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1. The model. 

	 4%t 
Consider an item with m categories of responseA denoted by 

(1.1) f ,(A) 	,m X : 	(1) 	 (
/

)) 

A_ wc el -cc.' 
This item is given to an individual denoted by V. The probability 

of the response x (fr°  in this situation is givon by 	

7> 
(1.2) 	p{x ( e) 11),i3 - 	 = 1,2,...,m 

where 

(1.3) 	)(a = E 	• 
itc =1 /4-  

The vector 

(1.4) &)) 

is a parameter characterizing tine individual am49 and the 

vector 

(1 .5) e. = (e i1' evA 
characterizes item ,i.  

By introducing the selection vector 
14/ 

(1.6) 	a 	= (0,4",01 1 ,094tool0) 
Vi 

i.e. a vector of order m with a 1 as its ,u'th component and 

zeros elsewhere, (1.2) may be written in the form 

a
vi a 

(1.7) 	(4)1 	.1 pfx 	v t ij 	el 	\)j-  
XVi 



bb bb 11 	1 	1h '°' 1m 

b g1 	bgg 	bgh  ...bgm 

b 	. bhg 	b 	...b 

	

h1 • • hg 	hh 	hm 

bm1 	bmg ... b mm 

b 10 

bgo 

bho 

bmo 

bol 	bog 	boh ...bom 

2. 

where 

(1.8) 	I) 
 avi  

and 

E a 
 
v1 e i

vi 

 = e iu, 
0,4  as 

.614...uw-1.,2 & v , c 4  and a,, 
L. 
 are given in (1.4), (1.5) and (1.6), 

' _____ '7_7 
respectively; 

Turtia  questionnaire with k items, each with m response 

/1—  

categories Iv. given  to N persons. 

2. On the estimation of the components of Ilas. item parameters 

Let us consider two items i and j from the questionnaire. 

In the following table the observations are summarized. The 

different elements of the table denote the number of individual& 

with the corresponding combination of responses i.e. b gh is the it gipe  
number of persons among the N 	

ts 	
response g 41b 

item i 	4Qo  item j and bhg  is the number of persons wiz_ s.4 'roc.7 (Allow 
OA 

response h etyk  item i and g 	item j. 

j 

x (1)... x (g)... x (h)... x (m) 

In this note some of the problems concerning t4e ,  statistical 

inference, about the e's of the different items will be discussed. 
Wi/44A 

■ 



/ It.\A 

vs\ 

vt- 



3. 

where the marginals 	 cx--" 

m 
(2.2) 	b 	=Eb 	-b 	=Eb 

	

go h=1  gh 	gg h+g  gh 

-tent ti,,A 

m 
(2.3) 	boh =Eb-b=Eb 

	

g. 1  gh 	hh g+h  gh 

and 

(2.4) 
m m 

N= E Eb 
g=1 h=1 gh  

The selection vector (1.6) will iit---tite-s.e.ciu-al be denoted 

by eg  when the response is at the category g r and eh  when it is at 

category h, i.e. 

g 	h 

(2.5) 	avi  = (o,...,o,1,o,... l o,o,o,...,o)= e g  

avi 	 h 	
.1\,/ 

(2.6) 	 = (o,...,o,o,o,...,o,1,o,...,o)= e 
V° 1/4-.\pNO 

_..?.0 	
From (1.7) we derive by means of (2.5) and (2.6) that the oR5  

vpov- e-n-i-t--i-44.al probability of t',..e. response g +1) item i and hiort , 	 o k 04te item j, given that t. individual fte.v has EL-1-v-en exactly one 

g -response and one h -response on these two items_ 

e.g 	C. 
p{a.=e , 	. = e la . + 	= eg+eh  = ga vj 	h 	avj 	h 	eg eh eh eg 

6.
l  6 j 

 +6.
l 
 E. 

(2.7) s ig 

  

6 ig 6 jh  1g 
e ig 	eih 6. 	E. 	+ E. 	6. g ig jh 	ih j e jg 	E jh 

By introducing 

(2.8) 	_la - X and e jg 	'g 6 jh 

(2.7) takes the form 

e 	eh 



4. 

(2.9) 	pfala= eg, aVj  .= eh layi+  aye = eg +eh 

Let g 	h , (otherwise (2.7) 

information contained), and let 

is equal d there is no 

binomial law, that 
bgh bhg 

k 

gh) 	ah  

gh 	\

n 

Eh vcvA-h / 

(2.1 
	 bgh + bhg = ngh 

From 2.9) follows by the 

'1 
(2,11) 	pfbghy  

the case m=3. consider In order to make the idea 

Here (2.1) takes the form 

x( 1 ) 

simple, 

x (2) 

(2 .14) 

x( 3 ) 

N bo2 bo3 

b
2o 

b
3o 

Since all t4o N persons are considered to react s..Qchaatizallip 
-Tome 

independently and each person is contained in ox 	y.  one of the 

elements of (2.1), it follows that the probability of the actual 

set of results outside the diagonal in (2.1) is 

P£((bgh, bhg))I((ngh )) 
 =(

b
gh 

g<h gh 

	

b 	-b. g zik 

	

46g 	Ii F h"  
g<h 	g<h  

(j- +s ) ngh  

g<h g h  

where ((bgh'bhg))  is the whole set of corresponding pairs laying_ 

srmmetrically about the diagonal and ((ngh)) is the set of ngh's 

It is seen that 

m 	 m 
(2.1T) 	E 	E n 	= N- E b 

h=2 g<h g- 	g=1 gg 
=Eb =Eb g=i  go h=i  oh 

UtAleir  SA)
64-A.A 

 ZIAAA  

budre 541:t 



3(4 
+1  ) 1123 

The marginals are defined in (2.2),(2.3) and (2.4). The 

probability (2.12) is then r 

pf(13 121 b21 ),(b 13 ,b31 ),(b23 ,b32 )1n12 ,n13 ,n23? = 

	

b 1 3 5b31 	b 23 g
3
32 b xb12 3 

.4-12) / —13) (n23 	
1 	2  21 	

u1 	3 	2  \ u  
x \ 3 ( (1 	)3 b 	13 	b1:1+ u3) n1 
	 n2 12 	13 	23j 	 (6 2 	3 st,c,,c, 

(2.15) 1  

u

b
10 xb2o gb 3o n.1(n13) (n23  1 	(-1  2 
s"  b 12 b 13 	132 3) (,(51 4.u2 ) n12  ( 1 + 3 )n1 	02 

 
23 

This expression is homogenous in theS's therefore only the 

relations between them may be estimated. In order to carry out 

the estimation some restriction has to be e.g. 

(2.16) 6'23 1 	

ftzt-4-ei 

or 	 44A  r64 6—)  4 ullAal .411-1.A 

p4.1ytW40 1 	64  -01,-00.‹.._ 

b 12+b13 	b21+b23 ,(1031+b32 

4
■b 

111 i

3  n

13\ ( 

b 

 112 3\ 6 1 	U2 	03 

121 013/ 	231 	( 3'1+ 5 	 n 	n  2)  12 ( 3-1+ j3) 13 ( j 	) 23 

(2.17) 	 a3  '1 . 

1-14tlelaatr-.9,,g-e the right side of (2.15) can be written 

in the form 

(2.18) 

/ 10 1 b 
	b2o 

(n12
b 	b 
"113\in23 	6 1 	2 

	

12A13) p23/ ( 6; 	) 12 
(d1  + 1 

from which the following set of maximum likelihood equations 

for estimating 

(2.19) 

and 

&J.1 	6i3 

1 	—15 ; 

-j1 	s j3  
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n12 r1. 13  

+ 3 2 	+ 1  

6. 

= = e i 2 /L2 
2 	;3 	ei2 	e i3  

b10 
C

r 

b2o 

tv-` ; 
n12 	n23 

4t 
d2 	2

+1  

the following 

= 

m 

set of maximum likelihood equations 

g = 1 1 2, ...,m-1. 

(2.22) 

ngh 
= 	( b ) g=1 h>g gh 

bgo 

IIg 
g1  

T 
g=1 h>g ( s si)n  e gh 

If we make the restriction 

= 1 
C 

(2.23) 

we ma 

to es 

2.24) 

(2.25) .g= 

(2.2o) 

are derived 

(2.21) 

Returning to the general 

may be written in the form 

	

m 	n 

	

Pf((bgh tbhg))1((ngh))3' = 71- 	gh  (bg  
g=1 h>g 	h  

case i4-1,s-saan thae formula (2.12) 

it 	i
b
gh 

g=1 1,4g g 

111-
g - 
+6,,,)ngh 

g=1 h>g  
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7. 

which may be solved by usual numerical methods. 

• Control of the model. 

Consider first the case m=3. Formula (2.15) shows that 

(n12 ,n13 ,n23 ) and (1010 ,b20 ,b30 ) together form a set of sufficient 

estimators for the model. The probability for the obtained set 

(b 1o ,b20 ,b30 ) when the set (n12 ,n13 ,n23 ) is given is 

P1(b 10' 132o' b3o )1(n12' n13' n23 ) ? = 

(3.1) 

b10 	b2o b3o 
52 	6-3 	

(n.12 

nA, 
b1 2+b1 3=b10 0) 12! (&14 )2  1 (31 +63 ) 1) (6 2+ 3  
b 21 +b23=b2o 
b 31 +b32=b3o 

n13 In23\ 
b131/ 

 b23/ 

Here we introduce the notation 

(3.2) 	((b1o ,b 20 ,b30 )1(n12 ,n13 ,n23 )) - 
n12) (n13) (11

23
\ 

 b12+b13=b10 mip12 	bl3 	b23 / 

b21kb23=b2o 
b31 tb32 =b 30  

The conditional probability of the obtained ((b gh' bhg )) 

given the sufficient estimators are then derived from (3.1) and 

Nb1o' b 2o' b 30 )1(n12' n13' n23 ))  

where the J''s are eliminated. By means of (3.3) a nonparametric 

control of the model may take place. 

As an example of such a control consider the following. 

ear s. Let the items i and j be given to two different groups 

of individuals. The hy*gt4418 to be tested is that the relation 

between the two items is the same for the two groups, i.e. 

(3 ' 4) 	311 = 12 = 	(521 	22 = 	(531 = '5-32 =  

s 	4-Le "v -,-044-9 

(3.2) and (2.15) 

(3.3) 14((bghybhg ))1(bg0 ),((ng  ) 

(n12) (n13 	(723 .\  
b12 	b13 1 	b23/ 
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. Let the elements 

 

u • 	• 11- • 

 

• 11 • • • 

 

     

     

of (2.14) be denoted by b gh  for the first Troup and +c-

for the second f.P-e-btio 

For the first group we get 

(3.5) 14((0;h 041g ))1((ngh))1 

b 10 	(.), b 2o 	s b3o n23  
21 	31 71112) n13) 

b. 	
11 

\ 12/ 	b 13/ 
23/  (j11+'5.21 )n12  11 	31 

and hence 

  

n 23 
21' 31' 

' 	' 	' 	2 
Pf (blo' b2o' b3o ) I (n12' n13' n23 ) 5 = 

	

b' 	b' 	b' o 

	

lo ,2o 	3 

	

Cil 	clO 	0 
(3.6) 	- 	21 	31  

(11+21) 2 (4311 4-a'31 

  

•X«bgo )1((ngh))) 

13 (-21+S 3 1 
n 

For the second group the corresponding probability is 

P/ (b 1o' b2o' b3o ) I (n12' n13' n23 )) 

(3.7) 	it 10 1 0 	5b2o3o 

12 	22 	32 	 , 	,, 	
,, ))) 1, 	 , 	 ( bgo )I((ngh  

(J12+g22)n12 ( 124-c5. 32 )n13 (j22 32 ) 23  
-000 	

4\!-*--- If the g4a22-.2 (3.4) holds, then trite probability is aven 

by (3.1)V The conditional probability for the obtained results 

in the two groups given the total result is oincc• 4.,&,.. 

t.titAb-e 
11 

(3.8) bgh+ bgh = bgh'  bg0+ bg0 = bgo , ngh+ngh=ngh  for all (g,h 

• • 	• • 	" • . 



octutilLSAvc  
elts.±-15.•derikred from (3. 1 ), (3.2), (3.5) and (3.6) 	IS 

pi(bgo ),( (ngh)),(b got ),ongh  (bgo ) , ( (ngh))3 = 

(3.9) 
,e«ID; 0 )1«n;h») • ((10; 0  )1((n;1))) 	

(10j- 4)911‘4  
Nbg0 )1((ngh))) 	 Art Sj  

cL°J.A341( 
where the Sts are eliminated. If (3.9) is too small the l 	(3,/ 5  

hypothesis (3.4) is rejected. 

It is possible to carry out this procedure for all pairs 

of items. 

If the probability (3.9) is small for a large number of 

these pairs, the conclusion is that the two groups react different 

to the items, and the model assumptions are not fulfilled. 

Consider then the general case. 

From (2.22) it is derived that 

	

m 	b  

P(bg0)1((ngh))1 	
g =1 	g 

1. Tr  0 J ) ngh . ((bg0 )1((righ ))) 
(3.10 ) 

where 

g=1 h>g g h  

-ff>g 	(r ) (3. 11 ) V( 10 g0 )1((ngh))) = 	J1 h 	ligh  

( E b =b • 	
b 

h=1 gh  g° ' g=1 " . " m)  g"  
h+g 

If the two items are presented to two different groups, 

it may be of interest to test whether the itemparameters are 

equal for the two groups or not, i.e. 

(3.12) 	3-11 =a 	=5 12 	1"'" am, =6' 2 = Sm 

The testing procedure is carried through in the same way as for 

m=3, i.e. we consider 



other types 

(3.13) 

13{ 

10 . 

0), (( II; h) ) ( bgt  ) 9 ( ( ngt  ))I ( b go) ( ( ngh) ) 3 = 

((3,',„) 1 ((nge h ))) ..((bgl o' )1((n ' hi ))) 

1 ( ( bed I ( ( ngh ) ) ) 

where the different 	' s in (3.13) are formed in analogy to 

(3.11) . 

This method may easily be generalized t 

of control. 

e2C6 1f4  • 
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