .

	

16.6

This estimation methodcan be applied to observed item scores s ; by calculating the
sample score logit of item i as

x ; =log[(N-s ;)/ s,]

	

16.7
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andto the observed person scores rn by calculating the test score logit of person n as

Thescaling coefficients Xand Ycan be estimated from

for the person logit scaling coefficient and

for the item logit scaling coefficient .

is the item logit variance,

logit mean.

yn = log[ rn / (L - r,,)]

	

16.8

X=1 [1 + (U / 2.89)] / [l - (UV/ 8.35)])

	

16.9

Y =1[1 + (V / 2 .89)] / [1- (UV/ 8.35)11

	

16.10

Where

	

and 8.35 = 2.89 2 =1.7 4 ,
L

U= ~x2-Lx.2 /(L-1)

	

16.11
a

NV=(I Y2 - Ny2
16.12

L

	

N

is the person logit variance, x, _

	

x ; / L is the item logit mean,and y, _

	

yn / Nis the person

To complete the estimation, weanchor the scale "zero" at the center of the test by defining
H- 0 so that

d; = NJ+ Yx; = Y(x ; - x,) becauseM= -Yx, 16.13

for each item difficulty and
bn =H+ Xyn = Xyn becauseH- 0 16.14

for eachperson ability .

STANDARDERRORS

Thestandard errors of these person anditem estimates are

SE(bn ) =X[L / rn (L - rn
)]'l2

- 2.5 / L'12 16.15

and

SE(d) = Y[N/ s; (N - s;)] 112 - 2.5 / N' /2 . 1616



SAMPLESTATISTICS

Theestimates of the person samplemeanMand standard deviation 6 are

M= -Yx,

	

16.17

ANALYSISOFRESIDUALS

6= 1.7(Y2 - 1)112

Zni - (Zni -
11,j

/ [l ini ( 1-
Hj]1/2 .

16.18

Whenwehave estimated bn andwwecan use themto obtain the difference betweenthe

model's prediction andthe data observed . Residuals fromthe modelare calculated byestimating from

bn and d; the modelexpectation at each response Xni and the subtracting this expectation from the

Xni = 0 or 1 which wasactually observed.

The model expectation for Xni is yin, where the Rasch model for ijni is

l yni =exp(Bn - D) / [1 +exp(B, - D,)] and Bn andDi are the parameters which bn anddi estimate .

Thestandardized residual from expectation is

16.19

Whenthe data fit the model this standardized residual is distributed with meanzero and

variance one. Although the expected sampling distribution of Di is not normal, wehavefound that

values below -2 andabove+2 are useful as indicators of noteworthy misfit .

PERSONFIT

Weestimate +ini from

Pni =exp(bn-di)/[1+exp(bn-di)] 16.20

where bn and dr . are the estimates of Bn and Dt., and then use the sampling distributions for

Zni = (/L ni - Pni ) / [Pni ,,,(I- Pni)]'i2 of zni - N(0,1) andzn X; as guidelines for evaluating the extent to

which any particular set of data is sufficiently coherent to construct useful measurement.

Tomeasurethe validity of aperson's performance, calculate the sumof squaredresiduals zni
for that person . Whenthe person's behavior is useful for measurementbecausetheir responsepattern
fits the measurementmodel, then their sumof square standard residuals will approximate achi-square
statistic



with degrees of freedom

and a meansquare statistic

with degrees of freedom fn
and . .

ITEMFIT

fn =(L-1)(N-1)/N

vn = Cn l J n
~. Ffn,

16.21

16.22

16.23

Tomeasurethe validity of an item's usagecalculate the sumof squaredresiduals Zn for that

item . Whenthe item is useful for measurementbecause the pattern of its responses fits the
measurementmodel, then its sumof squaredstandard residuals will approximate a chi-square statistic

N

Zni
2 2 2_

- Ci
~.

Xf
n

16.24

with degrees of freedom

f i =( N-1)(L-1)I L 16.25

anda meansquare statistic

Ui = C,? l J
-

f Ff 16.26
i, -

with degrees of freedom f, . and . .



THERESPONSEMATRIX

UNDERSTANDINGHOWTHERASCHMODELWORKS

Nowwewill reexamine the details of PROXto discover what is accomplished in its

application . ThePROXformula enables a simple and intuitive approachto understanding how

Raschitem calibration andperson measurementwork.

Consider the response matrix :

Persons

Item
Scores

Items

n

i becomesP= Si / N, the proportion of correct responses to item i .

140

As measures,however, raw counts havetwo serious drawbacks.

Person
Scores

x� i = rn

Whenthere is no missing data* so that this response matrix is complete, then every rowtotal

gives a person score for the sameset of items andevery columntotal gives an item score for the same
set of persons. Theseitem scores are reported as "P-values" in traditional item analysis . "P-values"

are calculated by dividing the item score s i by the numberof personsNso that the P-value for item

If the person raw scores r� and item P-values P= Si / Nwere linear objective quantifiers of

person ability anditem difficulty, our workwouldseemdoneat this point . Indeed, person rawscores
and item P-values are as far as traditional person measurementand item analysis go. As a
consequence,mostof the research results in educational measurementhavebeenlimited to what little

can be donewhenraw counts of right answersare mistaken for measures.

" In the application of PROX(or anyother Raschmodelprocedure), the data neednot be complete. Missing
data can be accommodatedwithout trouble . This happensbecausethe measurementstructure specified
by the modelneedsonly enoughdata to identify afinite estimate for eachperson andeachitem . Asa result
noneof the estimation procedures needcomplete data to obtain good estimates .

1 n L

N

Response

L

n /Lni=1 for correct
i

Xni=O for incorrect

N



RAWSCORESARENON-LINEAR

Rawcounts are boundedin range betweennoneright andall right . Becauseof this they cannot
represent abilities or difficulties on a linear (interval) scale . But, if they are not linear, then the results

of the arithmetic used in statistical analysis becomemisleading . In order to enable the substantial
benefits of statistical analysis, wemusttransform the non-linear scores into linear measures.

RAWSCORESARETESTANDSAMPLEDEPENDENT

Eachobserved response is the result of a person of someability attempting an item of some
difficulty . Becauseof this, the magnitudesof item scores s ; andP-values P,, which are summedover
persons, dependon the particular abilities of this particular sample of persons and so are sample

dependent.

Themagnitudes of person scores r n , which are summedover items, depend, in turn, on the
particular difficulties of this particular set of items and so are test dependent.

In order to makegeneral use of the information about person measuresand item difficulties
which is contained in the test item response data, wemust liberate the numerical representations of
person measuresand item difficulties from the local effects they have on oneanother . Wemust
construct objective person measureswhich are test-free and objective item calibrations which are
sample-free .

CONVERTINGNON-LINEAR,LOCALLYDEPENDENTITEMANDPERSONSCORESTO
LINEAR,INDEPENDENTITEMCALIBRATIONSANDPERSONMEASURES

Thewaythe Raschmodellinearizes rawscores andfrees themof sampleand test depen-
dency canbe seen in the following two PROXformulae :

For Items :
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For moredetail see the exampleof PROXitem calibration andperson measurein Chapter

2 of Best Test Design (Wright &Stone, 1979, pp. 28-45) .

P ; 2 .7
[log odds [scales out [adjusts out [Test-freed
linearize item the sample the sample => item
P-values] variance 62 ] meanH} calibration]



THESTANDARDERROROFAMEASURE

IATIONANDMISFITANALYSIS

Themostimmediate andalso mostconvenient quantification of the precision of an empirical

measureis the standard error (SE) of the measure's estimate . Themagnitude of the SEis either

determined from the factual structure of the measuringinstrument (as in "to the nearest sixteenth of an

inch" onaruler) or calculated fromthe measurementmodelusedto calibrate the instrument . It is usually
estimated from the samedata usedto estimate the measure. This SEestimates the standard deviation

of innumerable independent replications of the data collecting process, whenthe only disturbances

imagined are those anticipated by the measurementmodel.

Theconvenience of the SEquantification of precision is that it is in the units of the measureand

so canbe useddirectly to specify :

1) an "identification of misfit", as in outside

	

three standard errors (SE) ;

2) a "region of confidence", as in within

	

two standard errors (SE) ;

3) an "allowance for error", as in

	

one standard error (SE) .

Theinconvenience of the SEis that whenseveral samplesof independent data bearing ona

commonquantity to beestimated are combinedto form a"better" estimate or whenit is useful to keep

track of the sequential improvementof "precision" during a stepwise process of data collecting, the

corresponding SE's are not additive .

INFORMATION

RonaldFisher devised acure for this inconvenience in the 1920's (e .g . 1935,p. 182ff .) . While

the SE's of a series of independently obtained, but commonlybearing, commensurablemeasuresare

not additive, their inverse squares are . Whenapplied to Raschmeasurement"Fisher information" can
be defined as

I=C/SEZ

whereC=aconstant chosen to specify convenient "information" units .

For dichotomous data, as in test item responses scored 0 or 1, the inverse square of each
measure's SEis proportional to a count of howmany"standard" items inform that measure.

In particular, whenC--_ 4, then

1=4/SE2

becomesthe minimumnumberof perfectly targeted (i .e . maximally informative) items it wouldtake to
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produce this SE. I is the "information" in the estimate . Wewill call the units of I = 4 / SE2 "EQUITS,"for
EQUivalent on-target ITemS.

Theadditivity of I = 4 / SE2 can be seen in the algebraic definition of SEfor Raschmodeled
dichotomousdata.

Then

where

L

is the probability of a right answer given person measureBand item difficulty D; , and

	

signifies
a

summationover the L items taken . Thus

is an expression which adds [P(1- P,)] over items .

Whenevery item is perfectly targeted, then

P=1/2,

andso

COMPARINGINFORMATION

L

SE2=1/
[
Y,P(1-P)

P= exp(B - Dt ) / [l + exp(B- D;)]

L

I=(4/SE2)=4*L .[P (1-P)1i

P(1-P,.)=1/4

L

I=4* YP,i (1-P) =L

the numberof responses to perfectly targeted items necessary in order to obtain this
particular

L

	

1/2

SE= 1/ ylpi(1-P)

Whenwewish to comparethe information value of a pair of measures, wecan use their
corresponding SE's andthis definition of information, I = (4 / SE2 ), to find out whichmeasurecontains
moreinformation andby howmany"equivalent on-target items" or "equits" .



Thusfor measuresB, and B2 wehave

for which the advantage in equits of measureB2 over measureB, is

Comparisonof the information values of a pair of measurescanalso becalculated from the ratio
of their error variances,

This ratio, RE2,, gives the "information" provided by the secondmeasureB2 in units of the

"information" provided by the first B,, i .e ., it is the "Relative Efficiency" of the secondmeasurewith
respect to the first .

MISFITANALYSIS

Maximuminformation is obtained whenP= .5 so that P(1- P) = .25 . While this would appear
ideal, there is a catch . Fit analysis requires the possibility of improbable, and hence unexpected
responses - responses for which

Then,whenthe highly probable responseis notobserved, misfit andhenceinvalidity is implied .
Wereall items targeted successfully near P= .5, this kind of fit analysis for verification of response
validity wouldnot bepossible . Since X=0or 1 wouldbeequally likely, no improbable condition with
which to detect misfit could be observed.

THEEFFICIENCY- FIT PARADOX

I, = 4 / SE, equits

12 = 4 / SE2equits

I 2 -I, =4(1/SE2-1/SE,2 )

=4(SE,2 - SE2) / SE,2 * SEZ

RE2, =12 / I, =SE,, I SE2

P-~ 1 but X=0or P-~ 0 but X=1.

1 . Responsesto items which provide maximuminformation because P---) .5 allow
minimummisfit detection .

2.

	

Responsesto items which allow maximummisfit detection becauseP--4 0 or 1
provide minimuminformation .

Best test design requires acompromisebetweenthese extremes. Thesimultaneous avoidance
of both extremes benefits greatly from prior knowledgeconcerning the relative locations of items and
persons.



BESTTESTDESIGN

Wewantthe items to elicit maximuminformation from the person. But wemustbalance the

amountof information (reliability, precision) gained against the concomitant loss of opportunity to

detect misfit and, hence, to verify validity . Wherewehaveno knowledgeof a person's ability, then

items mustbeof adifficulty range sufficiently wide to cover the reasonable possibilities . This means

that while someitems will identify the location of the person betweenitems passedanditems failed,

other items will inevitably turn out to betoo far fromthe person's discovered ability to contribute much

information about that ability . Theoff-target items, however, will beuseful for identifying misfit and

thus verifying validity .

Whenwehaveauseful expectation aboutwhereaperson is on the variable to bemeasured,then

item selection canbeaccomplishedwith maximumutility andefficiency by focusing mostof the items

onthe interval in whichweexpect the person to belocated, but including someadditional intentionally

off-target items to verify the validity of this location .

Weuseenoughtargeted items to "fix" the person's location with sufficient precision (SEZ = 4/ L),

wherethis Lis the numberof on-target items) for our testing purpose. Thenweaddenoughadditional

off-target items (2 logits aboveandbelowwhereweexpect the personto belocated) to verify the validity

of our measure.

Theefficiency of this design dependson the extent of our knowledgeof the person prior to the

test . Without someprior focusing knowledge, wemustuseawide rangeof items . This will guarantee

enoughoff-target items to validate the measure,but will cost moreitems than anarrow on-target test

to reach equivalent precision .

Targeting aneducational test to aparticular student requires both the art of knowingthe student

andthe science of measurement. Teachingintuition canguide expectations in the absenceof quantitative

knowledge. Whenprevious measurementsare also available, they too canbe utilized .

INFORMATION,EFFICIENCYANDPRECISION

Thewayinformation andefficiency enter into judging the value of anobservation is through their

bearing on the precision of measurement. Measurementprecision dependson the numberof items in

the performanceandonthe difference in logits JB- DI betweeneach item difficulty andthe person's

ability . Wecansimplify the evaluation of eachitem's contribution to our knowledgeof the person by

calculating whatpercent of a best possible item the item in question contributes . Theseare the values

of INFentered in Column2 of Table 17.1 .

Wecall this information index INF=400[P(1- P)]

the "relative efficiency" of the observation .

Therelative efficiency (INF) is the I defined in Equation 17.8 but scaled by the factor 100 so



Table 17.1

Information andMisfit Statistics

1
LOGITDISTANCE

BETWEENPERSON

2

	

3

	

4
%EFFICIENCYOFAN

	

NUMBEROFITEMSL

	

IMPROBABILITYOFAN
OBSERVATIONAT

	

NEEDEDTOMAINTAINUNEXPECTEDANSWER

Wright &Stone, 1979. Best Test Design. Chicago: MESAPress. Pages73and216.

ANDITEM

(B-Dj

IB-DI

INF= 400P(1- P)

EQUALPRECISION

EL =1000/ INF

AT IB-Dj

P=1/ [ l + exp( I B- Dj )]

0.0, 0.3 100 10 .50
0.4, 0.8 90 11 .33
0.9, 1 .2 75 13 .25
1 .3, 1 .4 65 15 .20
1 .4, 1 .5 55 18 .17
1 .7, 1 .8 50 20 .14
1 .9, 2.0 45 22 .12

2.1 40 25 .11
2.2 36 28 .10
2.3 33 30 .09
2.4 31 32 .08
2.5 28 36 .08
2.6 25 40 .07
2.7 23 43 .06
2.8 21 48 .06
2.9 20 50 .05
3.0 18 55 .05

3.1 16 61 .04
3.2 15 66 .04
3.3 14 73 .04
3.4 12 83 .03
3.5 11 91 .03
3.6 10 100 .03
3.7 9 106 .02
3.8 9 117 .02
3.9 8 129 .02
4.0 7 142 .02

4.1 6 156 .02
4.2 6 172 .02
4.3 5 189 .01
4.4 5 209 .01
4.5 4 230 .01
4.6 4 254 .01



that it will give the amountof information provided bythe observation at IB - DI as a percentage of the

maximuminformation that oneobservation "exactly on target" at IB- DI = 0 would provide .

Therelative efficiency (INF) of anobservation can be usedto estimate the potential value of any
particular item for measuring aparticular person. This canbedoneby considering howmuchinformation
would be lost by removing that item from the test . Thus, INF= 23%for IB - DI = 2.7 indicates how

muchof a perfectly targeted item wegain by including that item in the measurementof the person and
conversely howmuchwelose by omitting that item . The"howmuch"is 23%of the mostwecould get

from one item exactly on target at IB- DI = 0.

Whenan item andperson are close to one another

	

IB

	

DI

	

0 ; i .e ., on target, then the item

contributes moreto the measureof the person than whenthe item andperson are far apart JB

	

DI
Thegreater the difference betweenitem andperson, the greater the numberof items neededto obtain
a measureof comparableprecision andas a result, the less efficient each item .

Oncewehaveestimates of person ability B to combinewith our knowledgeof item difficulty
D, wecandetermine the relative efficiency of any item . Column2 of Table 17.1 gives the percent relative
efficiency (INF) by which any observation at the absolute difference JB- D1given in Column1, provides

information about that person-item interaction .

It requires five INF= 20%items at IB - DI -> 2.9 to provide asmuchinformation about a person

as could be provided by oneINF= 100%item at JB- DI ---> 0 .

WhenIB - D) is three, it takes four times asmanyitems to equal the information to behadfrom

items in the IB- DI < 1 region, within one logit of the person.

Thetest length necessary to maintain a specific level of measurementprecision is inversely
proportional to the relative efficiency of the items used. ThenumberLof less efficient items necessary
to matchthe precision of 10 exactly-on-target, IB-4 = 0, items is given in Column3 of Table 17.1 .

Column3 showsL=1000/ INF the numberof items neededto maintain equal precision over

the range of possible values of IB - DI .

Thereis also, however, the verification or validation of test performancevalidity to keepin mind.
Whenweare off-target because IB-DI > 2 or 3, then wecan use the possibility of unexpected
(improbable) responses to evaluate response validity . Column4 in Table 17.2 gives the probability
of an unexpectedresponse (i .e . the improbability of the observed response) for eachvalue of IB- DI .

Note that as IB- P> 2.8, the probability of an unexpected response such as

X= 0 when(B - D) > 2.8 or X=1 when(B - D) < -2 .8



drops to P= .05 . This produces the possibility of a statistically significant "misfit" and hence of a
probable invalidity in that response to that item .

Detailed examplesof misfit analysis are given in Chapter 4 of Best Test Design (Wright and
Stone, 1979) .

To standardize our use of Table 17.1, weuse this guide :

------------------------------------
Slightly Off

	

2 < I B- DI < 3

	

- poor efficiency, less than 45%
- misfit detectable whenunexpected

responses accumulate

------------------------------------
Rather Off

	

3 < IB- DI < 4

	

- very poor efficiency, less than 18%

- even single unexpected responses
indicate irregularity

Extremely Off

	

4 < IB- DI

	

- virtually no efficiency, less than 7%

unexpected responses always
require diagnosis

Location of Item (Ability-Difficulty)
Difference

Item Efficiency
and Misfit Detection

Right on Target I B- DI < 1 - excellent efficiency, 75%or better

- no misfit analysis possible

Close Enough 1 < IB- DI < 2 - good efficiency, 45%or better
- no misfit analysis possible



18. SEPARATIONSTATISTICS

Theperson anditem separation statistics used in Raschmeasurementare still unfamiliar to some

practitioners (Wright, MeadandBell, 1979; Wright andStone, 1979; andWright andMasters,1982) . This
primer describes the separation statistics and illustrates someof the key concepts and procedures of

separation by working through an example.

Avariable canbe thought of as astraight line . Tomeasuresuccessfully wemustbe able to locate

both items andpersonsalong this line . Items are located by the numberof personsgetting aspecific item

correct . Personsare located byhowmanyitems they wereable to answercorrectly . Items to the left on
the line are easier than those to the right while persons to the left have less ability than others to the right .

It is necessary to locate personsanditems along the variable line with sufficient precision to "see"
betweenthem. Items andpersonsmustbeseparated along this line for useful measurementto bepossible .

But, separation that is too wide usually signifies gapsamongitem difficulties andperson abilities . This

leads to imprecise measurement. Separation that is too narrow, however, signifies redundancyfor test items

andnot enoughdifferentiation amongperson abilities to distinguish betweenthem.

Items mustbesufficiently well separated in difficulty to identify the direction andmeaningof the

variable . Tobeuseful, a selection of items, atest, mustseparate relevant persons by their performance.
Theitem locations are the operational definition of the variable of interest while the person locations are

the application of the variable to measurement.

Theitem andperson separation statistics in Raschmeasurementprovide ananalytical tool bywhich
to evaluate the successful developmentof avariable andwith whichto monitor its continuing utility . Person
separation indicates howefficiently a set of items is able to separate those persons measured. Item
separation indicates howwell asampleof people is able to separate those items usedin the test . Where
these statistics are expressed as reliabilities, they range from 0.0 to 1 .0 . Thehigher the value the better
the separation that exists andthe moreprecise the measurement.

PERSONSEPARATIONRELIABILITY

Thedata in Table 18.1 are fromthe calibration output of the BICALprogramdevelopedbyWright
andMeadin 1976. This exampleis baseduponthe calibration of 14KnoxCubetapping items taken by
a sampleof 34 persons . Thesedata are also discussed in Wright, MeadandBell, 1976andWright and
Stone, 1979. At the bottom of the table the Person Separation Reliability (PSR)is given as 0.68 . This
indicates that the 14items used in this version of the KnoxCubeTest wereable to separate the 34people
tested to a moderatedegree.

ThePSRreported by mostRaschcomputerprogramsis calculated by subtracting the ratio of the

samplemeansquare person measureerror (MSEp)to the sampleperson measurevariance (SDn2) from one.

Theformula (Wright andMasters, 1982, p.106) is :



Figure 18.1

Original responses of 35 persons to 18 items on the KnoxCubeTest.

Wright &Stone, Best Test Design (Chicago: MESAPress, 1979), p.31 .

Item Name

PERSON PERSON

NAME 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 SCORE

1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 7

2 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 10
3 1 1 1 1 1 1 1 1 1 0 0 1 0 0 0 0 0 0 10

4 1 1 1 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 6

5 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 10

6 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 10

7 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 0 14
8 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 10

9 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 10

10 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 11

11 1 1 1 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 8

12 1 1 1 1 1 0 1 0 1 1 0 0 0 0 0 0 0 0 8

13 1 1 1 1 1 0 0 1 1 1 1 1 0 0 0 0 0 0 10

14 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 11

15 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 13

16 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 10
17 1 1 1 1 0 1 1 1 1 1 0 0 0 0 0 0 0 0 9

18 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 0 0 0 11

19 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 9

20 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 0 0 0 11

21 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 12

22 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 12

23 1 1 1 1 1 1 1 1 1 1 0 0 1 1 0 0 0 0 12
24 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 1 1 0 14

25 1 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 5

26 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 10
27 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 7

28 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 10

29 1 1 1 1 1 1 0 0 1 1 1 0 0 1 0 0 0 0 10

30 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 9

31 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 10

32 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 11

33 1 1 1 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 6

34 1 1 1 1 1 1 1 1 1 1 0 1 0 1 0 0 0 0 12

35 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3

ITEM
SCORE 35 35 35 32 31 30 31 27 30 24 , 12 6 7 3 1 1 1 0



PSR= 1 _ I MSEp
SDp2

Table 18.1 showsthe data necessary to calculate the PSRfor this example. Usingthese data the
equation becomes:

32.99
PSR=1-

104.93
=0.68

	

18.2

This PersonSeparation Reliability is comparableto the KR20measureof internal consistency .
ThePSRcanbecorrected for degreesof freedom[L/(L-1)] andyield aresult whichis very similar to that
of the KR20. With this correction the PSRbecomes:

PSR=
C
1_

32.99 ] x
104.93

PSR=0.74

This "corrected" PersonSeparation Reliability is close in both formulation andvalue to the KR20
reliability coefficient . In order to comparethe PSRto the KR20,weneedto return to the original item-
by-score matrix analyzed by the Raschcomputerprogram, BICAL. This matrix is given in Figure 18.1 and
comesfromWright andStone, 1979,p.31 . Calculation of the KR20onthis 14x34matrix producesaKR20
of 0.72 . Thedifference betweenthis KR20of 0.72 andthe "corrected" PSRof 0.74 is dueto the curvilinear
relation betweenthe nonlinear rawscores on which the KR20is basedandthe linear logit measureson
which the PSRis based.

Thesecalculations of the PSRof Raschpsychometrics andthe KR20on the samedata matrix
illustrate their equivalence andelucidate the calculation of person separation reliability .

Thesimilarity of these results canbe seenin the similarity of the formulae :

KR20=[ L
]X[I_Y_pq]

	

18.4
L-1 aY2

and

12

13~

RaschPSR= [ L
]X[,_,

L-1 SDp2

18.1

18.3

18.5

In these formulae pqis the error variance of the responsescore of a"person" for whomthe sample

item p-values apply, while MSEpis the sampleaveragemeasureerror variance in logits and6Y2 is the

samplevariance of the nonlinear rawscores, while SDP2 is the samplevariance of the linear logit measures.



Table 18.1

KnoxCubeTest Output from Bical

PersonSeparation Reliability = 0 .68 (without D. F. Correction)

(Best Test Design, Page57, Table 3.4 .2)

RawScore Count Logit Ability Standard Error

11 2 3.31 0.92

10 1 2.53 0.93

9 4 1 .71 0.96

8 5 0.81 1 .03

7 12 -0 .22 1 .07

6 3 -1 .19 0.97

5 2 -1 .96 0.86

4 2 -2 .61 0.81

3 2 -3 .21 0.81

2 1 -3 .86 0.88



ITEMSEPARATIONRELIABILITY

KR20is commonlycalculated for items, but almost never for persons. WhenHoyt (1941) published

his paperontest reliability by ANOVA,herecognized both approachessaying "extended examination of

the `among' items variance would makeit possible to decide on the heterogeneity of the respective

difficulties of the items while amoreextendedexamination of the `amongstudents' variance wouldmake

it possible to answercertain pertinent questions regarding the individual differences amongstudents" (page

156) . This goodadvice, howeverhasnever beenfollowed in practice .

In Raschmeasurement,however, the Item Separation Reliability (ISR) is routine (Wright and

Masters, 1982, p.92) . This ISRgives the test user an indication of howwell items are separated by the

personstaking the test . Theformula for this index is :

ISR=1-C
MSE,

~SD21

This is calculated in a fashion similar to the PersonSeparation Reliability . Thehigher the ISR,

the better those particular items are separated by the persons taking the test .

It is not the algebraic andstatistical similarity of the KR20andRaschPSR,however, that is of major

importance nowthat it hasbeendemonstrated. Instead, it is the decomposition of these single indices into

their constituent parts that leads to amoredetailed andmoreuseful managementof the test characteristic

traditionally referred to as "reliability ."

With Raschcalibration weare able to obtain the standard error of calibration for eachindividual

item as well as the standard error of measurementfor each person ability . With traditional methods, a

standard error of measurementis provided only for measuresat the group meanof person ability .

Thestandard error specific to eachitem (or person) statistic is far moreuseful than anysingle sample

(or test) "average" . Thelocation of each item andperson on aline representing the variable together with

their standard errors showsus the definition andutility of the variable . Thedefinition of the variable is

specified by the location of the items . Theutility of the variable for measuringpersons is quantified by

the standard error which accompanieseachperson measure.

18.6



19. RELIABILITYANDSEPARATION

Validity andreliability havebeenkeyconcepts in measurementfor eighty years . Thesetwotopics
commandChapters 1 and2 of the Standards for Educational andPsychological Testing (1985) . The
Standards define reliability as "the degree to which test scores are free from errors," (1985, p.19) . The
"errors" referred to are measurementerrors . Themagnitudeof these errors andthe specification of their
source are necessary in order to determine the efficacy of a measuringinstrument . Thereliability coefficient
is the traditional statistic intended to quantify reliability . Coefficients are commonlyreported for test-
retest, multiple form andsplit-half replications . Thepurposeof this primer is to discuss howthese topics
are dealt with in Raschmeasurementandhowthis improves and, hence, supersedes traditional methods.

TRADITIONALRELIABILITY

TheKR20for dichotomousresponses(or its generalization, coefficient alpha) are estimates based
upona single administration of a test assumedto havehomogeneousitems . Thesecoefficients are intended
to bean estimate of the test's reliability with respect to a single attribute postulated to underlie all the test
items . However,what anyparticular reliability actually refers to canonly be whatever attribute the test
items actually define . Sufficient time to answerthe items is assumed(timed tests producespuriously high
coefficients) . TheKR20and its variants (coefficient alpha andKR21)are calculated by comparinga
numeratorbasedonsampleditem p-values with a denominatorbasedonthe sampledpersons' rawscores,
computedfrom the sameresponse matrix of persons anditems .

Thestatistics outlined in Figure 19.1 bring together the twocontrasting elements whichmakeup
the KR20. Oneelement summarizesthe test items in terms ofpq in whichpcomesfrom the sampleditem
p-values (where p =proportion correct) andq = I -p . Eachitem pq is the variance of a responseto that
item for a "person" for whomthat p-value is theirprobability of succeeding onthat item . Since thep-value
for an item is the samplemeanof the dichotomousperson responsesto that item, thisp-value is whatwe
expect of an"average person" from that sampleonthat item .

Thep-value for anitem describes a"sampleaverageperson's" probability of successonthat item
andcanbe used to estimate an "average" sampleresponse variance for that item . Whenthese variances
are summedover the items they yield a score variance for a "person" whohasexactly thosep-values . This
"average" test score variance is the numerator in KR20.

TheKR20denominatoris the observedsamplevariance ofperson scores . Thusthe KR20combines
a "test" characteristic for a "typical" person sampled, based on item p-values, with a "sample"
characteristic from the observed samplevariance of person raw scores .

CHARACTERISTICSOFTHEKR20STATISTIC

1 .

	

Theitem responsevariance usedis that of an"average" person sampled. This is not the same
as anaverageof the persons' test score error variances . If the samplescore distribution is not
symmetric, then the error variance of an"average" person mustbedifferent from the average
of individual persons' error variances .

157



Figure 19.1

Traditional analysis of a response matrix .

Persons n

Items :

	

P-value of item is

n

Right answercount (raw score) of item i

N= numberof persons in sample

pi=Si/N qi=(1 - pi)

variance for item is pigi = [Si / N] [(N- S) / N]

Person raw score variance for a "person" for whomthe sample item p-values
are their probabilities of success:

L

VR=Ipigi

N

Persons:

	

Sampleraw score mean: R=I Rn / N
n

N

Sampleraw score variance : VS

	

N)- RZ
n

KR20reliability : KR20= [L / (L -1)] [1- (VR/ VS)]

Rn

Right answercount
(raw score) of person

n
L = numberof

items in test



2.

	

While

	

Pq provides atest score error variance for an "average" person, weknowthat the
sampled people vary, i .e ., the variance of their rawscores is greater than zero . Personswith

high or low scores haveless score error variance than those with scores near fifty percent

correct wherethe score error variance is maximum. Since the "average" personvariance used
in the KR20formula is always larger than the lower score error variance of persons with

extremescores, it mustalways overestimate their score error variances .

3 .

	

If wewant to anticipate reliability for a proposed application, a previously reported KR20

cannot be usedas is, unless weknowthat the proposedsamplewill havethe samescore
distribution as the sampleusedfor the reported KR20. This is quite unlikely .

4.

	

Theuseof rawscores as the data for calculating the samplevariance is misleading to the extent

that rawscores are not linear representations of the variable they are intended to indicate .

Proof that rawscores cannot be linear representations canbe seenbyplotting the rawscores
from ahard test against the rawscores from an easy test measuringthe sameattribute .

Figure 19.2 showsthat the relationship betweenthis pair of raw scores mustbe curvilinear . As

a result, neither set of raw scores can be linear indicators of what they purport to represent . But the

calculation of meansandvariances necessary to estimate reliabilities assumeslinearity in the numbersused.

Therefore, the calculation of these statistics from rawscores is always incorrect to someunknowndegree.

If weexpressedperson measuresin alinear, rather than curvilinear, form, then the samplevariance

estimates wouldbeimproved.

If person error variances wereaveragedinstead of using the error variance of an"average" person,

the information about sampletest error conveyedby the reliability coefficient wouldalso be improved.

RASCHRELIABILITY

Theseshortcomings in KR20,or any other reliability coefficients based on raw scores, are

remediedwhena Raschmeasurementanalysis is madeof the samedata andreliability calculated from

Raschresults . Raschmeasurementproducesameasureof eachperson's ability onalinear scale calculated

from alogistic transformation of their rawscore . Theresult is a linear comparison of the HardandEasy

tests as shownin Figure 19.3 . Theselinear ability measuresare numerically suitable for calculating sample

variances .

Wealso have, for eachperson measured,anaccompanyingstandard error of measurement. These

individual errors canbesquaredandsummedto produceacorrect average error variance for the sample.

Whenthese results are substituted for those in the traditional KR20formula, the result is anewformula

which, while equivalent in interpretation, gives abetter estimate of reliability than KR20,coefficient alpha,
or anyother reliability basedon nonlinear raw scores .

Whenterms arereplaced in this way,abetter reliability coefficient results because(1) the numerical
argumentsare nowlinear rather than curvilinear, and(2) the actual averageerror variance of the sample

is usedinstead of the error variance of an "average" person (see Figure 19.5) .



Figure 19.2

Comparingscores from easy andhard tests .

HARD
TEST

T

Legend:

Explanation :

Implication :

Pt . A

	

= less than 50%on HardTest .

Line BC= presumedlinear relation betweenEasyand Hard test scores .

Arc BC= actual non-linear relation betweenEasyandHard test scores .

Pt . D

	

= morethan 50%on EasyTest .

0%on the EasyTest implies 0%on the HardTest (Pt . B) .

100%on the HardTest implies 100%on the EasyTest (Pt . C) .

But 50%on the EasyTest implies less than 50%on the HardTest (Pt . A)

and 50%on the HardTest implies morethan 50%on the EasyTest (Pt . D) .

Thescore relationship betweenanypair of tests which differ in
difficulty cannot be linear .



Figure 19.3

Comparingmeasuresfrom easy andhard tests using logit measures.

Implication :

DIFFERENCEIN TEST
DIFFICULTIES

HARDTEST

- . .

	

i-

I

'000000000000000,000

	

EASYTEST

WhenEasyTest scores and Hard Test scores are transformed
into linear measures, then a linear relation becomespossible .

PREDICTINGRELIABILITY

In the application of atest, it is the characteristics of the newsampleto which weintend to apply

the test, rather than adescription of someprevious sample, that is our real concern. Wewantto knowhow

the test will workwith the newpeople whoare about to take it . Wewantarelevant reliability coefficient

which applies to the people weintend to test, rather than an obsolete onedescribing people whowere
previously tested . But fewpractitioners knowhowto useanold KR20to estimate anewKR20for anew

sample.

In fact, it is easy to predict the reliability for a forthcoming sample, if weare willing to postulate

an expectedmeanandvariance for this sample. Fromthese statistics andthe Raschtargeting formula we

cancalculate the reliability of the test for the newapplication without reference to anyprevious sample
(Wright andStone, 1979, 129-140) .

ADVANTAGESOFASEPARATIONINDEX

Correlation-based reliability coefficients, however, are also nonlinear in implication . For
example, improvementof KR20from .6 to .7 is not twice the improvementfrom .9 to .95 . Although the
difference in amountof reliability between.9 and.95 is half as muchas the difference between.6 and.7 .
This half-as-much signifies twice the improvementin measurementprecision . Wecan escape this



shortcoming of KR20byreplacing the traditional reliability coefficient with a Separation Index (G) (See
Figure 19.5) .

TheSeparation Index (G) is the ratio of the unbiased estimate of the samplestandard deviation to
the root meansquare measurementerror of the sample. It is on a ratio scale in the metric of the root mean
square measurementerror of the test for the samplepostulated . It quantifies "reliability" in asimple and
direct wayandhasaclear interpretation . This expedites comprehensionof whatchangesin reliability mean
in terms of measurementprecision .

Theestimation of separations for newsamplesis easy. Noreference to any previous samplesis
required . Weneedonly estimate the expected standard deviation of our newtarget sampleandthen divide
this estimate by the average standard error of the intended test for such a sample. Asin :

Separation :

	

G= SDT/SET
SDT.-	the expectedSDof the target sample
SET:

	

the test standard error of measurementfor
such a sample, a value which is almost always
well approximated by SET= 2.5 / f-L-

SETcanbeestimated moreprecisely as SET=

	

C-IL whereLis the numberof items in the test

andCis a targeting coefficient (explained in Wright andStone, 1979, pages 135-136andtabled for most
test andtarget relationships onpages214-215) . Cvaries between4and9 dependingonthe rangeof item
difficulties in the intended test andthe target sample's expected average percent correct on that test .

Hereare somevalues of Cfor typical item difficulty rangesandtypical target samplemeanpercents
correct :

E

0
UOiiO
U
c
UiN

UNaXw

Values of the Targeting Coefficient C

Test Item Difficulty Rangein Logits

(See Wright andStone, 1979, p. 214)

SET= C-IL

L = Numberof
Items in Test

1 2 3 4 5 6

50 4.0 4 .4 4.8 5.3 5.8 6.8

60 4.4 4 .4 4.8 5 .3 6 .2 6.8

70 4.8 5 .3 5.3 5 .8 6.8 7.3

80 6.2 6.8 6 .8 7.3 7.8 8 .4



Thus, SETis easy to approximate well enoughfor the calculation of an expected target

sample. Separation G: G= SDT/SET.

If an expected reliability is also desired, it canbe obtained from : R=G2/ (1 +G2).

Weusethe RaschModelin our example. But this Separation Index is applicable to anylatent trait
model. With it, onecanpredict the reliability of a test with anysampleto be usedin astudy, if onecan

specify anexpected samplemeanandvariance . Noinformation aboutanyprevious samplesis necessary .

TheStandards (1985, page22) recommendthat, "Standard errors of measurementbereported at

critical score levels ." Raschmeasurementanalysis routinely provides standard errors for every possible

test measurealong the variable as shownin Figure 19.4 . Thus, the Rasch approach meets this
recommendationcompletely . If reliability, as defined by the Standards, is the degreeto whichtest scores

are free from errors of measurement,then it follows that every ability measureshould beaccompaniedby
a standard error as anindex of the degree to which this criterion is metfor that measure.

TheRaschmeasurementerrors satisfy this goal byproviding individual errors of measurementfor

every observable measure. If acollective index of reliability is desired, the RaschSeparation Index is

moreuseful in basis andnumerical form than the traditional indices of reliability .

Figure 19.5 summarizesthe calculation of the Separation Index .

RaschSeparation Indexes

G= [R/(1-R)]

Corresponding
Reliability Coefficients

R=G2 /(1+ G2 )

1 0.50
2 0.80
3 0.90
4 0.94
5 0.96



Figure 19.5

Raschperson separation index .

G=STB/ RMSEBwhere

STB2 =SDBZ - MSEB
N

	

N 2
SDBZ =

	

Bnl N-

	

Bn l N
n

	

(n
N

RMSEB2 = MSEB= Y, SEBn/ N
n

Bn =logit measureof person n

SEBn = standard error of Bn

so G2 =R/(1-R) andR=G2 /(1+G2 )

andR=1- (MSEB/ SDBZ ) is

=1- (VR/ VS) = [(L -1) / L]KR20

with VRand VSas defined in Figure 19.1

(see Wright and Masters, 1982, Figure 1, pp. 105-106)

note : MSEB=Cl L

	

in which 4 < C< 9

and C= 5 or 6 is typical .

(See Wright and Stone, 1979, pp. 134-136)



,. ,IDITY

According to the Standards for Educational andPsychological Testing (1985), validity is "the
mostimportant consideration in test evaluation" (p . 9) . Validity deals with the meaningof inferences
drawnfrom test scores . TheStandards emphasizethat it is the inferences that are validated andnot the
test . Theidea is that no test is valid or invalid in itself . Only its use in someapplication merits a
designation of validity .

This primer discusses howvalidity is addressed in Raschmeasurement. Weexplain howthe
types of validity discussed in the Standards are handled in a Raschanalysis of item response data .

TRADITIONALVALIDITY

Thethree types of validity discussed in the Standards are (1) content related, (2) criterion related
and(3) construct related . Validity itself, however, is held to beunitary . TheStandards advancethese
types as related facets of a single problem. Thetypes mustbecombinedto validate the information
obtained from the application of a test .

It is easyto becomeconfused as to whatis meantby validity becausethe three types are different
in meaningandmethod. While the virtue of a single term "validity" is agreeduponby everyone, how
to connect that term to the analysis of data is not . Thereare substantial andpuzzling questions as to what
is referred to, howit can be implementedin practice andwhat the results of implementation mean.

Since it is not clear what additional data are required to determine validity, that is whatcriteria
are relevant, it is easyto becomeconfused about whatshould bedone. There is no unique or objective
wayto determine whatthe right criterion wouldbe. There are always manypossibilities . Howdo we
establish whichcriteria are necessary, which are optional, which are decisive, which are only advisory?
Whencriteria differ, howdowedecide whichoneto use. Attempts to basevalidity on external criteria
haveraised moreproblemsthan they havesolved . Manyarticles lament this dilemma(Bechtoldt,1959 ;
Beck, 1950; Campbell&Fiske, 1959; Cronbach&Meehl, 1955) .

REAPPRAISINGVALIDITY

Theonly wayto escapethis fruitless muddleis to focus on the data that are available, namely
the actual responsesof individuals to items andthen to ask : Whatis there in these data that could answer
validity questions?

Whatcan weget from analyzing the data wehave that could tell us about validity? Whenwe
look at responses to test items, two, andonly two, types of data relevant to validity emerge. Thefirst
type concerns the ordering andspacing of items andpersonswhichare producedbythe analysis of item
responses. Theactualization of this kind of validity dependson prior knowledgeof item content and
person characteristics and, mostof all, on clear intentions concerning what variable is to be defined
andmeasured.



ORDERVALIDITY

Therelation betweenitem content andthe empirical difficulty order of the items produced

by the way persons respond to them either verifies, improves on or contradicts the intended

definition andhencemeaningfulness of the variable which the items are intended to implement. We

expect onedigit integer addition to be easier (have less difficulty) than division involving decimals

andboth to be easier than any probleminvolving a quadratic equation . It is almost impossible to

write mathematics items without knowing in advance their intended and expected difficulty

ordering .

For a spelling variable, we anticipate sequences of increasing difficulty like "cat",

"wagon", "friendship", "meretricious" as defining a spelling variable that could be extended by

adding easier and harder words as well as enriched by adding words at intermediate levels of

difficulty betweenthese four .

Thewayto begin this kind of thinking out of a variable is to write or select an initial item

and then to write or find another item which weexpect, according to our theory, to be easier or

harder - continuing in this way, item after item, extending andfilling in, step-by-step, until adetailed

definition of the intended variable is laid out .

This simple beginning can lay out an orderly andmeaningful item definition of an entire

variable . Weneedonly to apply atheory of whatweare trying to do andto knowour measurement

intentions in order to think out an expected difficulty order for the items weplan to use. Then, when

weuseour items with persons, wecancomparethis intended andexpected conceptual order with

the empirical order actually provided by the data to seehowwell our expectations are confirmed .

Item order validity operationalizes two of the Standard's three types of validity : content validity

andconstruct validity .

Shouldwediscover, however, that weare unable to imagine any canonical order for our

items, then weare forced to admit that wedo not understand the variable weare trying to define

or howour items are supposedto implement its definition . Weare forced to realize that westill

havemorework to do on our variable, by thinking it through morecarefully before our purposewill

becomeclear enoughto us for useful action . Evenin the earliest stages of variable construction

wemusthavesomeidea of howto write items in an orderly fashion or else our measurementproject

cannot thrive . Wemustknowaheadof time the difference betweenan easy anda hard item . We

mustknowour purpose.

Thedifficulty order of items defines the variable's meaningandhence its content and

construct validity . The ability order of persons that is producedby their performance on a test

specifies the consequencesof measuringon the variable andso determines the variable's utility .

Relevant concomitant person orders such as those producedby age, school grade, civil service

rating, or any other characteristics which ought to correlate with our intended measure, can help

us to learn about its utility andso might be referred to as backgroundcriteria for our variable . But

the variety of possibilities guarantees that no single criterion canbe decisive . Nevertheless, to

the extent that there is apart to be played by "criterion validity" in the evaluation of the utility of

our variable, it is to be found in person order validity - the waypersons are ordered by their measures.
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CRITERIONVALIDITYINVARIABLEMAPS

The criterion validity of the Standards presupposes the existence of an external criterion

sufficiently well established to serve as the baseagainst whichthe test canbecompared. Thecorrelation

coefficient is usually usedas the index bywhichthis comparisonis evaluated . Twostrategies are usually

employed.

1 . Atest is designed to predict somealready knowncriterion andthe correlation with this

criterion is taken to indicate the degree of criterion validity .

2 . Onetest form is correlated with another test form to indicate their degree of consistency

with one another .

Theapparent simplicity of these approaches is flawed by the problemof the criterion . Is the

criterion valid? Canit serve as a stable base? Doesthe correlation betweentwo test forms address

anysubstantive question about validity?

Criterion validity is better addressedbybuilding anitem mapof the variable andthen augmenting

this mapwith the values of whateverconcomitant criteria canbegathered along with the test data . All

criteria canbe located on this variable maptogether with the item calibrations andperson measures.

Whencollecting test data wecanrecord the associated person information of gender, age, school

andscholastic level . Thelevels of these criteria canbeplotted along with item calibrations andperson

measureson the variable mapto showhowthese criteria relate to persons measuresandalso to item

content .

Wecanformulate hypotheses about anycriteria that weimagine might berelevant to these item

calibrations andpersonmeasuresanddetermine from the relative locations of these criteria onthe map

exactly howthey are, or are not, related to the item calibrations andperson measures.

Thevariable mapis the best wayto assembleandpicture relevant criteria together with item

calibrations and person measures. The mapgives us a definitive and detailed picture whereas

correlations only indicate the presence of somegeneral relationships .

FTTVALIDITY

Thesecondtype of validity hasto do with responsepattern consistency for items andalso for

persons. This kind of validity comesfrom the fit of the observed person-item responses to a useful

definition of measurementandhenceto the estimated values of item calibrations andpersonmeasures.
Although the necessity of this kind of responseperformancevalidity for personsanditems wasexplained
andsatisfied by L. L. Thurstone in the 1920's (i .e ., Thurstone &Chave, 1929), it is not mentionedin
the Standards .

Item andperson fit statistics are always necessary. Theabsenceof fit statistics implies the
absenceof a modelfor whatweexpect - a lack of awarenessof whatweare trying to do. If wedo not
knowwhat to expect, wecannot hopeto explain what happenedor knowhowto use the results .
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Point-biserial coefficients (conventional item discrimination) have beenused as item fit

statistics for decades, though few practitioners havemuchidea as to what the statistical modelfor
point biserials might be or what that signifies for the interpretation of their data. Nooneknows

what size coefficients to seek or to act on.

Whenwetake as the working requirement, however, that item responsesshall besumma-

rized by right answercounts i .e . rawscores, then wecandeducefrom that ubiquitous practice the

necessary andsufficient measuringmodel. That necessary modelis the Raschmodel in which

person rawscores or percent corrects canbe usedas the sufficient statistics for estimating person
abilities and item p-values canbe used as the sufficient statistics for estimating item difficulties

(Andersen, 1977) .

Themathematical form of the measurementmodelis deducedfrom the canonical require-

mentsfor measurement(Wright &Stone, Deducingthe MeasurementModel, Chapter 4) . The
measurementmodelspecifies howto apply these measurementrequirements to the data . It specifies

what kind of relationship must be approximated betweenthe observed data and the estimated
measuresin order for valid calibrations andmeasuresto result .

ITEMFIT

Whena Raschanalysis is madeof item response data, it follows naturally to analyze the
extent to which eachperson's response to eachitem fits the Raschmodelexpectation . Anitem fit

statistic is calculated for eachitem . This summarizesthe extent to which the sample's pattern of

responseto that item is consistent with the waythese people haverespondedto the other items . This
gives us "consistency" fit statistics for eachitem andfor eachperson andalso for anysubsets of

items andpersons which might interest us (see Identifying Item Bias, Chapter 8) .

Theconventional approach to item fit has been the point-biserial correlation coefficient .

Item misfit is thought to be indicated by a low point-biserial . It is equally true, however, that a

high point-biserial coefficient can also indicate item misfit . This dilemmawasidentified by
Loevinger (1947) as the attenuation paradox (Tucker, 1953; Andrich, 1982) .

PERSONFIT

Although hardly anyonecomputesa person point biserial, the motivation to doso is even
greater than the motivation to computeitem point biserials . Of course, the attenuation paradox

applies to person, as well as, item data . In a Raschanalysis a person fit statistic is calculated for
eachperson . This fit statistic summarizesthe extent to whichthat person's pattern of performance

on the test is consistent (or inconsistent) with the waythese test items are usually usedby people
responding to them.

Whenaperson doessomelucky guessing andso manifests someunexpectedright answers
on items that ought to be too hard for that person, wemaydoubt the validity of their performance
andhencequestion the meaningof their score andmeasure. Howmuchof the score tells us what
they knowandhowmuchtells us that they are lucky guessers? Whenweexaminethe particular
items on which they havefailed, wemayconclude that their score contains somelucky guessesand
is thus misleading andhencesomewhatinvalid . At this point, however,our attempts to measurethese
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"lucky guessers" neednot cease. Ourmeasurementmodelenables us to knowwhatweare doing . We
canuseits fit statistics to identify the lucky guessesandits item-free estimation procedure to re-measure
the "lucky guessers" onthe basis of their answersto the items onwhichtheir right answerswerenot lucky

guesses.

SUMMARY

Raschmeasurementhelps us to see that there are two, andonly two, types of validity that can

be evaluated from item response data : (1) the ordering of items andpersons and(2) the fit of items and
persons .

Order Validity

1 .1

	

"Meaning" validity from the calibration order of items . This implements the
content andconstruct validities of the Standards.

1 .2

	

"Utility" validity from the measurementorder of person characteristics . This
implements the criterion validity of the Standards.

Fit Validity

2.1

	

"Response"validity determined from the discrepancy betweenaparticular re-
sponseandits expectation . This identifies individual observations the values of
which contradict their use in the estimation of useful measuresor calibrations .

2.2

	

"Item Function" validity determined by an analysis of the validities of the sampleof
responses to that item, i .e . item fit . This identifies for review andrevision items
whichmaynot be working the wayweintend themto .

2.3

	

"Person Performance" validity determined by an analysis of the validities of the
responses of that person, i .e ., person fit . This identifies for review anddiagnosis
person's whomaynot havetaken this test in the wayweexpected themto .



1 . Dichotomousresponses such as

andits variants .

2. Polytomousresponses such as

andits variants .

21. SCORINGMODELS

Social science data collection usesquestionnaires composedof items constructed to elicit infor-

mative responses. Themostcommonformat asks respondents to select from amonga set of alternative

categories . Theconstruction of useful alternative categories is essential to the success of the items .
Oncecategories havebeenanalyzed in order of increasing "strength" of response, a scoring modelmust

be used to bring responses into a measurementconstruction process. Theanalysis of alternative scoring
modelsis the focus of this primer .

Item formats for such instruments are of two general types :

Agree Disagree

1

	

0

Thesechoices begin as discrete categories at a nominal level of measurement. Dichotomous

choice of categories suchas agree/disagree requires that suchalternatives be mutually exclusive with no
possibility that selecting onecategory overlap with another category .

The categories, whenpolytomous, usually have an intended order that ascends or descends
across the alternatives . TheLiken scale (Liken, 1932) is the most familiar form of instrument design .

Although polytomous responses begin as categories, they are usually intended as "ordinal" by
the direction implied in the labeling of the alternatives .

Themost informative ordering of categories, however, is not always as originally intended .
Sometimesthere is ambiguity about the order andposition of the categories . Sometimesthe categories
are carelessly wordedor implausible . This produces an experienced order which is different from what
wasintended . Consider this arrangementtaken from U.S . News&WorldReport dated November7,
1994:
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Strongly Somewhat Somewhat Strongly

Agree Agree Disagree Disagree

4 3 2 1



There is no single, obvious order to this sequence of seven categories . From"neutral", the
sequencemovesdownwardsto "enthusiastic" andfinally to "angry" or upwardsto "disgusted", "disap-
pointed" andthen "hopeful"! If this is the sequencethat occurred in the respondents' questionnaire, it is
quite possible that somerespondents becameconfused. If they did not look carefully at all categories,
they might not consider all the alternatives available .

CodesAandB suggest two possible "scorings" for these categories . Theuse of either of them
could give a sequential order better than the arrangementpresented .

It is always necessary to determine the extent to which the categories wereusedby respondents
in the waythey were intended . Respondentsoften interpret questions andcategories differently from the
wayin which they are intended . Confusion can also result from ambiguousdirections .

Preliminary analysis mustcomparethe intended order of alternatives andrespondent behavior .
Thedata cannot beaccurately interpreted until a useful scoring modelhasbeendetermined. This is the
reason pilot studies are recommended. Thebest pilot study investigates the category ordering in the
scale before it is used to gather the maindata . In any case, a scoring modelmustbe found before the
main analysis can be undertaken . Someresearchers immediately proceed to codethe categories and
analyze the responses before ascertaining the mostuseful scoring model. This leads to misinterpretation
of data .

Afull scale analysis consists of examining every reasonable scoring modelto determine which
oneproduces the mostuseful results .

Consider the Fear Survey Schedule (FSS) by Wolpe&Lang(1969) . TheFSShas 108 items .
Eachitem is to be answeredon a five-point scale :

Not A A Much Very
At Little Fair

	

Much
All

	

Amount

Howdo you feel about Bill Clinton?

CodeA CodeB

Hopeful 30% 5 2

Disappointed 19% 2 0

Disgusted 16% 1 0

Uncertain 14% 3 1

Neutral 9% 4 1

Enthusiastic 7% 6 2

Angry 5% 0 0



Thereare fourteen additional scoring modelsto be considered .

With 15 different scoring models, the question is, "Whichoneworksbest?"

Wemuststudy howthe people usedthese categories . This canbe donebyexamining the results

for eachof the alternative scoring models. Statistics from Raschanalysis provide explicit information

about which scoring modelis mostuseful with these data.

TheRaschstatistics for the analysis of scoring models are :

1 . Theitem andperson separation statistics which are ratio scale equivalents to person andtest

reliability .

2. Theitem andperson unbiased or "adjusted for error" standard deviations .

3. Thefit statistics computedfor item, person, andscoring category .

4. Finally, if wehavesupplemental information, wecangobeyondthe data andevaluate which
scoring modelbest separates knowngroups of persons.

Weevaluate the differences according to their standard errors anddetermine whether these

differences are significant . But weneed to use the model standard error as modified by misfit to

accomplish this task .

Whena scoring modelshowsconsiderable person misfit, this mustbe taken into account so as to
produceameasureerror that is increased by the amountof misfit . Anyscoring modelthat increases the

person separation statistic or the adjusted standard deviation is moreefficient . Increase in either of
these statistics gives us an index by which to judge the efficacy of scoring alternatives .
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FSSCATEGORIES

Ori inal 0 1 2 3 4

Alternative 1 0 0 0 0 1
Alternative 2 0 0 0 1 1
Alternative 3 0 0 0 1 2
Alternative 4 0 0 1 1 1
Alternative s 0 0 1 1 2
Alternative 6 0 0 1 2 2
Alternative ? 0 0 1 2 3
Alternative 8 0 1 1 1 1
Alternative 9 0 1 1 1 2
Alternative 10 0 1 1 2 2
Alternative 11 0 1 1 2 3
Alternative 12 0 1 2 2 2
Alternative 13 0 1 2 2 3
Alternative 14 0 1 2 3 3



Thesestatistical tools provide explicit waysto evaluate which of the alternate scoring modelsis
mostuseful .

Category reduction, from morenumerouscategories to less, frequently provides amoreefficient
scoring model. Manyresearchers plan morecategories than are usedby respondents or useful to define
the variable . Too manyoptions are the result of idealized expectations rather than real experience .
Fewercategories are often more efficient . Multiple categories are often "nonexistent" and can be
modeledmoreeffectively by dichotomousscoring .

Weanalyze all 15 scoring modelsof the FSS,using output from BIGSTEPS(Wright &Linacre,
1992) to determine which modelis mostuseful .

Table 21.1 gives the data for the 15 scoring models. Column1 gives the modelcode. Column2
indicates the steps in the model. Thealternative models are arranged by step . Column3 gives the
numberof iterations (UCON)to a converged solution . Columns4 and5 give the standard errors for
items and persons . Columns6 and 7 give the person and items infit statistics . Column8 showsthe
numberof items identified beyonda standardized misfit statistic of 2.0 . Columns9 and 10 give the
person anditem separation statistics . Columns11 and 12 give the item andperson quotients resulting
from the ratios of item andperson errors to their standard deviations (Column4/Column6 andColumn
5/Column7) .

Scoring Model#8 has beenhighlighted to identify it as the mostefficient one. Columns11 and
12 showthis modelto haveproduced the highest values for the adjusted ratio previously described . The
person anditem reliabilities for this modelare 0.97 and0.98 which are as goodas for any other model.
Thenumberof misfitting items, while not the lowest, is less than for 11 of the other models.

This modelcontains only one step, thus indicating that the FSScan be scored efficiently as
dichotomous. Themoredetailed ratings supplied by the authors donot correspond with howthe respon-
dents view the scale . Simple identification of fear is sufficient andattempts to discriminate further are
unproductive . TheFSSfunctions efficiently in this modeandprovides amodelthat is consistent with the
data .

Our exampleillustrates the needto investigate the possible scoring modelsin any scale before
analyzing the data further . Failure to take into account the influence of scoring modelchoice confuses
subsequentdata analysis .



Table 21.1

WolpeFear Scale

Scoring ModelsAnalysis

ByMarkStone

1

SCORING

MODEL

2

STEPSIN

MODEL

3

UCON

#ITERATIONS

[T.0 .21

4

ISEP

[T.3 .1]

5

PSEP

[T.3 .1]

6

IINSD

[1 .3 .11

7

PINSD

(T.3 .11

8

# Items

Out

[T.3 .11

9

ISEPR

[T .3 .11

10

PSEPR

[T .3 .11

11
ISEP/

IINSD

[C4/C6]

12

PSEP/

PINSD
[C5/C7]

1 SM00001 1 4 1 .9 1 .6 0.13 0.07 4 0.78 0.71 14.62 22.86

2 SM00011 1 4 3.3 2.6 0.12 0.12 8 0.92 0.87 27.50 21 .67

4 SM00111 1 3 5.4 4.0 0.11 0.16 11 0.97 0.94 49.09 25.00

8 SM01111 1 4 7.4 5.3 0.09 0.17 9 0.98 0.97 82.22 31 .18

3 SM00012 2 8 3.2 2.3 0.17 0.27 8 0.91 0.84 18.82 8.52

5 SM00112 2 3 5.2 3.8 0.16 0.30 11 0.96 0.94 32.50 12.67

6 SM00122 2 8 5.2 3.8 0.13 0.25 10 0.96 0.93 40.00 15.20

9 SM01112 2 20 7.4 5.5 0.18 0.40 15 0.98 0.97 41 .11 13.75

10 SM01122 2 9 7.5 5.8 0.18 0.35 20 0.98 0.97 41 .67 16.57

12 SM01222 2 7 7.9 6.0 0.14 0.30 21 0.98 0.97 56.43 20.00

7 SM00123 3 14 5.0 3.6 0.19 0.36 14 0.96 0.93 26.32 10.00

11 SM01123 3 10 7.2 5.4 0.25 0.51 26 0.98 0.97 28.80 10.59

13 SM01223 3 4 7.7 5.7 0.19 0.44 21 0.98 0.97 40.53 12.95

14 SM01233 3 10 7.6 5.7 0.19 0.40 22 0.98 0.97 40.00 14.25

15 SM01234 4 15 7.4 5.5 0.25 0.51 22 0.98 0.97 29.60 10.78



22. DIMENSIONALITY

Developing measuresfrom constructs is difficult becausethe properties of what wepropose to
measureare complexandinterrelated . But these difficulties mustbe faced . Howto proceed?

Thefirst task is to consider howto deal with behavior . While weacknowledgethat behavior is
complex, wealso recognize that wecannot advancethe process of measurementby simultaneous atten-
tion to all aspects of complexbehavior . There is no useful wayto makemeasuresof morethan one
variable at a time .

Wehaveto isolate a single variable (dimension) andthen develop it to the best level possible .
Whenourthinking is muddledby considering two or moreaspects of avariable simultaneously, then we

only becomeconfused.

Wemayrecognize the multidimensionality of experience, but this multidimensionality cannot be
addressedas awhole. For knowledgeto develop, complexbehavior has to be decomposedinto single

dimensions.

Webegin by specifying a dimension as a variable . Avariable is a single, unidimensional

concept abstracted from the complexity of humanbehavior . Its successful abstraction results from a
dialogue conductedbetweenthe abstract idea isolated andformed into a single concept andthe wealth

of sensory experiences that constitute the "real world ." Theformer is conceptual andconsists of the

abstract idea wehave gleaned from our experiences . Thelatter are elements of experience that have
substanceandconstitute reality . Theneedfor dialogue is to makeour abstractions relate meaningfully to
the real world . Ourvariable cannot be so abstract that it is devoid of reality . Nor can weclutter our

thinking bysucha bombardmentof experiences that wecannot abstract asingular essencethat stands out
andseparates the variable from all other experience .

This dialogue is not something which is doneonceandfor all . Theprocess continues indefi-

nitely, inspiring aprogression of further refinements .

As wesatisfy the need for a single concept, it is necessary to recognize that the variable is

posited as the unifying element betweenidea andexperience . Thevariable is the focal point between
experience taken from the real world andthe abstraction of an idea . Theidea of a variable embodiesthe

projection of a line or arrow indicating the direction of "more" along the variable . Thevariable, i .e .
line, is the representation of the experience abstracted andconceptualized as on aline . Theexperiences

themselves are illustrations or examplestaken selectively to arrange in a systematic fashion . Theorder
in which they are arranged on the variable is the correspondencebetweenour idea andour experience .

Figure 22.1

Thevariable .



Figure 22.1 showsthe idea of the variable as an arrow. Whatwelocate along the variable are

illustrations from experience that embodythe unidimensional concept wehavein mind.

Consider simple experiences from life like length and weight . Avariable of length can be

"seen" by using whatwenowknowas aruler . It begins with an implied zero at oneend, the numerals

along the ruler (variable) signifying equal units markedout as weproceedto the right . If weconsider

weight, then the units signify whatever units weselect, say pounds. Eachunit indicates an increase of

onepoundas wemoveacross the variable .

The ruling idea of the variable needs to be fully impressed upon our mind even though the

examples mayseemtrivial . Whenweproceed to construct moresophisticated variables, especially

those that wedo not fully understand, it is important to haveour methodologyclearly understood so that

wewill not becomeconfused by experience or overwhelmedby complexity .

The idea of a variable is always an abstraction, a simplification of what weexperience as

reality . If wecould think about all of reality at once, there wouldbe no needto abstract . But whenwe

want to determine its essence, then it is important to decide exactly what wewant to "see" in the

experience, what is useful for us to think about. It is also important to note that wemustdisregard all
other aspects in the pursuit of this goal . Wedo not disregard these other considerations becausethey are

not important, but becausethey are divisive to the task at hand.

Suppose, in going through the checkout line of a large supermarket, weplace groceries on the

checkout conveyor. Thepeople in front of us are also checking out, andat the front of the line a manis

paying for his purchases. If the customer or clerk departs from the process of checking, receiving and

giving change, the entire operation comesto astandstill . Supposein giving change, aclerk notices arare

two-dollar bill . "Do you have moreof these?" she asks. Theprocess of checkout breaks downas the

process of "collecting rare two-dollar bills" takes precedence. Howwill you feel during this time

while the "collectors" engagein their discussion? Whatwill the managerdo?

Supposethe clerk is moreinterested in checking all the cash and silver for rare currency and

coins for his collection than in makingchangeandrendering service . Doesthis meanthat coin collecting

is wrongor not useful . Of course not, but in a busy supermarket you cannot mix the two processes

without bringing the systemto astandstill . Likewise with measurement. If youcannot identify avariable

andfocus upon it, then it will be impossible to achieve success becauseyou will becomedistracted by

all of the additional aspects that are possible to study.

Whenweidentify one aspect for study, it is not becausewebelieve that the other aspects are

unimportant, it is becausewecannot focus upononeaspect unless wetreat the others "as if' they were

not relevant . Weknowthat they haveimpact, but wecannot consider their input relevant at this time .

Whenwetry to makemeasuresbyaddressing all matters at once, it becomesimpossible to sort out what

is occurring .

It is important to distinguish betweenthe procedures for developing measuresandthat of study-

ing the relationship betweenmeasures. Theformer is atask of measurement,i .e . of building avariable .

The latter is a task of statistical analysis, i .e . determining the relationship between variables . The

statistical process can overwhelmthe measurementprocess, if wedo not payattention to what problem
weare addressing andinadvertently get the cart before the horse.
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MULTIDIMENSIONALITY

Thewayto proceed in understanding multidimensionality is first to construct unidimen-

sional variables upon which to makemeasuresand then to evaluate the relationships amongthe

measuresgenerated from these singular variables .

It is often said, in explicating the idea of "multidimensionality," that the variables must
embodyall of the behavior that can be expected to be observed in the experience . This is not the

wayto proceed. Theproblem is not to seehowcomplexwecanmakethe experience, but instead,

howsimply wecan abstract from an experience an essenceof whatwewant to makeobservations

on andmeasure. Whatis a single dimension that wewantto construct as a variable that will allow

us to focus successfully on that one aspect of experience? Whenwerealize that there are other

aspects left over from building a variable, then the next task is to get started on a newadventure -

building another variable . Theprocess goes on andon.

It is not the goal of measurementto be multidimensional . Measurementcanonly address one
aspect of experience at a time . If wedo the job of building a variable well and can quantify it
usefully, then wecanproceed to do it again andagain with the construction of additional variables .

In social science, the word "multidimensionality" usually implies that there are multiple

dimensions, i .e . separate dimensions. But consider volume. Wehave three applications of the
samedimension, not three "different" dimensions . Length, width, andheight, measuredin the same

units for utility, give us the three "applications" of a single dimension neededto computevolume.

THEORGANIZINGPRINCIPLESOFVARIABLECONSTRUCTION

Variables are constructed out of experience . Fromexperience, initially encountered, we

notice similarities and differences . The first step is to be able to segregate from the experience

somesingle aspect that can be found in each instance of observation, someelement that can be
abstracted from eachinstance . This abstraction is the unifying idea from the experience . It is the

first step in the construction of a variable . Theunifying element is this single idea . Thevariable
signifies focus upona single aspect of experience, an experience elements of which are useful to
focus uponand so becomethe basis for a variable .

Thenext step is to illustrate this aspect of experience by aschemeof graduated experiences .
That is, havewefound a variable that canbe abstracted usefully from the experience?

Weobserve a large pack of horses . Observation suggests a wayto group them. Theycanbe
arranged by height . Markings mayalso allow us to re-group themaccording to whatever character-

istics are suggested. It can be by their behavior in running or according to someother skill . The
samepack of horses can produce manyvariables to use in describing animals . Andeach abstrac-
tion of this complexexperience is itself a simple and single representation of an idea that maybe
useful to subgroupthe experience .

It frequently follows that the invention of a good variable eventually becomesuseful to
everyone. This is the hallmark of a goodvariable . Havingbecomean extraction of experience, the
newly constructed variable is recognized as so self-evident that everyone begins to use it . Some



mayevenremark, "Whydidn't I see that ." Theanalogy is like an optical illusion, whenthe alterna-
tives are pointed out, they can usually be seen, but before that wetend not to observe the alterna-
tives . Agoodvariable operates in a similar way. Thevariables, so identified, becomerecognized
anduseful . This is the history of goodvariable construction .

Application of the Raschmodel and associated fit statistics can be used to identify items that
define a single dimension. Scale developmentproceedsby successive variable definition . Items that fit
contribute to a single, interval, sample-free scale . Locations of items, persons, andrelated attributes
produce a definitive mappingof the variable . SeeVariable Mapping, Chapter 14, page 119.



23. QUALITYCONTROLPLOTSFOREVALUATINGCO-RELATIONS

This chapter describes asimple graphical methodfor studying the relationships betweenpairs of
person measures,pairs of item calibrations or anyother pairs of values intended to display aco-relation .
This methodreplaces the elusive numerals of correlation andregression coefficient(s) with easy to see
pictures for describing relationships betweenpairs of values .

PROBLEMSWITHCORRELATIONANDREGRESSIONCOEFFICIENTS

Thetraditional approachto investigate arelationship betweenpairs of values hasbeento calculate
acorrelation coefficient andstop there . Thesingle numberwhichresults is usedto describe the relation
betweenthe paired values . Buthowcananysingle numberdojustice to apotentially complexrelationship
so completely andso fully that no further information is of interest?

Thecorrelation coefficient attempts to summarizein onenumberall the information contained in
all pairs of values underconsideration . Thesingle resulting numberis only occasionally evaluated in terms
of its standard error andevenless often dis-attenuated for the measurementerror inevitably contained in
the estimation of the pairs of values compared.

Dis-attenuation formeasurementerror should always bedoneforevery coefficientused to quantify
arelation betweenpairs of values . Dis-attenuation for measurementerror is called for in every regression
analysis . Andthere are further problemsto consider . Theusual regression analysis assumesthere is no
error in the independentvariable(s) andthat error in the dependentvariable awayfrom the modeledrelation
is entirely randomand the only error expected. But usually the independent variables themselves are

estimates containing their ownerror of estimation .

Relationship analysis needsto identify, separate andseparately consider :

(1)

	

modelederror, the explicit stochastic part of the relational theory implementedby
the regression analysis,

(2)

	

measurementerror, an unavoidable part of all values in the analysis which depend
on a prior estimation procedure, and

modelmisfit error, the discrepancy betweenthe general theory modeledandthe
particular data whichis beingexaminedfor the extent to whichit constrains or contradicts
the theory modeled.

Thesemisunderstandings occur wheneversimple correlation or regression coefficients are
accepted as sufficient summariesof relationships . These single values give only the barest andmost
incomplete description of the situation . Theyarebasedonthe presumption that nothing is happeningin the
data except asimple linear relationship betweentwo exactly knownvariables which canbe captured by
onecoefficient as asingle value . Topresumethis condition is to specify in advancethat all people or items
whosepairs of values areusedto computethe correlation arenothing morethan randomexamplesof asingle,
simple linear relationship .
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Tosay this again : Whenwerely upona correlation coefficient to convey all that is operating in

the relationship betweenaset of data points, weare reducing all the people or items examinedto the status

of equivalent examplesof whateverthe single, simple linear relationship is determined to be. Everyperson

' or item is reducedto being exchangeablein demonstrating the onerelationship presumedin the data.

This conceptual reduction is not only never true but also never useful . Reducinganyrelationship

to asingle numberdenies andconceals all of the interesting individual behavior occurring in the data. The

reduction prevents anyrealization of the diagnostic capacity of the data . Toroutinely discard this rich

potential is not goodscience .

INVESTIGATINGCO-RELATIONSHIPSUSINGPLOTS

Wegive eachpair of values its ownidentity whenweplot their location . Instead of reducing the

data to asingle correlation coefficient, the paired instances of the two variables are plotted against each

other so that every data point represents arelation betweenthe paired values - arelation that invites further

investigation before summarizing.

Everyplotted point should beclearly labeled so that unusual points canbeexaminedto determine

their specificity . Whenapoint represents twomeasuresontwovariables for aparticular person, that point

is specific to that person. If the person is better in spelling than in arithmetic, their data point is uniquely

informative about that aspect of that person. This is quite beyondandfar moreinteresting than anygeneral

correlation whichmaybe observedbetweenspelling andarithmetic .

Thefirst step in addressing the problemof co-relation is overlooked whenthe plot of paired values

is not drawn, not labeled andnot carefully studied for the particular identities of unusual points .

Somepeople find it difficult to examineaplot by inspection . Theydonot derive benefit from a

simple examination becausethe plot is not set upin awaythat tells themastory aboutwhatmight beseen

in their data .

LABELSFORPLOTTEDPOINTS

In order to interpret plots weneedto enable the plotted points to bring out the purposeof the plot

andto makethe story contained in the points immediately visual . Careful attention to labeling enables us

to makevisible the idiosyncratic anddiagnostic possibilities in the data.

It is essential to label eachpoint with alabel that identifies in eachplot whateachpoint stands for

i .e . male(M)or female (F), black (B) or white (W), married (m) or not (n) . Wecan't investigate whether

points are as expected or discover a pattern, if wecannot see what the points stand for . If wediscover

clusters of points weneedto see on the graph what characteristics the clustered points share anddo not
share. This meanswewill replot the samepoints but with differing label sets to bring out the dominant

patterns .

Weneedwaysto label points so that anyorganization they manifest will beimmediately apparent,

so that wecanseewhatthe points indicate . Thelabeling of points mustbeas comprehensiveandas versatile
as possible . Whenlabeling clutters up the plot or becomestoo extremeto showon the plot itself, then a
codenumbercanbegiven eachpoint andanaccompanyinglegend (located next to or onthe plot) constructed
so that the points canbe quickly identified andtheir pattern understood.
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Themorecomprehensivethe legend, the moreassistance it will provide in investigating the nature

of the plotted points . Graphical notations printed in position on the plot, however, communicatemore

quickly than text in a legend. Thus it is useful to develop versatility in successively altering point

identification andreplotting the samedata so asto bring out the mainpatterns contained in the data bymaking

themvisible on the graph itself .

IDENTITYLINES

Labeling data points andproviding alegendare not enough. Wemustgofurther anddrawinto the

plot aline (or curve) that represents the mainquestion to beinvestigated by these data - the mainquestion

which the plot is intended to answer. This "identity (of the question asked) line" should be a smooth,

preferably (with datatransformed so that it becomes)straight line drawnso that it marksthe hypothesized

path of the presumedrelationship betweenthe two variables .

Toexpedite the visual interpretation of anyplot, it is important to adjust the scales of the horizontal

andvertical axesso that the resulting "space" revealed is square. Whenthis adjustment achieves acomplete

equation, the simplest version of this identity line goes through the origin with aslope of one, proceeding

at a45 degree angle across the plot from lower left to upper right andindicating apositive relationship

betweentwo variables on the samescale .

0

0

Theexpected
relation

45%

This simplest identity line specifies that the twosets of values are intended to measurethe "same"

thing from the sameorigin on the samescale : inches-to-inches, pounds-to-pounds or the logits-to-logits

of commonlycalibrated items .

If, in a study of item bias, weco-calibrate items to acommonscale, wecan plot pairs of item

calibrations andusethe identity line to model"nobias" betweenthe twocalibrations . Theline showswhich

item points donot fit the "nobias" hypothesis represented bythe identity line andhencewhichitems require

further investigation .

Usually the two values plotted originate on somewhatdifferent scales . For pairs of measures,

origins andscales are usually expected to bedifferent . Then,auseful representation of the hypothesized

relationship maybeadifferent kind of identity line that passesthrough the meansof the twosets of values
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with aslope equal to the ratio of their standard deviations . Againthe best choice of horizontal andvertical
scales is onethat makesthe resulting plot fill out a square.

Anappealing andseemingly equivalent approachis to standardize the values of eachvariable by
subtracting a meanMfrom eachvalue Xanddividing the difference by a standard deviation S:

z=
X-M

S

Whenthese standardized z values are plotted, the hypothesis bearing identity line onceagain goes
through the origin with a slope of one.

Theshortcoming of this standardization is that it drawsour attention awayfromthe metric(s) of the

original variables . It is seldomuseful to forget whatthe original metrics stand for . That metric information
canbea key to understanding the data plot .

Thus it is usually moreinformative to retain the original metrics of the variables and not to
standardize . Thatplaces the hypothesis bearing identity line through the intersection of the meanswith slope

determined by the ratio of the standard deviations .

THEHYPOTHESISREPRESENTEDBYTHEIDENTITYLINE

Theidentity line represents the hypothesis of aperfect relationship . Theutility of the identity line
is that it guides the eyein examiningthe data points with respect to the hypothesis . Wecanseewhichdata
points are close to the identity line andwhich points are far from it andthence indicative of a particular

andidentifiable digression from the perfect relation hypothesized .

Thedeviations are the exceptions, the unexpecteddigressions from the perfect idea indicated by

the identity line . Theidentity line also guides the eyeto locations whereno data points exist . Thedata
points whichfollow the identity line confirm our expectations . Thedata points that deviate contradict our
expectations . Thedata points that are missing showus whereweare uninformed .

Thestatistical modelusedwith mostcorrelations is anull hypothesis of zero correlation between
the twovariables . Butwhenwemodela relationship, the relevant null hypothesis is seldomzero but rather

aperfect relation as close to oneas measurementerror allows . This moreuseful "null hypothesis" of perfect
relation is the onerelevant to measurementanalysis .

CONSTRUCTINGQUALITYCONTROLLINES

Howcan weshowthe extent of expected error in a plot? Howcan wemakeallowance for
measurementerror visible in the plot? Howcanwevisualize error dis-attenuation? Theansweris to draw
in quality control lines to guide inspection of the data plot andto provide guidelines for seeing howclose,
statistically speaking, our estimated points are to the identity line, given their errors of measurement.

Theseerror guidelines are constructed in the samewayas the statistics used in industrial quality
control . Wedrawtwo boundary lines, oneabove, onebelowthe identity line, to guide inspection of data
points . Theselines makethe statistical boundaries of our hypothesis visible .



Weusually construct this pair of boundaries so that they enclose 95%of the data points which
measurementerror around a perfect relation would produce . Theseboundary lines enclose a region
containing two standard errors of measurementaround the identity line in eachdirection :

MEANSANDSTANDARDDEVIATIONS
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TheHypothesized
Relation

Quality control lines enable visual evaluation of the data points . Theyshowus the identity "line"
andthe identity "region" ; the area aroundthe identity line in which it is reasonable for datapoints to occur,
given the measurementerror .

Data points which fall within the control lines can be accepted as statistically equivalent to the
identity line andhenceto the hypothesized relation . Thesedata points donot contradict the hypothesis
represented by the identity line .

Datapoints which lie outside the control lines are, however, instances whichcontradict the identity
line i .e . the hypothesis . Eachoutlying point is a visible contradiction to the hypothesis andconsequently
eachoutlying point needsto beidentified andinvestigated in order to understand andexplain whathasbeen
observed, in order to discover the meaningof the contradiction .

If, whenstudying a sampleof people whohavebeenmeasuredon two variables, wefind that their
paired measuresfollow anidentity line, then the paired measuresare clearly on a single variable andthe
two initial variables are empirically co-dimensional, at least for these people .

Evenwhentwo variables are both conceptually andempirically co-dimensional, there will still
besomeindividuals for whomthe relationship doesnot hold, someexceptions . Inclusion of these deviant
values in calculating meansandstandard deviations for these data, however, disturbs these twocommonly
usedreference statistics .

Wewant to determine the extent to which the data follow the line which asserts and/or supports
our intended hypothesis . Tomakethis determination webegin by evaluating all of the datapoints in terms
of our theory .



Without anytheory to guide our observations weare only fishing for something wecannot yet

describe . This is not research but blind groping . While there maybe times whenwefind ourselves

perplexed by ameasurementproblem, that confusion is neither optimal nor scientific .

Outliers are contradictory data points . Theybecomeunusual in the light of our expectations and

so in needof investigation . Toinclude outlying values together with those data points that confirm the

hypothesis in computingmeansandstandard deviations is to remainconfused by our owndata. Meansand

standard deviations are vulnerable to extreme values . Outliers distort the conclusions wecometo .

Wewantrobust statistics that are not unduly influenced in central location anddispersion by idiosyncratic,

extremevalues .

Statistics like the medianandinterquartile rangeare sometimesadvocatedas useful becausethese

statistics are less influenced byextremevalues . Their disadvantage is that they lack precision andpower.

Whatwewantis not the meanandstandard deviation of all values, exceptions included, but the meanand

standard deviation of just those values which follow the identity line andhencedo not contradict the

hypothesis of ashared dimensionality .

Aswesurvey aplot weneedaconvenient andconsistent wayto exclude the outliers . Whendeviant

data points are identified wewant to recomputemeansandstandard deviations without including these

deviant points andthen to re-draw the identity andcontrol lines so that they represent only the points of

the subsampleof people whoconfirm the hypothesis of ageneral relationship andnot those of the people

whocontradict it .

This doesnot meanthat wethrow the other data away. Onthe contrary, it is important to investigate

all the data, andmostespecially the deviant data points . But, it is necessary to determine whatcriteria is

to be usedin makingthe decision concerning deviance . If our hypothesis is depicted by an identity line,

then statistically significant deviations are those data points beyondthe quality control boundary lines .

Thesevalues, then, becausethey are different, donot belong whencalculating the summarystatistics used

to locate the identity andcontrol lines .

Usually whendata plots are examinedit is easy to see whether the points are following a line .

Sometimeswesee two groups of points that follow two lines :

or
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Nostatistic candetermine which of the twolines weshould useas our expectation, our intended

hypothesis, andwhichto consider asdeviant, however. Wemustidentify the data points involved andthen

engagein the hard workof thinking clearly about our intentions andhowthey emergein the data plot . That

is the only wayto determine what reasonable hypothesis they support .



Anaverage, evenwhensuccessively adjusted for deviations is, nevertheless, only an estimate of
central location . Noautomatic strategy canprovide the detective workandspeculative inspiration needed

for creative analysis . Noautomatic technique cansubstitute for patient investigation, visual inspection and

careful thought . Noautomatic process canexaminethe data points in suchawayas to replace intelligent

review . Theevaluation of unexpecteddata points requires the combinedefforts of data analyst andcontent

specialist so that eachcanencouragethe other to investigate all possible hunchesconcerning the patterns
manifested in the plot .

Twoother chapters provide examplesof this : Chapter8 (p .57), Identifying Item Bias andChapter

9 (p .65), Control Lines for Item Plots .



24. GUESSING

Whatto do about guessing on multiple-choice (MCQ)test items has beenahot problem for 70

years . For somepsychometricians the introduction of an extra item parameterfor guessing is the way

to settle the matter . Wereview their approachandshowhowguessing canbebetter dealt with - detected,

diagnosedandmanaged- by the methodsof Raschmeasurement.

Webstersays "to guess" is to form anopinion from little orno evidence . That suggests that when
people guesson anMCQtest item, they decide onthe basis of little or no ability howto answer. When

they are lucky, they guesscorrectly . It follows that to count lucky guessesas manifestations of ability

produces confusion, especially whenthese counts are combinedwith correct answerswhich are the
outcomeof applied ability . Haphazardcombinations of accidental andinformative outcomesarebound

to be misleading . Webster's also says that "to guess" can meanto arrive at a correct solution by
conjecture or intuition . Synonymsfor "to guess" include ; "to suppose," "to hypothesize ." Another

alternative definition, "stochastic" from the Greekstokastikos, suggests knowledgearrived at in a
probabilistic manner.

Guessingis not doneby items, but by persons . Whenaperson, with noknowledgeof the correct
answer, guessesat randomon a multiple-choice question with five alternatives, the probability of

successmightbeas low as P=.2 . If, however, ability enables the person to eliminate three alternatives

as incorrect andhenceto reduce the guessto oneof two choices, then the probability of success might
increase to P= .5 .

Theseconsiderations leave somepsychometricians content to deal with guessing as an item
parameter. For us, however, the sameconsiderations makeclear the ultimate futility of attempting a

psychometric solution basedon test item characteristics . There are too manypersonal causes and
consequencesin guessing for anyitem guessing parameters to manage.

Guessingcan only be addressedandmanagedby allowing for all of the factors, external and
internal, whichprovokeaperson to guess. Themostimportant external factor is the intended useof test
results . Internal factors include test administration directions, test format andtime allowed . Whena

passing score allows oneto acquire alicense to practice aremunerative profession, but afailing score
prevents this, a person's approach to a test is different than whenthe outcomeoffers no immediate
advantage. Theuses of test results influence examineebehavior . Toexpect apsychometric modelto
resolve these personal influences on the test item or person parameter level is unreasonable .

EXTERNALFACTORS

Guessingprovokedbyexternal factors canonly bemanagedby addressing these factors in their
ownterms :

1 . Reducethe useof multiple-choice items . Although this item format enables simplified
answersheet scanning, writers of multiple-choice items seldomovercomethe excessive
restriction this approachputs upon item construction . Multiple-choice items invite
somepersons to guess.



2. Invent better methodsofquestioning whicheliminate guessing as an active possibility . The
use of open-endedquestions is one alternative . Providing long, rather than short, lists of
possible answersdiscourages guessing . Theversatility andcapacity of modernscanners
andcomputerscan handle response patterns far morecomplexthan the familiar simple
rows of five choices .

3. Qualify the use of test results so that they do not force examineesto corrupt their test
behavior in order to survive .

4. Donot administer items that are so hard that they provoke guessing as the only resort .

5 . Donot makespeeda factor in testing .

MISTAKINGGUESSINGASANITEMPARAMETER

Psychometricians whodeal with guessing as anitem parameterarguethat better measuresresult,
but is this true? Weknowthat the factors whichinfluence test behavior produceresponsesto items that
consist of idiosyncratic mixtures of ability andguessing . But, if they are combinedin someresponses
but not in others, howcanweuntangle these componentsto determine whichitems havebeenanswered
by guessing, andbyhowmuchguessing andwhichhavenot?

Anitem guessing parameterassumesthat it is the item that causesthe guessing andthat the effect
is the samefor every test-taker . Eventhoughsomeitems maysometimesseemto provokemoreguessing
than others, it is the person, not the item, whoinitiates guessing, whosemomentarystate of knowledge
andurgency governsthe possibility of alucky guess. Evenif someguessing could behandledbyanitem
parameter, aperson parameterfor guessing behavior wouldalso beneeded. Weknowthat somepersons
guessmorethan others, afew often, mostrarely or never. Wealso knowthat nooneguessesall of the time .

Theitem parameterapproachto guessing raises the lower endof the item characteristics curve
no matter whotakes the item .

Theasymptotic solution in Figure 24.1 forces aguessing penalty onevery person whochooses
not to guess. It doesthis (shaded area in Figure 24.1) by misestimating the item to be easier for non-
guessers than it actually is .

Themeasurementpenalty for not guessing is the distance betweenb, andbn onthe measuring

variable b in Figure 24.1
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Figure 24.1

Guessingas a lower asymptote.
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An alternative is to use the lower boundary in Figure 24.2 . In this approach there is still a

penalty for not guessing, but it is only exacted from non-guessers with performanceprobabilities below

the guessing level C.

ESTIMATIONPROBLEMS

If the idea of a guessing item parameter wereuseful, its application wouldlead to successful

practice . But eventhe mostdevoted advocates of a guessing item parameter lament its application .

Attempts to estimate item guessing parameters are uniformly unsuccessful, "the likelihood

function (of the modelwith aguessing parameter) maypossessseveral maxima"andits value at infinite

ability "may be larger than the maximumvalue found" whenability is finite (Swaminathan, in

Hambleton, 1983, p. 30) and "attempts to estimate the guessing parameter . . . are not usually

successful" (Hulin, Drasgow&Parsons, 1983, p. 63) . "40%of the guessing parameterestimates did

not converge evenwith asamplesize of 1593" (Ironson, in Hambleton, 1983,p. 160) . "If atest is easy

for the group (from which guessing parameters are estimated) and then administered to a less able

group, the guessing parameters (from the moreable group) maynot be appropriate" (Wingersky, in

Hambleton, 1983, p. 48) . "Whendealing with three parameter logistic ICCs, a nonzero guessing

parameterprecludes aconvenient transformation to linearity" (Hulin, Drasgow&Parsons, 1983, p .

173) .

Stocking (1989, p. 41) reports in an extensive study "to explore and understand some

apparently anomalousresults in various LOGIST-based(a programestimating guessing parameters)

applications of IRTthat havebeenobtained from time to time over the past several years" that these

same"anomalous results were obtained in simulation studies, such as this one, where data are

generated to fit the 3PL(guessing parameter) model" (1989, p. 41) . Thus attempts to resolve the

guessing problemthrough estimating a guessing item parameter, evenwhendata havebeen created
to fit that condition, havenot beensuccessful . Successful practice is the confirmation of theory . The

ubiquitous inability to achieve apractical implementation of aguessing item parameterdiscredits the

theories uponwhich it is based.

THERASCHMEASUREMENTAPPROACHTOGUESSING

To begin with, the external factors that might provoke guessing such as poor test format,

abbreviated timing andthreatening purposemustbe managedso as to encourageexamineesto make

their responses as uncontaminated as possible by misleading guesses. Maintaining good test

managementrequires constant attention . Failure to reduce the external provocations to guess is

sloppy . Theproblemneedsto be addressedby goodtest design andcareful test administration . What

mustnot be doneis to default to a naive presumption that the problem of guessing can be "washed
away"by a slick assumption that an item guessing parameter will do the trick .

Guessingis not avoided in Raschmeasurement. Guessingis addresseddirectly by instituting
quality control over all response patterns . Consider a score of five on a 10-item test with items
positioned in order of increasing difficulty . Both the probabilistic nature of the modelandour everyday
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experience with typical response patterns lead us to expect patterns like

1111100000=5

1111010000=5
and, even

1110101000=5

Themoreimprobable the pattern, however, the morequestionable it becomes.

Consider the pattern

or, worse,

Oursurprise andour objection to the last twopatterns are muchgreater than for the first three .
Wemight speculate that the irregularities in the last twopatterns are the result of lucky guessing on the

hardest items . After five consecutive wronganswers, it becomeunbelievable that the five hardest items

could be answeredcorrectly on the basis of knowledge. Wemaynot knowexactly whythis occurred .

Butwehaveidentified apattern that is clearly questionable in terms of whatwecould reasonably expect .

RESPONSEPATTERNANALYSIS

1100000111=5

0000011111=5.

TheRaschmodelspecifies the probability Pni of dochotomousresponse xni byperson n to item

i to be:

Pni = exp[ x,,i (b n - di ) / [1 +exp(bn - di )]

where

	

bn = the ability measureof person n

d; =the difficulty calibration of item i

xni =0 for an incorrect answer

xni = 1 for a correct answer.

Estimates of Pni canbe used as expected values for x,,i . Theexpected variance of x,,i can be

estimated by [Pni (1- Pni )] . Toestimate a standard residual zni , wesubtract from the observed x, u its

expected value Pni and divide by [Pni (1- Pn; )]' 1z its binomial standard deviation to get

Zni - ( xni - Pni) / [ Pni ( 1 - Pni )]'/2 .

Whenthe data approximate the measurementmodelweexpect this estimated residual Zni to be
distributed symmetrically with a meanof 0 , anda variance of 1 .
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Asa rough, but useful, criterion for data fit, weexaminethe extent to which the distributions of
these standard residuals approach

Whena particular squared residual

z11; - N(0,1) normal

Zni xi chi-square .

	

24.3

Thereference value 0 for the meanand1 for the standard deviation andthe reference distributions

of N(0,1) and X; help us to decide whether observed standard residuals deviate unreasonably from
modelexpectations . This examination of residuals helps us to decide whether wecan proceed to use
these items to makemeasuresandalso whetherparticular personshavefailed, at least in part, to respond
to the test in a use
ful manner.

z
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24.4

becomeslarge, wesuspect that somethingunexpectedhappenedwhenthat person n took that item i .
Asingle unexpectedresponse, however, is less indicative of trouble than apattern of unexpectedly large

Zn . Theaccumulated impact of a pattern of large zn values for a person [or an item] arouses concern

for the utility of that person's measure[or that item's calibration] .

Consider the responses patterns in Table 24. l .

Thecircles in Table 24.1 markunexpectedresponses. Toevaluate the improbability of these
responses wereplace each instance of an unexpectedresponse by the difference betweenthe ability
measurefor that person andthe difficulty calibration for that item . For Person 1 onItem 4the unexpected
incorrect response associated with person ability b = -1 .2 and item difficulty d = -3 .9 produces a
difference (b - d) = (-1 .2) - (-3 .9) = +2.7 .

This difference 2.7 for Person 1 on Item 4 is placed at the location of that unexpectedresponse
in Table 24.2 wherewehavecomputedthe differences for each instance of an unexpectedresponse
circled in Table 24.1 .

Unexpectedincorrect answershavebeenrecorded as (b - d), but unexpectedcorrect answers
havebeenrecorded as (d - b) . Wedo this because, whenthe response is incorrect, and X= 0 , then
the index of unexpectednessis [exp(b - d)], but, whenthe responseis correct, andX=1,then the index
becomes[exp(d - b)] .

Werecord unexpectednessin Table 24.2 as a positive difference, whether from (b - d) or (d - b) .

Thecorresponding values for

z2 =P/(1-P)=exp(b-d) whenX=0

and Z Z = (I - P) / P= exp(d - b) whenX=1



Table 24.1

SomeUnexpectedPerson-to-Item Responses(x)

can then be evaluated for the improbability of the response. TheseZ2 values, which are taken from
Column2 of Table 24.4 (Best Test Design, Wright &Stone, 1979, p . 73) havebeenentered in Table
24.3 .

Table 24.4 gives values of Z2 =exp(b - d) for unexpected incorrect answersx = 0 or values

of Z2 = exp(b - d) for unexpectedcorrect answersx = 1 .

The entry Cx in Column1 of Table 24.4 is Co = (b - d) whenthe response is incorrect and

x = 0 and C= (d - b) whenthe response is correct and x = 1 .

Welocate the difference +2.7 for the lb - dl of Person 11 on Item 4 in Column1 of Table 24.4

andreadthe corresponding ZZ in Column2 as 15 . This value andall of the other values for the differences
in Table 24.2 have been recorded in Table 24.3 which nowcontains the ZZ for each instance of
unexpectednessthat wehaveobserved for the six persons andsevenitems . Themargins of Table 24.3
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ITEM NUMBEROF
PERSON UNEXPECTEDPERSON

4 5 6 7 8 12 14 RESPONSES ABILITY

1 G) 1 1 1 1 0 0 1 -1 .2

2 1 1 1 OO 0 0 2 -1 .2

3 1 O 1 1 1 0 0 1 -0 .6

4 1 1 1 1 1 O 0 1 0.0

5 1 1 OO 1 O 0 3 0.0

6 1 1 O 1 O 0 G) 3 0.0

NUMBEROF
UNEXPECTED1 1 2 2 2 2 1 11
RESPONSES

ITEM
DIFFICULTY -3 .9 -3 .3 -3 .3 -2 .9 -2 .0 1 .7 2.8

"1"= EXPECTED "0" =EXPECTED
"0" =UNEXPECTED "1"= UNEXPECTED

SINCETHESEPERSONS SINCETHESE
AREABOVE-2.0 IN ABILITY PERSONS

AREBELOW+1.7
IN ABILITY



Table 24.2

Differences (b-d) BetweenPerson Ability and

Item Difficulty for UnexpectedResponses

give the sumsof these Z2 for each person and each item . Thesesumsindicate howunexpected the
patterns of person or item responses are .

Column3 of Table 24.4 shows p = I/ (1+Z2), the model improbability of each observed
response. This value provides a significance level for the null hypothesis of acceptable fit for any
particular response. With our exampleof (b - d) = 2.7 wefind a significance level of .06 in the table,
against the null hypothesis that the response of Person 1 to Item 4 is according to the model.

QUALITYCONTROL

Theevaluation of response patterns is a quality control procedure . In Raschmeasurement,
quality control over response patterns is implementedby determining the fit of response patterns to
modeledexpectations . Fit, or response plausibility, is determined from the difference betweenthe
estimates of person ability b anditem difficulty d for eachperson/item contact . Whenthis difference
is positive, the item should beeasyfor the person. Themorepositive the difference, the easier the item
andhencethe greater our expectation that the person will succeed. Similarly, asthe difference between
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ITEM
PERSONPERSON

4 5 6 7 8 12 14 ABILITY

1 2.7 -1 .2

2 1 .7 0.8 -1 .2

3 2.7 -0 .6

4 1 .7 0.0

5 3.3 2.9 1 .7 0.0

6 3.3 2.0 2 .8 0.0

ITEM
DIFFICULTY -3 .9 -3 .3 -3 .3 -2 .9 -2.0 1 .7 2.8

"1"= EXPECTED "0"= EXPECTED

V=UNEXPECTED "1"=UNEXPECTED

SINCETHESEPERSONS SINCETHESE

AREABOVE-2.0 IN ABILITY PERSONS
AREBELOW+1.7

IN ABILITY



Table 24.3

Fit MeanSquares(z 2) for UnexpectedResponses

person ability anditem difficulty becomesmorenegative, the item should be moredifficult for the

person, andour expectation of failure increases .

Theresponse pattern producedbyeachperson is evaluated for the amountof misfit occurring .

Thediagnosis of patterns is expedited byplotting to showeachpattern's shapeandby summarizingthe
misfit in that particular pattern . Asummaryfit statistic is computedfor eachperson andeach item .

Figure 24.3 showsaresponse pattern that suggests guessing with an initial ability measureof

b = 3 .2 . Four easy items were answeredcorrectly followed by five items of increasing difficulty
answeredincorrectly followed finally by two quite difficult items answeredcorrectly . Ourattention
is attracted to these last two most difficult items with correct responses following five easier items
answeredincorrectly . Theselast two correct responses are implausible .

Table 24.5 showsthe residual analysis of the original pattern of responses andof the corrected
pattern . Wecancomputetwo ability estimates for this person. One,at b=3.2, is baseduponthe original

full pattern . Theother, muchlower, at b' =1.7, is basedondeleting the last twoimplausible items . We
question whether the original ability estimate b = 3 .2 is agoodindicator of this person's position on

the variable becausethe responsepattern misfit is t= 5.3 . Thecorrected pattern fit of t' = -1 .2 is more
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ITEM PERSON
PERSON MISFIT

4 5 6 7 8 12 14 TOTAL

1 15 15

2 6 2 8

3 15 15

4 6 6

5 27 18 6 51

6 27 7 17 51

ITEMMISFIT
TOTAL 15 15 54 24 9 12 17 146

"1" = EXPECTED "0" =EXPECTED

V=UNEXPECTED "1"=UNEXPECTED

SINCETHESEPERSONS SINCETHESE

AREABOVE-2.0 IN ABILITY PERSONS
AREBELOW+1.7

IN ABILITY



Table 24.4

SomeMisfit Statistics

For incorrect responses whenx= 0 then C,,=(b-d) .

For correct responses whenx = 1 then C,=(d-b) .

1 .
DIFFERENCE
BETWEEN

PERSONABILITY
ANDITEM

DIFFICULTY
CX*

2.
SQUARED

STANDARDIZED
RESIDUAL

z2=expC

3.
IMPROBABILITY

OFTHE
RESPONSE

P=1/(/+ .l)

-0 .6,0 .4 1 .50
0.5, 0.9 2 .33
1 .0, 1 .2 3 .25
1 .3, 1 .5 4 .20
1 .6, 1 .7 5 .17
1 .8, 1 .8 6 .14
1 .9, 2.0 7 .12

2.1 8 .11
2.2 9 .10
2.3 10 .09
2.4 11 .08
2.5 12 .08
2.6 13 .07
2.7 15 .06
2.8 16 .06
2.9 18 .05
3.0 20 .05

3.1 22 .04
3.2 25 .04
3.3 27 .04
3.4 30 .03
3.5 33 .03
3.6 37 .03
3.7 40 .02
3.8 45 .02
3.9 49 .02
4.0 55 .02

4.1 60 .02
4.2 67 .02
4.3 74 .01
4.4 81 .01
4.5 90 .01
4.6 99 .01



Figure 24.3

Correcting a guessing pattern .

Corrected
Pattern
t' =-1 .2

Logit
Scale

_Z
5
4
3
2

0
-1
-2
-3

CORRECTION

FORGUESSING PRODUCEDBYDELETINGITEMS24 AND25

Lucky Guesses

N0N



acceptable . Whichestimate wedecide is moreuseful dependsuponwhatwethink aboutthe responses

of the person to these twoitems . If wethink that these responsesare implausible, that it is unlikely that

this person wouldget these last twoitems correct after five failures, then wemight take the corrected

b'= 1.7 as the moreuseful estimate of this person's measure.

Statistical analysis alone cannot tell whichestimate is moreuseful, but it candetect andarrange

the available information into aconcise andobjective summaryto useas part of our evaluation of the

person. Personswhoguessonmultiple choice items maysucceedondifficult items moreoften than their

abilities predict . This could makethemappearmoreable, especially if manyitems are too difficult for

them. This is becausetheir frequency of success wouldnot decrease as item difficulty increased . A

similar but opposite effect occurs whenable persons becomecareless with easy items, makingthese

persons appear less able .

Item responses affected by guessing express the simultaneous influence of more than one

variable . There is the ability to be measuredand, in addition, there is the tendency to guess. The

"guessingness" of the item mayor maynot be a simple function of its difficulty on the mainvariable,

or, if amultiple choice item, of its distractors . For the person being measured,at least, twoquite different

variables are involved . Oneis ability, the other is inclination to guess. Theaccurate measurementof

either variable is threatened by the active presence of the other . In our empirical experience, when

guessing doesoccur, it is dominatedbythe specific individuals whodothe guessing andnotby particular

items, unless the items are poorly constructed .

Whenwedetect a significant misfit in a response record, diagnose the response pattern and

identify possible reasons for its occurrence, it is finally necessary to decide whether an improved

measurecan or should be determined. Whethera statistically "corrected" measureis "fair" for the

person or "proper" for the testing authority cannot be settled by statistics . Nevertheless, knowinghow

a measurecan be corrected objectively gives us abetter understanding of the possible meaningin a

person's performance.

Forother examplesof misfit patterns seeChapter 17 (p .143), Information andMisfit Analysis

andBest Test Design (Wright &Stone, 1979, pages165-190) .

TAILOREDMEASURING

In situations wherewethink that guessing maybeinfluenced by test format as, for example,when

wethink apersonmayguess at randomover mmultiple-choice alternatives, wecanusethe guessing

probability of 1/m as a threshold belowwhichwesupposeguessing might occur, as in Figure 24.2 .
Toguardourmeasuresagainst this kind of guessing wecandelete all items from apersonresponserecord

which havedifficulty greater than b+ log (m - 1) where b is the person's initial estimated ability .

After these deletions wereestimate the person's ability from the remaining items attempted . Whenwe
do this, weare taking the position that whenitems are so difficult that aperson cando better by random
guessing than byactually trying, then, whatever the person's responses maybe, such items should not

be usedto estimate the person's ability .

Theprocedure is :

1) Whenseveral unexpected responses are "correct" beyondsomeset fit statistic, say t > 3,
suggesting the possibility of lucky guessing onthe part of this particular person, delete all

203



Table 24.5

Correcting a GuessingPattern

ITEMNAMEANDDIFFICULTY(IN DIFFICULTYORDER)

#20 #21 #22 #23

2.9 3.3 3.3 4.5 5.8'

NSEPATTERN

Correction in measure: 1 .7 - 3.2 =1.5 .

v=Yz2 /(L-1)

0
-1 .2
0.3

-0 .5

t=[1n(v)+(v-1)][(L-1)18]"

b = 3.'2

	

DELETE

-1 .6
0.2
-0 .4

'

	

"Guessing" correction rule : for m-choice items deleded > [b + In (m-1)] .
i .e ., if m= 5, andb = 3.2, then delete anyitems with d> 3.2 In (4) = 3.2 + 1 .4 = 4.6, i .e ., items #25and#24.

0
-1 .3
0.3
-0 .5

0
-2 .8
0.1

-0 .2

MEASUREMENT RESIDUALANALYSIS

Score Relative Relative Error Ability Error Sumof Mean Fit
r Score Ability Coefficient b s Squares Square Statistic

f = rlL X , Cfwui Z2 v t

"Guessing"
Pattern 6 .55 0.4 2.9 3.2 0.9 43 .0 4.3 5.3
(b = 3.2) misfit

Corrected
Pattern 4 .44 -0 .4 2.4 1 .7 0.8 3.7 0.5 -1 .2
(b' = 1.7)

ITEMNAME: #14 #12 418 `#17 #19

ITEMDIFFICULTY: -0 .5 -0 .1 1 .4 1 .9 2,0

CASE RESPONSE
DESCRIPTION STATISTIC RESP

"Guessing" x 1 1 i

Pattern (2x-1)(d-b) -3 .7 -3 .3 -1 .8 1 .3 1 .2

(b =3.2) z2 0.0 0.0 0.2 0.3 3.3
z 0.2 0 .2 0 .4 0 .5 -1 .8'

CORRECTION

FORGUESSING

b' = 1.7

Corrected x I I i 1 0
Pattern (2x-1)(d-bj -2 .2 -1 .8 -0 .3 -0 .2 -0 .3

(b' =1.7) z2 0.1 0.2 0.7 1 .2 0.7
z 0.3 0 .4 0.9' I,I -0 .9



"too hard" items from this particular response pattern, that is, all items with d> [b +log

(m- 1)] wheremis the numberof alternatives .

2) Computea newability estimate after the deletion of the too hard items andmakeanother
analysis of fit .

Steps 1 and 2 can be reiterated until successive values of b becomestable andfit becomes
acceptable . Whenthis procedure is applied to response patterns generated entirely by guessing, the
illegitimate responses are peeled awayoneat a time until the entire pattern is gone.

Theuse of a quality control process through misfit analysis of response patterns is the Rasch
measurementway of dealing with guessing . In Raschmeasurementwedo not accept guessing as
somethingto betolerated whenit can be avoided byexternal means,nor doweleave guessing to faulty
estimation procedures producedbyunworkablemodels. Instead, wearrange the testing experience so
that guessing is least likely to occur andthen usethe quality control procedure of fit analysis to monitor
all response patterns for any manifestations of whatever lucky guessing mayoccur .



"Validity" and"reliability" are ubiquitous terms in social science measurement. Theyare promi-

nent in the APA"Standards" (1985) andearn chapters in test theory texts . Yet they remain ambiguous

andconfusing in both theory andpractice .

QUALITATIVEANDQUANTITATIVEASPECTSOFVALIDITY

Validity has both qualitative and quantitative aspects . Thequalitative aspects are conceptual .

Thequantitative aspects are numerical .

Fundamentalto validity is the concept of a variable . Avariable is intended to be aundimensional

manifestation of oneclear idea . It is the embodimentof an intention that is defined by the items written

to implement the idea . Successful realization of a variable results from its concrete representation in
items . This representation is then usedto collect data from which the coherenceandutility of the idea

andits items is determined.

QUALITATIVEVALIDITY

25. EXPLAININGVALIDITYANDRELIABILITY

Theconceptual plan of a variable is its qualitative validity . Qualitative validity refers to the

abstract idea of a variable andits content andillustrations that transform the abstraction from an idea to

manifestation by items .

Thequalitative aspects of avariable are its "content" and"construct" validity . Thesetwo forms
of validity express the meaningof the variable . Theyexplain the organization andconstruction of items

andtheir use in eliciting manifestations of the variable . Theitems carry the intent of the variable and
bring to concrete realization the abstract intention .

Content validity is demonstrated by items plannedandwritten to bring the variable to life . But
successful item writing must follow a plan . Theplan requires thinking of the variable as a line with
direction (an arrow) and arranging items according to their difficulty along this line . Such a plan
follows a single dimension. Theplan requires empirical confirmation . Adialogue results betweenthe
tasks of writing items according to the plan and gathering empirical evidence . Variable development

requires this dialogue first to construct a useful variable and then successively to substantiate it . A
variable by definition is undimensional . Its items operationally define the variable . This activity
addresses the "content" validity question .

Whensuch a plan and its resultant items are a useful representation of a variable, the items
operationally define the variable andthe variable is manifest by responses to the items . If the structure
of the variable is supported by the item calibrations andif the characteristics of persons canbe substan-
tiated by their placementon the variable, wehaveconstruct validity .



QUANTITATIVEVALIDITY

The quantitative aspects of validity are numerical and statistical . They are content-free and

devoid of text . Theyapply to anyvariable whatever its intention . Theyhavenomeaningby themselves,

but are useful tools for crafting a variable anddefining its numerical properties .

THEDIALECTICBETWEENQUALITATIVEANDQUANTITATIVE

Thequalitative and quantitative interact in a dialogue betweenthe idea of a variable and its

quantitative manifestation . Theidea provokes aplan andthe writing of items . Thecalibration of items

andmeasurementof persons provides the empirical realization . Theprocess involves successive cycles

modifying the plan of the variable and the items until perturbations betweenthe two reduce to a point

wherefurther refinement is either unnecessary or not possible .

Wemight wish this dialectic to reach perfect agreement. But should weever reach that level, the

problem wouldbecometrivial or disappear altogether . Indeed, wedo not expect these two aspects to

fully reconcile . That would be the death of discovery . It would markthe end of improvementto the

variable .

Instead, the result of this interaction produces somethingmorethan is possible by considering

only the plan or only the results . Actually, weknowthere will andmustalways be asensein which these

two aspects of validity are never brought together . Theycannever achieve aperfect union, becauseit is

precisely their interaction that engendersour motivation to press on.

INTEGRITYANDUTILITYVALIDITY

Thetwo "validities," qualitative andquantitative, are often applied to test practice to determine

concomitant andpredictive utility . TheStandards call these "criterion" and"predictive" validity .

Their designations as validity, however, are not apt becausethey do not bear on the integrity of

the test . Theyonly bear onthe test's utility . It is useful to differentiate betweenintegrity andutility .

By integrity wemeanthe sine quanonof the variable, the demonstration through construction of

the variable intended, illustrated by items (qualitative validity) andsupported bycalculations (quantita-

tive validity) .

Byutility wemeanthe application of the variable to whatever circumstances appear useful for

investigating relationships betweenthis variable andothers .

Discussions about utility arise from applications of the variable to anynumberof circumstances .
There is no limit to the numberof questions andanswersthat might be arousedby applying the variable

to different settings . There is noendto the investigation of utility, although not all situations merit equal

attention .
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Every conceivable application gives an answerto utility . Unless oneapplication becomesand
remains the mainconsideration, there is nowaythat utility canbe interpreted as an essenceof validity .
Consequently, utility is not inherent to the integrity of the variable .

In someapplications, the variable mayhaveonly oneuse. In such anarrowly defined circum-
stance, wemight consider utility as relevant to the validity of the variable . The difficulty with this
approach, however, is that inevitably the criterion changes.

THESTANDARDERROR

Themainconsideration facing us in anymeasurementapplication is to determine what standard
error mustbe achieved in a designated application . Thequestion becomesoneof measurementpreci-
sion, a question about reliability . Wewant to knowhowmanyitems weneed in a given region of the
variable to obtain measurementprecise enoughto meetacurrent need.

THERELIABILITYCOEFFICIENT

Thereliability coefficient is commonlyusedto indicate howwell the variable correlates with
itself over independent applications as it were. The traditional reliability coefficient, however, is a

confusing mixture of qualitative validity and measurementprecision . It remains confusing until it is
decomposedinto its constituent elements.

Thetraditional reliability coefficient is a mixture of item fit andprediction becauseit is com-
posedof point-biserial correlations betweenthe item responses andtotal score . Unfortunately, it mixes
these two issues in such a waythat one cannot explicate the componentparts . Furthermore, the two
issues are quite different from oneanother .

Precision of measurementdependson nothing morethan the numberof items administered, the
extent to which the items are on target andthe degreeto which the respondent uses the items coherently .
It is astraightforward calculation that canbe donefor anyexample.

BESTTESTDESIGN

Best test design dependson relating the characteristics of test design T(H, W,L- height, width

andlength) to the characteristics of the target G(M, S, D- location, dispersion anddistribution) so that
the SEMis minimized in the region of the variable wherethe measurementsare expected to take place .

Atest design canbedefined completely by three test characteristics ; height, width andlength :

H=the height of the test on the variable, the average difficulty of its selected items,
W=the width of the test in item difficulties, the range of its item difficulties, and
L=the length of the test in numberof items .

Atarget specification states whereon the variable wesupposethe target to be:

M=our best determination as to target location,
S=our best determination as to target dispersion, and
D=our best determination as to target distribution .
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Abest test is onewhichmeasuresbest in the region wheremeasurementsare expected to occur.
Measuringbest meansmeasuringmostprecisely . Abest test design T(H,W, L) is onewith the smallest
error of measurementSEMover the target G(M, S, D) for agiven test length .

If weknowwhatprecision in measureswewantandhaveenoughitems near wherewethink our
targets will be found then the standard error of measurementin logits is almost always well approxi-

matedby 2.5 over the square root of the numberof items administered . (For further details see Wright
and Stone, 1979, pp. 129-140.)

Thereis nothing moreto investigate andnothing else to compute. It is astraightforward calcula-

tion of measurementprecision for the proposedtest andapplication .

THETESTPLAN

Qualitative considerations needto precede the collection of data becausethey direct the con-

struction anddevelopmentof items from the plan for the collection of data.

In item writing wecanspecify preliminary anchor item values determined by our theory underly-

ing their construction . Thenwecanplot the resulting empirical values against the intention of the items

to evaluate whether resulting values relate to the previous specification according to theory . This
approachconnects intention andrealization .

Realization is never exact. But it can meetthe guidelines andbe supported by the collected
values showinghowon target the numerical values of the items are relative to the intended plan . We
expect the plan to be substantiated to somedegree, wealso expect further refinement .

MISFITANALYSIS

Whenour intentions are supported by data weget construct encouragement. If there are some
discrepancies they teach us somethingabout the relationship . If there are misfits of certain items, these

teach us somethingabout what it is that weare working towards.

Theitem fit statistics are most important . But, unfortunately, they are overwhelmedby the reli-
ability coefficient in the traditional approach.

In Raschmeasurement,weisolate the misfit statistic so that wecansee which items demonstrate
quantitative validity andalso wherethey appear in the hierarchy of qualitative validity . Fit statistics are
diagnostic of validity . Theyguide the measurementprocess by detecting lack of fit andtoo goodfit .
Theformer identifies discrepancies betweenour intention andthe results . Thelatter identifies circum-
stances too goodto be true andhence, suspicious . Both need further investigation . (See Chapter 17
(p .143), Information andMisfit Analysis .)

Theconfrontation of qualitative andquantitative validity provides opportunities in data analysis
as welearn moreabout our data andas weresolve the discrepancies appearing in the fit analysis . Then
wetake steps to see whether wecan makethemmorein agreement.



CONCOMITANTANDPREDICTIVEVALIDITY

Asecondkind of validity, concomitant andpredictive, is howthe task arranges the people .

Themotivation nowis to measuredifferences betweenpeople . Webeganby addressing the

items, but the ultimate purpose is measuringthe people . Nowour concern is howthe people are spread
out along the variable .

This is the relationship betweenthe standard error of the test andthe standard deviation of the
people weare measuring. This cannever be addressed in general . It dependsuponwhat problemis

posed, whether our attention is over a wide or narrow range of persons, over all people, or only 4 year
old children .

Theanswerdependsupon the application of the characteristics of the test . Whetherthe test is

goodenoughfor the circumstances . In general, weneedenoughprecision for each level of growth that is

being studied .

Agoodmeasurementstrategy is to first use a pilot location test, followed by a specific test to
target the discovered location with greater precision than canbe achieved solely by the pilot test . The

pilot test determines the general location onthe variable andthe secondtest moreprecisely targets that
location . Thecombination of pilot andtarget tests is less wasteful of time, achieves the desired mea-

surementprecision, andgenerally uses fewer items .

	

.

However,what weare addressing nowis the test's utility, not its validity . Questions about how

people are spread out over the variable are secondaryto questions about the integrity of the instrument,

the idea of the variability andits development.



26. THESTEPSTOMEASUREMENT

Everyone whostudies measurementencounters Stevens's levels (Stevens, 1957) . A few au-
thors critique his point of view, but mostaccept his propositions without deliberation . Anenumeration,
with someexamples, suffices .

Stevens worked in the psychophysics of WeberandFechner. But current authors on measure-
ment see little connection betweenpsychophysics and modernmeasurementpractice . This primer
showsa connection betweenpsychophysics, Stevens's levels andRaschmeasurement.

THEFUNDAMENTALSTEPSTOMEASUREMENT

WhenStevens specifies four levels, he is identifying not four kinds of measurementbut the four
fundamental steps which lead to measurement. Thesesteps are necessary to makemeasures. Eachstep
mustbe satisfied to reach generalizable findings . Thesteps are : categorizing, ordering, constructing a
unit, andsetting anorigin . Thecorrespondencebetweenthe fundamental measurementsteps to Stevens's
levels is shownin Figure 26.1 .

Figure 26.1

Thesteps of measurement.

FUNDAMENTALSTEPS STEVENS'LEVELS

STEPANDFEATURE LEVELSREACHED

1 . Categorizing 1 . Nominal
- deciding what to collect

2. Ordering 2. Ordinal
- defining what to count

3. Constructing an Abstract Unit 3. Interval
- establishing a real numberline

4. Setting an Origin 4. Ratio
- incorporating the logarithmic/
exponential connection between
addition and multiplication



Onthe left of Figure 26.1 are the steps to measurement: categorizing, ordering, constructing a
unit, and setting an origin . Thesesteps correspond to Stevens's nominal, ordinal, interval, and ratio
levels on the right of Figure 26.1 .

CATEGORIZING

Categorizing is the first step to measuring. Webegin by determining what is to be noticed and
collected, andalso what is to be disregarded . In order to focus, wefix on single aspects isolated from
the infinite variety of observations wemight make. Until wecanidentify andmaintain a single focus in
our observations, i .e . categorize, weremain overwhelmedby the volumeof possibilities that weperceive .

ORDERING

The secondmeasurementstep is to identify and isolate a useful line of inquiry along which
elements canbe ordered andcomparisonsmade. This becomesthe potential "variable," that guides us
in collecting relevant observations which are relatively uncontaminatedby irrelevant complications . It
is not that complications cannot be informative, it is only that complications mustbecomeirrelevant in
order to focus uponthe onevariable of interest . Sole focus evokesthe clear determinations not possible
whenweadmit a clutter of complications . Multivariate analysis is useful only after eachvariable has,
itself, beenrealized as a single workable measure.

Stevens' nominal level concerns what is accomplished bycategorizing .

CONSTRUCTINGAUNIT: ADDITION

Constructing an abstract unit is the third step . Weneed to determine "how much," along the
abstract variable, is indicated by observations of concrete counts .

Determining "howmuch"modelsthe units as additive andhencelinear . This results from item
calibrations which define distances betweenobservations categorized, ordered andcounted.

SETTINGANORIGIN: MULTIPLICATION

Fechner's postulation of a logarithmic relationship betweenstimuli and sensation enabled him
to restate Weber'slaw to showthat sensations are proportional to the logarithms of their exciting stimuli .

Thethird andfourth steps to measurement- units andorigins are shownto mergeby the loga-
rithmic/exponential relationship betweenadditive andmultiplicative functions .

Thelogarithmic function (and its inverse, the exponential function) connect addition andmul-
tiplication . This connection is the tool weneedto makemeasures.

Stevens calls the additive function "interval" measurementandthe multiplicative function "ra-
tio" measurement. However, the difference is merely the two sides of one characteristic, numerosity .
Theadditive andmultiplicative functions are dualities that bring out the joint necessity of determining
a unit of measurementandsetting an origin .
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MAKINGMEASURES

Rawcounts of observations represent the additive function in its primitive concrete form. But
counts are not measures. Measuresare constructed from counts by transforming counts of con-
crete observations into abstract measurement. It is this transformation which constructs measures.
Howis this transformation made?Whatare the steps?

GeorgRaschaddresses this in his Probabilistic Modelsfor SomeIntelligence andAttainment
Tests (1960, 1993).

[Rasch] makesuse of none of the classical psychometrics, but rather applies algebra
anewto a probabilistic model. Theprobability that a person will answeran item cor-
rectly is assumedto be the product of an ability parameterpertaining only to the person
anda difficulty parameterpertaining only to the item . Beyondspecifying oneperson as
the standard of ability or oneitem as the standard of difficulty, the ability assigned to an
individual is independent of that of other membersof the group andof the particular
items with which he is tested ; similarly for the item difficulty . . . Indeed, these two prop-
erties were once suggested as criteria for absolute scaling (Loevinger, 1947); at that
time proposed schemesfor absolute scaling had not beenshownto satisfy the criteria,
nor does Guttmanscaling do so. Thus Raschmust be credited with an outstanding
contribution to oneof the two central psychometric problems, the achievementof non-
arbitrary measures(Loevinger, 1965, p. 151) .

RASCH'SMETHODOFPARAMETERESTIMATION

In Probabilistic Models, Raschgroups persons by their scores and takes the log ratio of suc-
cesses to failures for eachscore group. Hethen fits these log oddsto a two-waylinear modelto derive
item-by-score group logits .

Thelog odds (logit) transformations of the original success-failure counts (whenthere are no
interactions) produce parallel straight lines whenitem-by-score group logits are plotted against their
averages over items or score groups. Thelogit transformation connects the two-factor multiplicative
function to a one-dimensional additive function .

In Figure 26.2 weseehowcounts of success/failure on the ordinate can be transformed into
measureson the abscissa by the logistic function . Theboundedvalues of counts are transformed into
unboundedmeasures. Given score groups large enoughto give every item somesuccesses andsome
failures, this logit transformation enables estimation of the simple linear structure that Raschcalled
objective measurement. Methodsof parameterestimation are described in Wright &Douglas (1975),
Choppin(1978), andWright &Stone (1979) .



Figure 26.2

Relating counts to measures.

Position on the Variable

Ordinate : counts expressed as 0 _< proportion < 1 (bounded).
Abscissa : Differences expressed as logits -oo <(B- D) <+oo (unbounded).
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